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In this paper we study the diffusion of charged particles across a magnetic field, treating collision-induced 
steps of the guiding centers as a random walk process. Particular attention is paid to the vanishing of the 
first-order flux due to like-particle collisions. 





I. INTRODUCTION 


HE problem we consider here is the diffusion of 
an ionized plasma across a magnetic field.' In 
the absence of collisions the center of the Larmor orbit 
(called the guiding center) of a charged particle remains 
fixed on the same field line; collisions allow the guiding 
center to step about in a random way and, therefore, 
lead to diffusion. Ions may diffuse by colliding either 
with electrons or with each other. It might appear that 
the latter process is most important since ions can 
exchange momentum more easily with each other than 
with electrons. However, it turns out that collisions 
between like particles actually produce no flux in first 
order (proportional to the gradient of the particle 
density), because of a peculiar cancellation between 
those terms in the flux proportional to the first moment 
and the second moment of the random step. The first 
nonvanishing term in the flux due to like-particle 
collisions is proportional to the third derivative of the 
particle density. The net result is that, if the density 
does not vary much over an ion Larmor radius, ion- 
electron collisions predominate; otherwise ion-ion colli- 
sions predominate. 


II. DISTRIBUTION FUNCTION 


In particular, we shall consider the problem of a 
plasma in which the density depends on the x coordinate 
alone, in a uniform magnetic field B in the z direction. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1 This problem has in part been discussed previously by L. 
Spitzer, Physics of Fully Ionized Gases (Interscience Publishers, 
Inc., New York, 1955), by a different method from the one used 
here. 


We consider the plasma density to be small enough 
that its magnetic effects can be neglected—i.e., we do 
not have to consider gradients of B due to the plasma. 
We shall assume that the field is strong enough so that 
many Larmor revolutions are made between collisions. 
We shall also assume that electron currents can flow 
(through end-plates, for example) in such a way as to 
keep the plasma neutral at all points. 

The first problem that arises is what to take for the 
zeroth order distribution function f(x,v). Since colli- 
sions are regarded as a perturbation, it is reasonable to 
require that f be a solution of the steady-state Liouville 
equation neglecting collisions: 


af af af 
cia 
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Here w is the Larmor frequency eB/mc, with e the charge 
and m the mass of the particle. The general solution 
of (1) is 


f= f(a+ Vy, lw, Vey V2 + vy”). (2) 


A simple interpretation of (2) is afforded by the fact 
that X=a+0,/w is the x coordinate of the guiding 
center of a particle whose coordinates in phase space 
are x, v. Hence (2) merely indicates that the distribution 
function can be an arbitrary superposition of Larmor 
orbits; the function f is not specified further. The 
situation here is quite different from that in ordinary 
kinetic theory, where the zeroth order distribution must 
be the Maxwell-Boltzmann distribution. 

Since we wish to study spatial diffusion rather than 
thermal diffusion, it seems reasonable to require further 
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that f be of the separated form 
Vy 
f=n (+7) e(0.0%, 
@ 


where V(X) is the density of guiding centers in space 
and g is a normalized velocity distribution. The func- 
tional form of g is, of course, arbitrary, and in different 
physical situations different g’s may be appropriate. 
We shall consider that particular g which gives an 
exact solution to the full Boltzmann equation for 
constant V, namely 


j Vy m \3 mv" : 
ise (++*)(=) en(-—) " 


This appears to be the most reasonable analog of the 
usual zeroth order distribution function of kinetic 


theory, 
m3 mv 
v(n)(——) ep(-—), 
2akT 2kT 
We take a distribution of the type (3) for each type 
of charged particle in the plasma, all with the same 


temperature, and assume that there are no neutral 
particles. 


III. CALCULATION OF THE FLUX 


Consider now two types of particles, not necessarily 
different, which we denote by subscripts 1 and 2. We 
shall calculate the flux F,(X) of guiding centers of type 
1 due to collisions of the particles 1 and 2. To this end 
we use the well-known stochastic expression for the flux? 


1 @ 
F\=N,(X)(AX1)—- —[Ni(X)((AX1)*)]. (4) 
20X 


Third and higher moments of the guiding center step 
AX; are neglected, for a reason to be discussed in Sec. 
IV. Equation (4), coupled with the conservation 
equation 

ON ,/dt= — OF ,/0X, (5) 


determines the behavior of the guiding-center density 
N,(X) in time. 

The step AX, of the guiding center is related to the 
change in the y-component of the velocity by 


AX,= Ar, /w1. (6) 


The averages indicated in (4) include an average over 
the velocities of particle 1 and of the particles 2 with 
which it can collide, and an average over the scattering 
angles in the collision. 

For a guiding center 1 at X, the associated particle 1 
is at x= X—(v,/w;). The density of particles 2 at x 


2S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). See 
Eq. (126) and the preceding discussion. 
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is the same as the density of guiding centers 2 at 
a+ (V2y/w2)= X+[(v2y/w2)— (v1y/w1) ]. Hence the prob- 
ability per unit time that a particle 1 with guiding 
center at X will be involved in a collision, with scatter- 
ing into solid angle dQ is 


P(v1,02,Q)d*0;d*p2dQ = aan | 


mM, Me ) 
QarkT 2xkT 


my? 
xexp(— 2kT 2+ o/o—ty/e) 


me eo(Q)d0. (7) 
xexp(- eo 0)dQ. 

2kT 

Here 2 is the relative velocity, | vi—v2|, and o(Q) is 
the differential scattering cross section. The occurrence 
of the relative velocity suggests that one transform to 
center-of-mass variables 


M=m+m2, 
V= (myVi+me2Vv2)/M, 


m= m\m2/M, 

(8) 
V=Vi— Vo. 
Equation (7) then becomes 

m M.! 
P(v,V .Q)d*vd* VdQ=d*vd* v( ; ) 
2xkT 2nkT 
Xexp(—mv*/2kT) exp(—MV?/2kT) 
XN2(X+6)v0(Q)dQ, (9) 


C{ f/m, m ae 
== | (-2-™*)v,-m(—+—) uf. (10) 
B é2 1 C2 41 
In order to perform the integrals, we expand 
1 1 
N2(X+6)= WAS Nett NSE ae (11) 
2! ! 


and drop higher terms. We also express AX, in terms 
of v, V, and the scattering angles @ and ¢ in the center- 
of-mass system; from (6), (8), and an elementary 
trigonometrical calculation, we find 


AX = (m/my)(2/w1)[sin® cosd sinx 


—(1—cos@) cosx], (12) 


where x is the angle between v and the y direction, 
i.€., ty= 0 COSX. 
The two averages that occur in (4) are then 
(AX;)= f Bod VdQP(v,V Q)AX), 
(13) 
((aX,))= f d'vd'Vd0P(v,V2)(AX,)?. 





DIFFUSION OF CHARGED PARTICLES 


Since ¢(Q) depends only on 6 and the magnitude », we 
may do directly the integrals over V, over the angles 
of v, and over ¢(0—2m). Using (9), (10), (11), and 
(12) in (13), we find that many terms obviously 
integrate to zero, and that 


m i mc 2 ial ON» 
)G)O+z)s 
2arkT eB €2 Ox 
1 /mc\? a\* dFNe 
+(e) (+5) Sab 
10 \e,B e2 ox’ 

8x27 m \i smc? 
K(axy)=—( ) (~) {rvs 
3 \2rkT eB 
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where the J, are integrals over the scattering cross 
section: 
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I fa fo (v,0)0? i 
= v a (v,0)0 exp(-——) 
: 0 0 2kT 


X (1—cos@) sind, 


cs cd my 
n= f av f d6a(v,0)v" exp(-—_) 
0 0 2kT 


X [sin?0+3(1--cos6)?] sind. 


In those terms in (14) and (15) which involve the 
second and third derivatives, we have kept only the 
part which does not vanish when particles 1 and 2 are 
identical. 

If we put (14) and (15) in the expression (4) for the 
flux, and keep only terms involving the first derivative, 
we find 


8x27 m \i smc? e ON» 
ri-—( )() 1 (14+=)y, 
3 2nrkT eB 2 ox 
0 
-—(wwwa). (17) 
ox 


It can be seen that this expression vanishes when the 
set of particles 2 are the same as the set of particles 1. 
This result is independent of the form of the differential 
scattering cross section. The first moment of the step 
produces a flux in the direction of the gradient (opposite 
to the usual result) which just cancels the flux due to 
the second moment. The reason for the counter-flux 
from the first moment can be seen with the aid of 
Fig. 1. The circle represents a Larmor orbit with 


Fic. 1. Diagram 
illustrating reason 
for counter-flux from 
first moment. 


No+8N fo} 


guiding center at the point O. Suppose the density V2 
is greater at a than at 6. Then more collisions will take 
place at a than at b. For a collision at a, the guiding 
center moves, on the average, on the arc of a circle 
about a. Hence more guiding centers will move in the 
direction of the gradient than against it. 

The appropriate scattering cross section is the 
Rutherford formula, 


eye2" 6\-4 
o(0,0) = (sin-) , 
4m?y4 2 


With this expression inserted in (16), one can easily do 
the indicated integrals, and one finds 


2kT €1€2 2 2 
BUCY?) 
m m Oo 
2RT \? /exe2\? 2 
n=(—) ([) »G) 
m m A 


I3=21o. 


(18) 


Here 6) is the minimum angle of scattering, which 
occurs in a collision in which the impact parameter is 
equal to the Debye shielding radius 


6 (=) 

2 m\ av ]* 
In (18) we have dropped terms small compared to the 
logarithm. 


With these results, (17) finally gives the flux of 
particles 1 due to collisions with particles 2, 


4 /2ame\* (ce? 2 
nae Co(2) 
3% kT B Oo 
N 0 
x | (14). (20) 
€2 OX O02 


If the particles are identical, higher derivatives in (14) 
and (15) have to be retained; the result is 


$ 8 srmec?\' sce2\ fmkTC 
Ni ANE az) 
iS\ sf B eB? 


2 a1 NM, 
xin(— vr — ‘ 
0 aX N, dX? 


(19) 


(21) 
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fine 3 Fic. 2. Diagram 


illustrating direction 
of fluxes. 
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IV. DISCUSSION 


Equation (20) agrees with the result obtained by 
Spitzer. Equation (21) has the same form as the result 
obtained by Kruskal,’ who did not attempt to evaluate 
the coefficient of the derivatives. Equation (21) also 
agrees with the result obtained by Simon,‘ except for 
a numerical factor 4/3; the source of this discrepancy 
is not known. 

The additional coefficient m,kTc?/e?B? in Eq. (21) 
is essentially the square of the Larmor radius of the 
particles 1. The ratio of the ion flux F;(i), due to 
collisions with ions, to the ion flux F;(e), due to collisions 
with electrons is 


F (i) F (e)= (Ry D)*(m; ‘m.)', 


where R; is the ion Larmor radius, D a characteristic 
distance in which the density NV; changes substantially, 
and m; and m, are the ion and electron masses, respec- 
tively. 

For a density distribution of the form shown in Fig. 2, 
it can be seen that the like-particle flux (21), as well as 
(20), is such as to fill up the low places and deplete the 
high places. Thus the result (21) has a measure of 
reasonableness. However, if N were exponential or 
linear, there would be no like-particle flux. 

In order to calculate the second and third derivative 
terms exactly, one ought to include the third and fourth 
moments of the step in Eq. (4). However, these mo- 


3M. Kruskal (private communication). 
*A. Simon, Phys. Rev. 100, 1557 (1955). Simon uses the 
Chapman-Cowling method. 


ments add only terms small compared to the logarithm 
to the previous results. Since @) can be calculated only 
approximately, it is not justified to carry these extra 
terms. 

In a collision between like particles, Eq. (6) and the 
conservation of momentum show that the steps taken 
by the two guiding centers are equal in magnitude and 
opposite in direction. It might appear that this rigid 
correlation should be taken into account in the sto- 
chastic Eq. (4) by averaging over pairs of steps instead 
of steps of particles individually. However, it can be 
shown that this correlation in fact produces no effect, 
and that Eq. (4) is correct. The simplest way to see 
this is to imagine that all of the like particles are 
divided into a large number of subsets, so that collisions 
between particles in the same subset can be neglected. 
Equation (4) is then correct for the flux of each one of 
these subsets, since the colliding partner is in a different 
subset. On summing over subsets, (4) is correct for the 
flux of all the like particles simultaneously. 

One is tempted, at first sight, to assert that the rigid 
correlation mentioned in the foregoing paragraph is 
the cause of the cancellation in the first-order flux due 
to the like-particle collisions. The fact that the center 
of gravity of the two guiding centers does not move in 
the collision may lead one to conclude that there can 
be no net flux. However, this argument is fallacious. 
In any random-walk problem where the probabilities 
of equal steps to the right or left from a given point 
are equal, the center of gravity of the distribution is 
conserved, apart from absorption and edge effects; 
yet the flux need not vanish. The result is not altered 
if steps to the right and left are imagined to occur in 
pairs. In our problem, the probabilities of steps to the 
right and left are not equal, with the result that the 
first-moment flux does not vanish, but rather acci- 
dentally cancels the second-moment flux. If particles 
with guiding center at a given point could somehow 
be restricted to collide only with other particles whose 
guiding centers were at the same point, the first- 
moment flux would vanish, the net flux would not 
vanish, and the center of mass would still be conserved. 
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Density Effect for the Ionization Loss in Various Materials* 


R. M. STERNHEIMER 
Brookhaven National Laboratory, Upton, New York 


(Received April 24, 1956) 


The reduction in the ionization loss of charged particles due to the polarization of the medium has been 
calculated using the mean excitation potentials recently determined by Caldwell. Values of the coefficients of 
an approximate analytic expression for the density effect correction have been obtained for a number of 


metals, compounds, and gases. 





I. INTRODUCTION 


HE density effect for the ionization loss of charged 

particles’ has been evaluated previously‘ for 
various materials. The appropriate density effect correc- 
tion to be applied to the Bethe-Bloch stopping power 
formula depends directly on the value of the mean 
excitation potential J which enters into this formula. 
The previous calculations‘ were based on the values of 
I obtained by Bakker and Segré® from their measure- 
ments of the range of 340-Mev protons. Recently the 
values of J for nine medium and heavy elements have 
been determined very accurately by Caldwell® from 
the results of the stopping-power measurements of 
Sachs and Richardson.’ Caldwell’s values of J are of 
the order of 13Z ev and are appreciably larger than 
those of Bakker and Segré. In the present paper, we 
have recalculated the density effect correction 6 to 
the ionization loss, using the excitation potentials of 
Caldwell.* The results are given in Table II which 
lists the coefficients of an analytic expression for 6 for 
various substances. 


II. CALCULATIONS 


From Eqs. (38) and (46) of A, the density effect 
correction is given by 


dE 2wrne'; Le+FP 
a= ly fn(——)-ra-a9], (1) 
dx mv | i l? 


i 


where / satisfies the following equation: 
(2) 


Here n=number of electrons per cc, »=8c= velocity 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 E. Fermi, Phys. Rev. 57, 445 (1940). 

?Q. Halpern and H. Hall, Phys. Rev. 57, 459 (1940); 73, 477 
(1948). 

3G. C. Wick, Nuovo cimento (9), 1, 302 (1943). 

4R. M. Sternheimer, Phys. Rev. 88, 851 (1952); 91, 256 
(1953). These papers will be referred to as A and B, respectively. 

5C. J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951). 

6D. O. Caldwell, Phys. Rev. 100, 291 (1955). I am very much 
indebted to Dr. Caldwell for showing me this paper before 
publication. , 

7D. C. Sachs and R. J. Richardson, Phys. Rev. 83, 834 (1951) ; 
89, 1163 (1953). 


of particle, f; is the oscillator strength for the ith 
atomic transition, %; is the energy of the transition in 
units of the plasma energy hy», where vp= (ne?/xm)}. 
The constants /; are given by 


l= (o2+f)4. (3) 


The quantity in the curly bracket of Eq. (1) has been 
referred to above as 6. Equation (1) gives the density 
effect correction to be applied to the Bethe-Bloch 
formula when the measured values of the excitation 
potential J are used. These values of J already include 
the low-energy density effect® when the measurement 
is done in a solid. We have 


T=hv, I 1%. (4) 


In obtaining 6 the difference between 7; and /; can be 
neglected for all transitions,’ except for those of the 
conduction electrons in a metal for which i#;=0, 
l= fe. 

For the metals, the values of /; for use in Eq. (1) 
were obtained as follows. Table I of A‘ lists approximate 
values for the ionization potentials hy; of the various 
shells. These values were used except for the outermost 
shell which corresponds to the conduction electrons for 
which /;= f,!. The hv; for the inner shells were multiplied 
by a factor p which is determined by the requirement 
that the resulting geometric mean of the frequencies 
shall give the observed 7. Assuming that there are 
altogether j dispersion oscillators, p satisfies the equation 


rh In(hvip) +f; In(hvpf;')=InI, 


where j labels the dispersion oscillator for the conduc- 
tion electrons. After p has been obtained, /; can be 
calculated from 

L=vip/vp, (t<J) (6) 


Lj= f,. (7) 


As an example, for aluminum, the values Av;=115 ry, 
hv2=6.7 ry, with f;=2/13, fe=8/13 (see Table I of 


§R. M. Sternheimer, Phys. Rev. 93, 351 (1954). 

® Calculations for a typical case (Fe) show that the replacement 
of »; by I; (for i<j) in Eq. (2) changes the values of 6 by less than 
0.01 at all energies. 
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A) give > inf; logio(hv;)=0.825 (with hy; in Ryd- 
bergs). The excitation energy for the conduction 
electrons is hy ,f;}=(2.41)(3/13)'=1.16 ry, whence 
fs logio(hvyfs#)=0.015. The mean excitation potential 
I is 12.0 ry (logioJ = 1.079) so that 


1.079—0.825—0.015 
(10/13) 





logiop = =0.3108, 


giving p=2.046. Thus /,=(115)(2.046)/2.41=97.6, 
l,= (6.7) (2.046)/2.41=5.69, and /;=(3/13)!=0.481. 
As noted above, we neglect the difference between 7; 
and J; for the transitions from the bound states (i<j), 
so that Eq. (6) was also used for 9; in Eq. (2). However, 
for the conduction electrons ({=j) we have #;=0 in 
Eq. (2). 

The resulting values of J; and p, together with the 
oscillator strengths f;, are given in Table I. For the 
metals not listed in Caldwell’s table, J was obtained 
by linear interpolation of the values of J/Z given by 
Caldwell, for the elements between aluminum and gold. 
For Pb and U, we used the same value of //Z as for 
Au (1/Z=144 ev). For Li, graphite, and Mg, we took 
I/Z=13 ev.” For Be, the value J=64 ev of Madsen 
and Venkateswarlu" was used. The values of p for the 
heavy elements are of order 2. This indicates that the 
most prominent transitions produced by the electric 
field of the charged particle go to continuum states 
with (positive) energy of the same order as the binding 
energy of the electron in the initial state. 

In connection with the values of Table I, it may be 
noted that for Sn, W, Pb, and U, the oscillator strength 
for the transitions with lowest frequency of Table I 
of A has been divided into two groups, thereby giving 
an additional term in Eqs. (1) and (2). For Sn, a single 
dispersion oscillator was used in A for the four n=5 
electrons. In the present calculations, only the two 5p 
electrons are assumed to be free [conduction electrons 
with /s= (2/50)!], whereas the two 5s electrons have 
1;=vsp/vy. Similarly, for W, the two 6s electrons are 
assumed free [with /s= (2/74)!], and the twelve n=5 
electrons form a separate group. For Pb, the two 6p 
electrons are taken as free; the 6s electrons have 
ls=vep/vp. For U, the situation is similar to that for 
W, with only two electrons assumed to have zero 
frequency. 

For the gases listed in Table I, the factor p by which 
the ionization potentials Avy; must be multiplied is 
obtained from 


y filn(hyp)=InI. (8) 


Thus p is given by I/hv,,, where hv», is the weighted 
geometric mean of the ionization potentials for the 


” D. O. Caldwell (private communication). 
1 C. B. Madsen and P. Venkateswarlu, Phys. Rev. 74, 648 
(1948). 
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various shells. The excitation potentials J for gases 
with Z>13 were obtained by interpolation of the 
values of J/Z from Caldwell’s table. For H, we used 
I=19 ev, which is close to the value obtained from 
Thompson’s measurements.” For He, J=44 ev was 
used.!* For Ne, Os, and Ne, Z/Z was taken as 13 ev." 

It may be noted that in obtaining the J values for 
Z>13, no correction was made for the difference 
between the values of J as determined in solids and 
gases. It has been shown previously’ that if the hy; 
for all transitions are exactly the same for the gas and 
the solid, Z,., will be smaller than I,oiia by a factor 
exp(D/2), where D is given by 


J 
D= >» filn(it+fi/#?). (9) 
i=1 
The most important term of D is that due to the 
transitions from the outermost shell (i=7). An attempt 
was made in reference 8 to estimate D using reasonable 
values for the f; and 9; in Eq. (9). When the measure- 
ment of J is made in a metal, the situation is somewhat 
different because the frequency #; for the outermost 
shell (which corresponds to the optical transitions 
in the gas) becomes zero for the conduction electrons 
in the metal. As a result, the dominant term i=j of 
Eq. (9) becomes 


D;=2f; \n(hvpf/E;), 


where £; is the excitation energy for optical transitions 
in the gas. The data of Table I show that hy,f;* is of 
the same order as E;(~1 ry), so that D; should be very 
small. In connection with this result, it should be noted 
that D; as given by Eq. (10) is the sum of two compen- 
sating effects: the low-energy density effect which 
raises the transition frequency in the solid from 9; to 
l;, and the decrease in the frequency in the absence of 
polarization effects as the electrons of the outermost 
shell become conduction electrons in the metal. In the 
calculations, these effects were neglected, in view of 
the other uncertainties, in particular our lack of 
knowledge of the exact effective number of free elec- 
trons and the excitation bands of the solid. It may also 
be noted that the interpolation procedure used to 
obtain //Z from the table of Caldwell neglects possible 
shell effects, i.e., systematic variations of J/Z as one 
approaches the end of a closed shell.’ 

For the compounds listed in Table I, there is a 
separate value of p for each constituent atom, obtained 
from Eq. (8). The mean excitation potential of the 
compound is determined by 


InJ=>>; F,, In/;., (11) 


where F;, is the oscillator strength for the atoms of the 
12 T. Thompson, University of California Radiation Laboratory 
Report UCRL- 1910, 1952 (unpublished). 
8 E. J. Williams, Proc. Cambridge Phil. Soc. 33, 179 (1937). 
4 Green, Cooper, and Harris, Phys. Rev. 98, 466 (1955). 


(10) 





IONIZATION LOSS IN 


VARIOUS MATERIALS 


TABLE I. Data used to calculate the density effect. The values of I and hy, are in Rydberg units. 














Be Graphite 


Fe 





"8.78 16.5 
0.707 2.94 
0.577 


2/6 
2/6 
2/6 


5.74 
1.36 
1.89 


235 
26.7 
2.41 
0.279 
2/26 
8/26 
18/26 








Material 





803 
111 
15.5 
2.05 
0.146 


2/47 
8/47 
18/47 

















1.40 
1.40 
0.020 


3.24 
1.80 
0.020 








Anthracene Toluene H:0 








18.4 
3.27 
1.04 
0.966 


33.3 
3.15 
2.28 
0.886 


15.5 
2.75 
0.872 
0.814 


28/94 
28/94 
28/94 
10/94 


4.58 
1.45 


5.45 
1.58 


4.94 
1.72 








kth species and J; is the corresponding atomic exci- 
tation potential. In each case p is given by J/hym, 
where kv, is the mean of the ionization potentials 
hy; listed in Table I of A. We have neglected possible 


deviations from the additivity given by Eq. (11) 
arising from the molecular binding of the compound.” 
For anthracene and toluene, the constants /;, 2, and /3 
listed in Table I pertain to C, and /, pertains to H. For 
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C, the mean of the ionization potentials given in Table 
I of A is hv,,=5.00 ry. Thus the value of J assumed in 
the calculations, J=5.74 ry gives p=1.15. Similarly, 
p=1.A0 for H. For H,0, l,;—/; correspond to the dis- 
persion oscillators representing the oxygen atom, and 
l, refers to H. For O, J=7.65 ry and hym=6.14 ry, so 
that p=1.25. For AgCl, :—l, pertain to Ag, while 
le—lg pertain to Cl. For Ag we have hy,,=25.2 ry and 
I=48.5 ry, so that p=1.92. For Cl, hv» is 11.8 ry. The 
excitation potential J=15.9 ry derived from Caldwell’s 
table gives p=1.35. For AgBr, l:—/s refer to Ag, and 
ls—l, refer to Br. For Br, the values hvy,,=21.1 ry and 
I=35.0 ry give p=1.66. For Nal, 1:—J, pertain to I, 
and /.—/s pertain to Na. For I, we have hym=29.7 ry, 
I=54.8 ry, so that p=1.85. For Na, we used J=10.5 ry 
(=13Z ev") so that hvy,=6.73 ry gives p=1.56. 

For the metals, for which ;=0, Eq. (2) shows that 
even at very low velocities />0, so that there is a 
finite 6 at all energies in this case. However, as will be 
seen below, the resulting values of 6 are very small 
($0.05) for nonrelativistic particles. For the gases and 
compounds, 6 vanishes for velocities B less than Bo, 
where §p is given by 


Bo= (1420s fi/0?)4+. 


III. RESULTS 


(12) 


It has been shown in A that an approximate analytic 
expression for 6 is given by 


§=4.606X+C+a(X,—X)", 
5=4.606X+C, 


(Xo<X<X)) 
(X>X)) 


(13) 
(13a) 


where X=logio(p/uc) [p=momentum, »= mass of the 
charged particle], a, m, and X,; are constants which 
must be chosen appropriately for each substance to 
obtain an adequate fit for 6, and C is given by 


C=—2In(I/hv,)—1. (14) 


For the gases and compounds, Xo is the value of X 
corresponding to Bo. For the metals, Xo is appropriately 
chosen as a value of X (generally near 0) for which 6 
is very small. X, is such that 6 has reached its asymp- 
totic behavior [Eq. (13a)] in which case dE/dx no 
longer depends on the ionization potentials, but only 
on the electron density’ ». For each substance, after a 
suitable value of X, is chosen, a and m are obtained by 
requiring that Eq. (13) give the correct value of 5 at Xo 
and at a value of X=X, in the range (Xo,X;). In the 
calculations, at least three values of X» were tried; 
for each X2, a and m were obtained and 6 was calculated 
from Eq. (13) for 4-8 values of X. The absolute values 
of the deviation of Eq. (13) from the actual 6 were then 
averaged, and in general those values of a and m were 
chosen which give the smallest average deviation. In 
most cases, the maximum deviation was less than 0.1; 
for a few substances, Eq. (13) gave deviations of 
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_ Taste IT. Values of the ionization potential J and the coeffi- 
cients for the ionization loss. / is in Rydberg units, A is in units 
Mev/g cm~. 
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~0.12 at some energies. These maximum deviations 
are probably of the same order as the uncertainty in 
5 which is due to our lack of knowledge of the exact 
values of 9; and /; to be used in Eqs. (1) and (2). The 
values of a, m, C, Xo, and X, are given in Table II. 

As mentioned above, the value of Xo chosen for the 
metals is arbitrary to some extent. For the Xo listed in 
the table, 6(Xo) has the following values: for Li: 
5(—0.05)=0.05; for Be: 6(—0.10)=0.05; for graphite: 
5(—0.05) =0.06; for Mg: 6(0.10)=0.06; for Al: 5(0.05) 
=0.06; for Fe: 6(0.10)=0.04; for Cu: 6(0.20)=0.04; 
for Ag: 6(0.20)=0.02; for Sn: 6(0.20)=0.04; for W: 
6(0.30)=0.05; for Au: 6(0.30)=0.02;-for Pb: 6(0.40) 
=0.04; for U: 6(0.30)=0.04. As is seen, these values of 
6 are quite small. For X < Xo, 6 can be calculated from 
Eqs. (1) and (2) using the constants given in Table I. 
For the gases and compounds, Xo is determined by 
Bo [Eq. (12) ], and (Xo) =0. Concerning the fit obtained 
from Eq. (13), it may be noted that for a few compounds 
for which 6 remains close to zero up to X~0.5, Eq. (13) 
gives values which are slightly negative (~—0.02) 
just above Xo. However, this result is not expected to 
be misleading. For the corresponding values of X, it 
can be assumed that the actual 6 is less than 0.1. 

For the case of emulsion, the procedure of the calcu- 
lation of 6 was essentially the same as in A. The com- 
position used was that of Ilford G5 emulsion. The 
dispersion properties of the light elements (excluding 
H) were taken to be those of nitrogen. A separate term 
in Eqs. (1) and (2) was used for the hydrogen. Thus 





IONIZATION LOSS IN 
it was assumed that 46% of the oscillator strength is due 
to Ag, 33% to Br, 18% to N, and 3% to H. 

The coefficients for gases given in Table II pertain 
to normal pressure. In order to obtain 6 for any other 
pressure, one can use the relation 


dp(p)=41(pP?), 


where P is the pressure in atmospheres, and 6p(p’) is 
the density effect correction for momentum ’ at a pres- 
sure P. Equation (14a) states simply that 6 at a pressure 
P and momentum ? is equal to 6 at normal pressure for 
momentum pP! [see Eq. (10c) of A]. 

The constants A and B given in Table II are 
defined by 


(14a) 


A=2nne'/(mepo), 
B=\n[m2(108 ev)/I*], 


(15) 
(15a) 


where po is the density. In terms of A and B, the 
average energy loss for particles heavier than electrons 
can be written 


E A p 
==| B+0.69-+2 in—HInT un 25-0, (16) 
uc 


where Tev is the maximum energy transfer in a single 
collision (in Mev). The corresponding expressions for 
the average energy loss of electrons, the ionization loss 
restricted to energy transfers less than To, and the 
most probable loss in a thin absorber, are given by 
Eqs. (49), (50), and (52) of B. 

Equation (16) includes the energy loss due to 
Cerenkov radiation. It has been shown previously‘ 
that the Cerenkov loss W, is very small for condensed 
materials (<10-* Mev/g cm~). However, W, may be 
appreciable for light gases.'® An estimate of W, is 
given by Eqs. (35) and (36) of B, in which the quantity 


16 See also P. Budini, Nuovo cimento 10, 236 (1953). 
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b, should be taken as'® 2rv,b/c. The asymptotic value 
of the Cerenkov loss for very large momenta is given by 


2f;A Ejc 

ee 
38° 4rv,fjiwib 
where f; is the oscillator strength for the optical 
transitions to the first excited state, E; is the corre- 
sponding excitation energy, w; is the half-width of the 
lines of the optical spectrum, and 0 is the radius of the 
cylinder for which the Cerenkov loss is evaluated, i.e., 
it is assumed that the energy deposited at distances 
larger than 6b from the passing particle does not con- 
tribute to the droplet count in the gas. Upon taking‘ 
b=0.1 cm, wj=0.5X 10 ev, f;=0.55, with E;=0.75 ry 
for Hz and 1.56ry for He, one finds W,(©)=0.130 
Mev/g cm™ for Hz and 0.085 Mev/g cm~ for He, at 
normal pressure. It is expected that W, will decrease 
with increasing Z, because the oscillator strength f; 
of the outermost shell decreases as the total number of 
shells increases. Moreover, the argument of the loga- 
rithm is proportional to v,' which decreases with 
increasing Z. Thus with reasonable values of the con- 
stants entering into Eq. (17), one finds!* W,( ©) =0.017 
Mev/g cm™ for O: and 0.006 Mev/g cm for Xe. 
These results show that the Cerenkov loss is probably 
negligible for the heavier gases (Z210). However, it 
should be noted that the values of w; and 6 which 
appear in (17) have large uncertainties. Nevertheless, 
since these quantities enter only behind the logarithm, 
the order of magnitude of W, is probably given correctly 
by the present estimates. 


W (2) (17) 
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Neutron diffraction measurements have been made on iron at a series of elevated temperatures up to 
about 1000°C to establish the magnetic scattering effects through the Curie temperature and in the y-phase 
region. Diffraction patterns obtained for the face-centered-cubic 7 phase offer no evidence for an anti- 
ferromagnetic structure in + iron at high temperatures, and the diffuse scattering above T, suggests that both 
phases of the metallic lattice are paramagnetic in that temperature region. At temperatures up to the a-y 
phase transformation, the paramagnetic scattering suggests the existence of considerable ferromagnetic short 
range order. Pronounced small-angle scattering was found to develop in the temperature region around the 
Curie transition, and this type of scattering is explained on the basis of the critical magnetic scattering 
suggested by Van Hove. Detailed investigations, which included experiments on nickel and magnetite near 
their Curie transitions, were performed to determine the general characteristics of the critical magnetic 


scattering. 





INTRODUCTION 


T is well known that the ferromagnetic elements of 
the iron group (iron, cobalt, and nickel) all exhibit 
magnetic properties at temperatures above their Curie 
transitions which are not easily correlated with their 
ferromagnetic properties. The variation of the inverse 
susceptibility with temperature in the paramagnetic 
region for these elements is not quite linear, and the 
assumption of a Curie-Weiss behavior suggests larger 
values for the atomic magnetic moments than those 
measured for the ferromagnetic state. Specifically for 
iron, in contrast to a ferromagnetic moment of 2.22 
Bohr magnetons per atom, the temperature dependence 
of the susceptibility above the Curie temperature of 
770°C suggests an atomic magnetic moment of about 
3.4uz in the alpha-phase region and above 10u,z in the 
higher temperature gamma phase. This anomalous 
behavior has been considered of sufficient significance 
that several theories of the ferromagnetic structure 
have been advanced which account for both the para- 
magnetic and ferromagnetic properties. 

Previous reports have been given’? on the magnetic 
scattering of neutrons by iron and cobalt in the ferro- 
magnetic state, and the implication of these results on 
the ferromagnetic structure has been discussed. The 
present report*® extends the neutron scattering observa- 
tions into the high-temperature paramagnetic region for 
both the alpha and gamma phases of iron. During these 
investigations an intense small-angle scattering was 
found to exist in both the ferromagnetic and the para- 
magnetic states at sample temperatures near the Curie 
transition, and considerable study has been made of this 
scattering. Although the present report will deal primar- 
ily with studies on iron, some small-angle scattering data 


* Now with Massachusetts Institute of Technology assigned to 
Brookhaven National Laboratory, Upton, Long Island, New York. 

1 Shull, Wollan, and Koehler, Phys. Rev. 84, 912 (1951). 

2 C. G. Shull and M. K. Wilkinson, Revs. Modern Phys. 25, 100 
(1953). 

3 Preliminary epee have been given by the authors in Phys. 
Rev. 94, 1439 (1954). 


have been obtained for nickel and magnetite, and these 
results will be included. 


EXPERIMENTAL TECHNIQUES 


In order to study the scattering characteristics of 
iron at high temperatures, it was necessary to enclose 
the sample in a good vacuum to eliminate oxidation and 
sample disintegration. A vacuum furnace was con- 
structed for this purpose with resistance heating at- 
tached directly to the ends of the sample block. The 
sample was Armco iron (spectroscopic purity 99.92%) 
which had been mechanically worked to produce small 
grain size. Originally an ingot of cylindrical shape about 
6 inches long and 1 inch in diameter, the central region 
was machined into a flat-plate section of 2-inch thickness 
through which the neutron radiation passed. Tantalum 
resistance wires were cemented to the two cylindrical 
ends of the ingot, and the central specimen temperature 
was established with a calibrated Pt, Pt-Rh thermo- 
couple. The sample block was supported by thermal 
insulators with a devious path to the vacuum envelope. 
A chain of four floating radiation shields surrounded the 
specimen and these shields served to decrease very 
materially thermal radiation losses to the external 
vacuum shell. The neutron radiation passed through 
windows of thin vanadium foil in the vacuum jacket 
and radiation shields, which minimized the neutron 
scattering effects from the furnace because of the very 
low neutron coherent scattering cross section of 
vanadium. 

The cross-sectional area of the neutron beam was 
about } inch by 1 inch, whereas the sample plate area 
was 1 inch by 1} inches. An oversize sample was 
advantageous in that expansion effects at the various 
temperatures could be properly considered in the 
evaluation of data. Moreover, with the thickness of the 
specimen plate such that the neutron transmission was 
close to 1/e, the intensity of scattered neutrons was 
essentially independent of expansion effects, and no 
correction for expansion was necessary. The actual 
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neutron transmission in the sample, of course, changed 
as the temperature of the sample was increased, and 
direct measurements of this effect were found to be in 
good agreement with calculated values using the known 
linear expansion coefficients of iron. Between 20°C and 
700°C the observed transmission value increased by 
2.1% whereas the calculated increase was evaluated 
as 2.0%. 

With a power dissipation in this furnace of about 
400 watts, a temperature of nearly 1000°C in the sample 
was obtainable at a pressure of about 10-° mm Hg. The 
diffraction patterns shown in Fig. 1 taken for iron at 
room temperature and at 971°C with a neutron wave- 
length of 0.90 A are typical of those which were ob- 
tained. The low-temperature pattern is characteristic 
of the alpha or body-centered-cubic phase, while the 
high-temperature pattern shows the gamma or face- 
centered-cubic phase. The transformation from one 
phase to another can be studied easily by observing the 
diffracted intensities as a function of temperature. 
Figure 2 shows intensities which were measured at the 
angular position which corresponded to the (200) re- 
flection in the y phase. Data were obtained with the 
sample temperature both increasing and decreasing, 
and the temperature at the midpoint of the phase 
transformation on heating was determined to be 896°C. 
There is some variation in the published values for this 
transformation temperature, but for the purest samples, 
a midpoint-on-heating temperature of 910°C is fre- 
quently quoted. The slightly lower transformation tem- 
perature for our sample may have been caused by 
sample impurities or small errors in thermocouple 
calibration or measurement. 

During the course of the high-temperature investiga- 
tions on iron, it was found desirable to study some of the 
scattering characteristics with the sample in an external 
magnetic field while being maintained at elevated 
temperatures. A second vacuum furnace was con- 
structed for this purpose which mounted around the 
pole pieces of an electromagnet such that the magnet 
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Fic. 1. Neutron diffraction patterns taken for polycrystalline 
iron in a and y phases. 
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Fic. 2. Scattered neutron intensities showing a to 
transformation in iron at high temperatures. 


poles formed a part of the vacuum enclosure. The 
sample plate was supported by thermal insulators from 
one of the pole pieces and was heated by tantalum 
resistance windings which were attached in a fashion 
similar to those in the furnace just described. In order 
to prevent heating of the pole pieces, they were water- 
cooled through re-entrant ducts bored at positions 
which were not critical magnetically. Sample tempera- 
tures up to about 800°C were obtained in this furnace 
simultaneously with magnetization of the sample at an 
applied field strength of about 8000 oersteds. 


EXPERIMENTAL RESULTS 
Coherent Scattering from Iron 


Figure 1 has illustrated the diffraction patterns ob- 
tained for iron in both the alpha and gamma phases. 
At temperatures lower than the Curie temperature for 
iron (T,=770°C), the coherent reflections of the alpha 
phase contain both nuclear and magnetic components 
with the latter decreasing in magnitude as 7, is ap- 
proached. A qualitative indication of this temperature 
dependence is shown in Fig. 3 where the intensity of the 
(110) reflection is given for several temperatures. There 
is the usual decrease of the intensity with increasing 
temperature because of the increased lattice vibrations, 
and the magnitude of this effect is shown by the vectors 
at the different temperatures. An additional attenuation 
of the intensity is noted, and this decrease is a conse- 
quence of the elimination of the coherent ferromagnetic 
scattering as the Curie temperature was exceeded. The 
particular sample block used in obtaining the data of 
Fig. 3 was known to possess a small amount of preferred 
orientation of the small crystallites as established by 
measurements of the absolute intensity of scattering. 

The quantitative determination of the ferromagnetic 
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Fic. 3. Variation with temperature of the (110) reflection from 
a-Fe. The vertical arrows represent the expected decrease in 
intensity due to lattice thermal effects. 


intensity or cross section included in the reflections of 
Fig. 3 was carried out most significantly by magnetizing 
the sample during the scattering observations. If the 
atomic magnetic moments are oriented parallel to the 
scattering vector, the magnetic scattering amplitude 
falls to zero, and the intensity change upon magnetiza- 
tion can be used to evaluate the magnetic scattering 
cross section. A small correction for the altered magnetic 
transparency of the sample, the single-transmission 
effect, is necessary in this process. Figure 4 shows the 
magnetic intensity, expressed in absolute units of 
differential scattering cross section, in the (110) re- 
flection from a-iron as a function of sample temperature. 
The points represent experimental data and are to be 
compared with the calculated curve both on aboslute 
scale and in temperature variation. The calculated 
cross sections are given by 


p?=0.1935X 10-45? /2(Mr/Mo)? cm’, (1) 


where S is the effective spin quantum number of the 
magnetic atoms (1.11 for iron), f is the magnetic 
amplitude form factor, and M7/Mp is the magnetization 
at temperature T relative to that at absolute zero. For 
the (110) reflection a value of 0.590 for f was used 
which is the average of two theoretical calculations by 
Steinberger and Wick.‘ Satisfactory agreement between 
theory and experiment is indicated, although the 
sizeable uncertainty in the experimental data, arising 
principally because the nuclear scattering is about 
twelve times larger than the magnetic scattering, ex- 
cludes a close comparison. However, the data are signifi- 
cant in showing that for this metallic lattice, as the 
Curie temperature is approached, the reduction in 
magnetization is accompanied by a loss of coherent 
scattering in a manner similar to that which occurs for 
ionic lattices. Moreover, it is seen that an applied 
field of about 8000 oersteds is effective in altering this 
coherent scattering at the various temperatures 
indicated. 
4 J. Steinberger and G. C. Wick, Phys. Rev. 76, 994 (1949). 
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The neutron diffraction patterns taken for gamma- 
iron above the 900°C transformation as illustrated in 
Fig. 1 are characteristic of the face-centered-cubic 
lattice. Of interest is the fact that no magnetic super- 
structure lines are in evidence, since this implies that 
f.c.c. iron is not antiferromagnetic in its pure state at 
these temperatures. This observation is in disagreement 
with previous suggestions that y-iron is antiferromag- 
netic,®* although of course the present data are re- 
stricted to high temperatures. 


General Diffuse Scattering from Iron 


In the present investigation, special attention has 
been placed on details of the diffuse scattering within 
the neutron diffraction patterns and to the search for 
paramagnetic scattering above T, from both alpha and 
gamma iron. When data at different temperatures are 
compared, it is necessary to correct for normal lattice 
temperature effects before the changes in magnetic scat- 
tering can be established. The Debye theory of independ- 
ent oscillators has been found to describe quite well the 
temperature dependence of diffuse scattering in several 
nonmagnetic lattices, and this procedure has been used 
in correcting the high-temperature iron patterns. In 
the calculations for sample temperatures in the alpha 
phase, a Debye characteristic temperature of 453°K was 
used. It has been suggested recently’ that the Debye 
© changes at the phase transformation and that a value 
of 335°K is representative of the gamma phase. This 
value has been used in correcting the intensities in the 
gamma-Fe patterns. Lattice expansion effects can be 
quite sizeable over the wide temperature range en- 
countered in these investigations, but fortunately this 
problem could be eliminated by proper specimen 
geometry and thickness. 

A noticeable change with temperature in the diffuse 
level around the feet of the (110) reflection has been 
illustrated in Fig. 3. In Fig. 5 the general diffuse 
scattering is shown at angles smaller than that for the 
first coherent reflection. The observed diffuse scattering 
has been corrected for instrumental scattering (arising 
from the collimating system, vacuum and thermal 
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radiation shields, and general counter background), 
and for each temperature the appropriate correction 
for thermal diffuse scattering calculated by the Debye 
theory has been applied. Thus, the illustrated change 
in the experimental diffuse level with temperature is 
indicative of increased magnetic disorder scattering 
caused by the increased misalignment of the atomic 
magnetic moments within the magnetic lattice. 

At temperatures in the ferromagnetic region below 
T., disorder scattering was found to be present as 
illustrated by the 689°C curve, and further increase 
in this diffuse level was seen as the sample became 
paramagnetic, with a marked change occurring at small 
angles. For comparison purposes, a curve showing the 
expected diffuse-scattering level in the paramagnetic 
region has been included on the figure. This curve was 
obtained by adding the calculated paramagnetic scatter- 
ing to the diffuse level determined experimentally at 
20°C. It is perhaps of interest to describe briefly the 
method used in this calculation before discussing the 
significance of the observed scattering levels. 

Halpern and Johnson* have calculated the neutron 
differential scattering cross section of a paramagnetic 
atom or ion which is without coupling to any neighbors 
to be 

do para= 3S (S+1) (ey/me?)? PdQ, (2) 


where S is the spin quantum number of the scattering 
atom, f the magnetic amplitude form factor, y the 
neutron magnetic moment in nuclear Bohr magnetons, 
and the other terms have their conventional significance. 
This expression can be considered the sum of two com- 
ponents, one proportional to S* and the other propor- 
tional to S. The S? term is of an elastic scattering nature 
and originates from a scattering process which leaves 
the orientation of an individual spin unchanged with 
respect to that of its neighbors. The type of scattering 
which arises from this scattering interaction is either 
diffuse or coherent depending on the periodicity of the 
directions of the atomic magnetic moments within the 
lattice. When a material is examined at temperatures 
very low compared to its Néel or Curie transition and 
the magnetic lattice is ordered, there are diffraction 
peaks with intensities proportional to S*, but when the 
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temperature of the sample is raised much higher than 
its magnetic ordering temperature, this scattering is 
transformed into diffuse scattering which is the S* term 
of the above equation. On the other hand, the S term in 
Eq. (2) represents the ‘‘spin-flip” cross section which 
arises when the orientation of an individual atomic 
moment is changed. When the moment is flipped against 
the exchange or coupling energy associated with its 
neighbors, this process can alter the kinetic energy of 
the neutron which is scattered, and is_ therefore 
inelastic. 

For scattering from a particular specimen, the actual 
cross section associated with the spin-flip process will 
depend in a complicated manner upon the exchange 
energy (or 7.) relative to the energy of the incident 
neutrons. In first approximation, however, the presence 
of the S term in Eq. (2) is not dependent on the sample 
temperature. This approximation appears quite valid 
for conditions where the coupling energy between spins 
is much lower than the neutron energy. It is less valid 
for cases where the neutron energy is lower than the 
coupling energy or where the two energy values are 
comparable. In these latter cases, it is possible that the 
amount of the “spin-flip” term will vary with sample 
temperature, since the coupling energy of the spins may 
be temperature sensitive. However, within the validity 
of this approximation, when the sample temperature is 
changed from a value much lower than 7, to one well 
into the paramagnetic region, a change in diffuse 
scattering given by the S* term in Eq. (2) is to be 
expected. 

This assumption is not completely valid in the 
present case of iron, but for the temperature range of the 
experimental data, it is unlikely that the contribution 
from the “spin-flip” term changes appreciably. Hence, 
this calculation has been made for iron with the effective 
spin quantum number of 1.11 which corresponds to the 
ferromagnetic moment. The calculated curve in Fig. 5 is 
the sum of the S* term of Eq. (2) and the experimental 
data taken at room temperature. Except at small angles, 
the data observed at temperatures in the paramagnetic 
region do not attain this paramagnetic level, but inside 
4 or 5 degrees scattering angle, the paramagnetic level 
is reached and exceeded. This characteristic in the 
angular distribution agrees with that expected if 
ferromagnetic short-range order were present. For the 
present data such an angular variation is quite reason- 
able since the highest temperatures attainable were 
only about 200°C above 7, and considerable short- 
range order might be expected in the patterns at these 
temperatures. Weiss” has given a theoretical discussion 
of short-range-order effects in iron above 7, and has 
demonstrated their influence on the paramagnetic 


® This concept was implied in reference 8 and has been developed 
by S. Tamor and G. T. Trammell in unpublished treatments. See 
also R. A. Erickson, Phys. Rev. 90, 779 (1953). 

 P, R. Weiss, Phys. Rev. 74, 1493 (1948). 
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susceptibility. Slotnick" has pointed out that ferro- 
magnetic short-range order should give enhanced 
paramagnetic scattering at small angles (at the expense 
of the scattering in other regions) whereas antiferro- 
magnetic short-range order should show an attenua- 
tion of the paramagnetic scattering at small angles as 
has been shown experimentally.” 

Thus the diffuse-scattering curves demonstrate that 
there is magnetic scattering produced above 7, and 
hence that definite atomic magnetic moments are in 
existence in the paramagnetic region. Moreover, aside 
from the violent intensity variations noticed in the 
small-angle region, the general diffuse-scattering level 
appears little changed in the alpha to gamma trans- 
formation and hence equivalent atomic magnetic 
moments are suggested in the two phases. This con- 
clusion is in disagreement with those from a study 
of the f.c.c. Fe-Mn system by Weiss, Corliss, and 
Hastings® in which a weak antiferromagnetism with 
low Néel temperature is suggested for pure f.c.c. Fe by 
extrapolation of the alloy properties. It is not clear how 
these two experiments are to be reconciled with each 
other. 

It is difficult to assign a paramagnetic moment from 
the scattering data because of the short-range order 
which was present. However, in the absence of a detailed 
short-range-order calculation, it is thought that the 
data support the calculated paramagnetic scattering to 
within perhaps 50% in cross section. This, in turn, 
implies that the value of the paramagnetic moment in 
both the alpha and gamma iron is within 25% of the 
ferromagnetic moment. As mentioned previously, high- 
temperature susceptibility data for iron have suggested 
quite large moments in the paramagnetic state, and 
these larger moments appear to be beyond the range 
suggested by the scattering observations. 


Small-Angle Scattering from Iron 
General Characteristics 


The diffuse-scattering curves in Fig. 5 show the 
development of an intense small-angle scattering at 
temperatures in the vicinity of T., and a concentrated 
study has been made of this scattering. In order to 
obtain data at the small angles required, it was neces- 
sary to refine the collimating and detecting slit systems, 
and a pair of Soller slits of adjustable angular opening 
was used to permit study into scattering angles of 
about one degree. Figure 6 represents small-angle 
scattering data at various temperatures into the y-phase 
region. The intensity which is plotted is that in excess 
of the intensity at 20°C. Therefore, the curves represent 
the additional magnetic intensity at each temperature, 
since no lattice thermal scattering is to be expected in 
this angular region. It is seen that the scattering rises 


1 M. Slotnick, Phys. Rev. 835 1226 (1951). 
12 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
18 Weiss, Corliss, and Hastings (private communication). 
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to a maximum in the vicinity of 7, and then falls 
rapidly as the sample becomes paramagnetic. Moreover, 
it is seen that the angular distribution of the scattering 
changes with temperature, and some of the curves 
actually cross others. 

Since these angular distribution curves were obtained 
with slit geometry to get maximum scattered intensity, 
it was necessary to apply suitable slit corrections to 
the data before the absolute scattering cross sections 
could be evaluated. This correction procedure alters the 
shape of the angular distributions, and analysis shows 
that the true scattering distributions are even more 
strongly angle-dependent than those which were ex- 
perimentally observed. As an indication of the cross- 
section scale associated with the intensities in Fig. 6, 
the differential scattering cross section at 754°C corre- 
sponding to a scattering angle of 1° and an effective 
neutron wavelength of 0.90 A was evaluated as 26 10-* 
cm? per iron atom. This value is very much larger than 
the calculated paramagnetic cross section shown in 
Fig. 5. 

Some hysteresis effects which depended upon the 
thermal history of the specimen were noted in the small- 
angle scattering distributions. Small variations were 
found depending on whether the specimen temperatures 
were increased from the ferromagnetic state or reduced 
from the paramagnetic state, and particularly whether 
they were reduced from the y-phase region. These 
effects were not too pronounced, however, and the 
curves shown in Fig. 6 are representative of the scatter- 
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Fic. 6. Small-angle scattering produced by iron at different 
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ing which was obtained when the temperature of the 
sample was increased to each value. 

Further details of the development of small-angle 
scattering with temperature are shown in Fig. 7. With 
the detector set at a fixed scattering angle of 1 degree and 
1.218 A neutrons incident ona polycrystalline iron ingot, 
the intensity of scattering was studied as the specimen 
temperature was varied. A pronounced increase in 
intensity is seen to occur at temperatures in the 500°C 
region and this intensity reaches a maximum at a tem- 
perature close to T,. Above T, the intensity decreases 
in a manner more or less symmetrical with the data 
below 7, until the a-y transformation occurs. At the 
temperature of the phase transformation, there is a 
sudden drop in the residual scattering to a level which is 
essentially constant up to the highest temperature 
which was studied. This discontinuity in the scattering 
at an angle of one degree has been studied a number of 
times with different samples, and it exhibits the usual 
temperature hysteresis found in the a-y transformation. 
Figure 7 also includes a cross-section scale which again 
indicates the strength of this scattering relative to the 
much smaller paramagnetic scattering. 

When measurements were made in this manner at a 
fixed angle with different temperatures, it was found 
that the low-temperature intensity was not reproducible 
but increased with continued high-temperature ex- 
posure of the specimen. This is indicated in Fig. 7 by 
the room-temperature intensity at the start of the ex- 
periment (the circled point) compared to the final 
cooling curve which showed a significant increase over 
this level. It was established that this shift in the scat- 
tered intensity was not caused by changing conditions 
of the radiation shields and windows in the furnace. 
Furthermore, different samples of iron showed this 
effect in different degrees. It was more pronounced in 
those samples which had experienced the most extensive 
thermal cycling history, and any one sample would show 
increased effects upon continued heating to high 
temperatures. On the other hand, the peak cross section 
at T, showed no significant changes with the thermal 
history of the sample. 

The origin of this variable background scattering is 
not understood. A possible explanation for its presence 
could result if there were a temperature dependence 
in the refractive-index type of magnetic scattering 
found by Hughes, Burgy, Heller, and Wallace." This 
scattering arises because differently oriented domains 
exhibit different refractive indices to a neutron beam, 
thereby causing a broadening of the beam. Thus, if the 
domain structures in the present scattering samples 
were changing with heat treatment, the scattered 
radiation passing through the Soller slit system of the 
detector would be altered. 

The appearance of the pronounced maximum in the 


4 Hughes, Burgy, Heller, and Wallace, Phys. Rev. 75, 565 
(1949). 
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small-angle scattering suggests that it arises from small 
clusters of aligned magnetic moments in the lattice 
which have a spatial extent that is temperature- 
dependent. Van Hove!®'® has recently treated the case 
of neutron scattering by systems of interacting particles 
with particular emphasis on transition regions such as 
liquids and dense gases near the critical point and ferro- 
magnetic materials near the Curie point. His theory 
predicts the development of a pronounced magnetic 
scattering at temperatures near a Curie transition 
which he has termed “critical magnetic scattering.” 
This type of scattering is the result of spontaneous 
fluctuations in the magnetic moment density which 
increase in magnitude as the Curie point is approached 
and become very large at temperatures near T,. The 
observed small-angle scattering is undoubtedly associ- 
ated with Van Hove’s critical scattering, but before 
discussing its implications, additional observational 
data will be presented. 


Dependence of Small-Angle Scattering on an External 
Magnetic Field 


As mentioned in an earlier section, the intensity of 
ferromagnetic coherent scattering is usually sensitive 
to the application of an external magnetic field to the 
scattering specimen. This change in the scattered 
intensity results because a magnetic field of sufficient 
intensity will align the direction of magnetization of 
the magnetic domains along the field direction, and the 
magnetic scattering of neutrons depends on the relative 
orientation of the atomic magnetic moments with 
respect to the scattering vector. In particular, if the 
moments are parallel to the scattering vector, the 
magnetic scattering amplitude becomes zero, and no 
coherent magnetic scattering is present. It was of 
interest to examine the sensitivity of the observed 
small-angle scattering to the application of an external 
magnetic field. 

In this type of experiment, it was obviously necessary 


161. Van Hove, Phys. Rev. 95, 249 (1954). 
16 L. Van Hove, Phys. Rev. 95, 1374 (1954). 
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Fic. 8. Effect of an external magnetic field on the small-angle 
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magnetization vector was aligned parallel to the scattering 
vector. 


to define the external field direction relative to the 
scattering vector associated with the small-angle scat- 
tering. Hence, the usual Soller slit system could not be 
used because of the very large vertical divergence of the 
neutron beam within the slit openings relative to the 
small horizontal scattering angle. This difficulty was 
surmounted by constructing a Soller slit system in the 
incident and scattered beams which limited both the 
vertical and horizontal divergence. In practice, these 
slits were constructed by stacking thin cadmium sheets 
which had been folded with V-shaped grooves. The 
neutron beam through these slits was passed through 
an iron sample contained in a high-vacuum enclosure 
within the gap of an electromagnet as described in a 
previous section. Temperatures up to 800°C were 
attainable with an applied field strength of about 8000 
oersteds. 

Figure 8 shows the development of the scattered 
intensity at an angle of 1°15’ as the temperature was 
increased through 7,. Data are shown both for the 
sample unmagnetized and magnetized parallel to the 
scattering vector. It is seen that there is no variation of 
this scattering with an external magnetic field of 8000 
oersteds. Thus, the small-angle scattering is the same 
irrespective of whether the specimen is in a single- 
domain state or is of random polydomain nature. 


Energy Changes in the Scattering Process 


To determine whether the observed small-angle 
scattering was elastic or inelastic, some neutron-filter 
measurements of the scattered neutrons were made with 
a samarium filter consisting of a thin plate of Sm,O3. 
Samarium has a neutron capture cross section peaked at 
a neutron energy of 0.100 ev or a wavelength of 0.90 A. 
Hence, such a filter can be used to determine if there is 
either an increase or decrease of wavelength when 
0.90 A neutrons are scattered by a sample. The trans- 
mission of the filter was studied both in the scattered 
beam at small angles and in the incident primary beam. 
From a comparison of these two transmission cross 


AND ‘C.' GG. SHULL 

sections, it was established that the wavelength of the 
scattered neutrons did not change by more than 5%. 
Thus, the small-angle scattering for this neutron energy 
appears to be closely elastic, since a wavelength 
change of less than 5% means a neutron energy change 
of less than 10% or 0.010 ev. Therefore, although 
the incident neutron energy was slightly larger than the 
exchange energy in iron, for which kT, is about 0.090 ev, 
there were no significant energy changes in the scatter- 
ing process. 


Dependence of Small-Angle Scattering on 
Crystalline Structure 


The small-angle scattering from a single crystal of 
pure iron (grown by the strain-anneal technique) has 
been studied for comparison with that produced by a 
polycrystalline sample. Figure 9 shows the increase in 
the scattered intensity of 1.218 A neutrons measured at 
a fixed scattering angle of 1 degree when T, was ap- 
proached. For convenient comparison purposes, these 
data were obtained for a single crystal ingot of exactly 
the same dimensions as the polycrystalline sample used 
to obtain the data of Fig. 7, and identical observational 
conditions were used in the two experiments. Therefore, 
the intensity scales are directly comparable, and it is 
seen that the single-crystal results are the same as the 
polycrystalline results with respect to the development 
of scattering near the Curie temperature. Hence, this 
type of small-angle scattering is completely independent 
of the size and orientation of the crystalline grains in 
the iron specimen. 


Small-Angle Scattering from Nickel 


A sample of electrolytically-pure nickel has also been 
investigated at temperatures through its Curie transi- 
tion (360°C) in a search for small-angle scattering, and 
Fig. 10 shows the results which were obtained. The 
lower curve indicates the scattered intensity as a func- 
tion of temperature for the detector at a fixed angle of one 
degree, while the top curve shows the angular variation 
of the small-angle magnetic scattering for a temperature 
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Fic. 9. Temperature variation of the small-angle scattering 
produced by a single crystal of iron. Specimen and beam charac- 
teristics were identical to those for the polycrystalline sample 
represented by the data in Fig. 7. 
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close to T,. The latter curve represents the difference in 
the scattered intensity at 366°C relative to that at 
room temperature. An absolute cross-section scale is 
shown on the lower figure, and the critical scattering 
is seen to be very much smaller for nickel than that 
which was observed from iron. This difference would be 
expected since the values for the atomic magnetic 
moments present in nickel (0.614, as determined from 
ferromagnetic measurements) are considerably smaller 
than those in iron. 


Small-Angle Scattering from Magnetite 


Magnetite (Fe;O,) is a ferrimagnetic type of material 
in which the three iron atoms per molecule possess 
magnetic moments of +5, +4, and —5 Bohr mag- 
netons. Although the individual atomic moments are 
large, the net ferromagnetic moment is much smaller 
(¢ uz per iron atom) because of the antiparallel orienta- 
tion of the moments. The development of additional 
small-angle scattering near the Curie temperature is 
shown in Fig. 11, where data are given for the scattering 
of 1.218 A neutrons at a fixed angle of 1°. The absolute 
cross sections associated with this scattering are seen 
to be quite small. The small intensity of this scattering 
indicates that the net ferromagnetic moment deter- 
mines the strength of the critical scattering rather 
than the values of the individual moments and suggests 
that the molecular group retains the internal orientation 
of its atomic moments in passing through the Curie 
temperature. 


DISCUSSION OF THE CRITICAL SCATTERING 
OBSERVATIONS 
Perhaps the simplest explanation of the appearance of 
the critical magnetic scattering at small angles is 
obtained by a comparison with x-ray and light scatter- 
ing phenomena. A highly collimated x-ray beam will be 
broadened upon passage through a colloidal substance 
because there exists a variation of scattering density 
from one region to another. The angular extent of this 
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broadening will depend inversely upon the ratio of the 
colloidal particle size and the radiation wavelength. 
By analogy, the critical magnetic scattering occurring 
at small angles can be pictured as arising from the 
presence of very large fluctuations in the magnetic 
scattering density within the sample at temperatures 
near T,. An instantaneous picture of the magnetic 
lattice would show subregions within which an effective 
magnetization direction is defined, but this direction is 
different from one region to another, and these regions 
exhibit different magnetic scattering density to the inci- 
dent neutrons. Since these magnetic fluctuations arise 
from thermal effects, they must be of dynamic nature 
with the instantaneous picture changing rapidly’ with 
time. The fact that the critical scattering is insensitive 
to the bulk magnetization of the sample as affected by 
an applied magnetic field shows that the scattering 
does not result from a mere disruption in size of the 
static domain regions. 

Figure 12 illustrates schematically this picture of 
fluctuations in the magnetic lattice. Far below the 
Curie transition, the magnetic moments within a do- 
main are aligned parallel with only an occasional 
moment oriented in a different direction. At tempera- 
tures just below 7., there still remains an effective 
domain magnetization both in magnitude and direction, 
but within the domain there exist fluctuation regions 
changing rapidly with time, which are responsible for 
the development of the critical scattering. The average 
size of these fluctuation regions reaches a maximum at 
T., and as the temperature is further increased, the 
regions become smaller. At temperatures significantly 
higher than 7,, the small regions with correlated 
spins are more commonly referred to as regions of 
short-range magnetic order. This local magnetic order 
exists until temperatures are reached far greater than 
T. where the directions of the magnetic moments are 
independent of their neighbors. 

An estimate of the size of the fluctuation regions can 
be obtained by applying small-angle scattering theory'® 

17 From Eq. (AII.11) of reference 19, it is seen that the relaxa- 
tion time of the magnetic fluctuations depends on the temperature 
and becomes longer as 7, is approached. At temperatures about 
20 degrees from T., rough calculations predict the relaxation time 
to be about 10~* sec. 

18 For a general discussion see H. P. Klug and L. E. Alexander, 


X-rayl Diffraction Procedures (John Wiley and Sons, Inc., New 
York,§1954), Chap. XII. 
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to the angular distribution data as shown in Fig. 6. In 
this manner the angular distribution of the 754°C curve 
(just below 7.) can be accounted for on the basis of a 
distribution of sizes ranging roughly between 12 A and 
25 A, and relative to this range, the mean size of the 
fluctuation regions for the higher temperature curves 
would be smaller. Therefore, in the vicinity of 7, the 
magnetic spins are correlated out to considerable 
distances, and the range of this correlation gets smaller 
as the temperature is increased. The discontinuity in 
the critical scattering at the transformation from a-Fe 
to y-Fe suggests that a pronounced change occurs in 
this correlation when the lattice becomes face centered 
cubic. 

Van Hove" has recently given a comprehensive treat- 
ment of the neutron scattering effects expected from a 
magnetic lattice in the vicinity of the Curie transition. 
His theory based on time-dependent spin correlations in 
ferromagnetic lattices predicts the development of a 
critical magnetic scattering near JT, which has the 
general features of the small-angle scattering observed 
in these experiments. A detailed analysis of the present 
data in terms of the Van Hove treatment has been 
performed, and this analysis will be discussed in a 
companion paper.” 


 Gersch, Shull, and Wilkinson, Phys. Rev. 103, 525 (1956), 
following paper. 
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Fic. 12. Schematic 
diagram of the spin- 
correlation regions in a 
coupled magnetic lat- 
tice. The regions are of 
dynamic nature and 
must be considered 
to move continuously 
through the lattice. 


The appearance of critical scattering near Curie 
transitions has been found and studied in other neutron 
scattering experiments. In studies of the transmission 
of long-wavelength neutrons through iron at high 
temperatures, Palevsky and Hughes” have found an 
anomalous increase in the transmission cross section 
near 7. In similar experiments, Squires” found a large 
increase in the total cross section of iron and a much 
smaller increase in the total cross section of nickel near 
their respective ordering temperatures. McReynolds 
and Riste” have investigated the neutron scattering 
from a single crystal of magnetite, and in the vicinity of 
the Curie point they observed an abrupt increase in the 
diffuse intensity located near the (111) magnetic 
reflection. Undoubtedly, the origin of the small-angle 
scattering which we have observed from iron, nickel, 
and magnetite is closely related to that which produced 
the increased scattering in these other experiments. 
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Critical Magnetic Scattering of Neutrons by Iron 
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The experimental results of Wilkinson and Shull for the small-angle magnetic scattering of 0.9 A neutrons 
from iron at temperatures close to the Curie point are analyzed in terms of the instantaneous correlation 
between pairs of spins of the iron atoms. Fourier inversion of the angular distribution of the scattering gives 
the spatial dependence of the spin-spin correlations, while their temperature dependence follows from the 
temperature variation of the angular distributions. The correlation functions so obtained are compared with 
the asymptotic form predicted by statistical mechanics and show consistency with the measured values of 
the paramagnetic susceptibility for iron above the Curie temperature. 





I. INTRODUCTION 


HE experimental results presented in the previous 
paper for the small-angle magnetic scattering of 
about 1 A neutrons from iron in the vicinity of the Curie 
temperature appear to be a manifestation of fluctuation 
phenomenon peculiar to macroscopic systems in the 
vicinity of critical points. The general features of these 
fluctuations were recognized a long time ago in experi- 
mental and theoretical studies! of the abnormally large 
scattering of light from dense gases in the vicinity of 
their critical points (the so-called critical opalescence). 
Since that time much work has been done on the small- 
angle x-ray scattering from dense gases.” 

The interpretation of the small-angle magnetic neu- 
tron scattering in terms of fluctuations in magnetic 
moment density and range of correlations between spins 
is closely analogous to the interpretation of the small- 
angle x-ray scattering in terms of fluctuations in par- 
ticle density and range of the molecular pair distribution 
function. This connection, established in detail by Van 
Hove,’ is another example of the close analogy between 
the two systems, others being the similarity with regard 
to thermodynamic variables as well as to specific sta- 
tistical models.* Some qualitative aspects which bear on 
the scattering properties of both systems near critical 
points will now be mentioned. 

In these studies, the essential point is that one has 
to deal with cooperative systems, in which the elements 
of the system cooperate to form units, and in which the 
ability to form such units depends markedly on the 
extent to which the elements have already cooperated. 
For the gas, the cooperation is insured by the attractive 
part of the intermolecular forces which cause the forma- 


* Now at Massachusetts Institute of Technology, Cambridge, 
Massachusetts, assigned to Brookhaven National Laboratory, 
Upton, New York. 

1 For a list of these, see M. J. Klein and L. Tisza, Phys. Rev. 
76, 1861 (1949). 

2For a general discussion, see A. Guinier and G. Fournet, 
Small Angle Scattering “ X- ‘Rays (John Wiley and Sons, Inc., 
New York, 1955), Chap. 2 

3L. Van Hove, Phys. Rev. 95, 1374 (1954). 

‘T. D. Lee and C. N. Yang, Phys. Rev. 87, 410 (1952). 


tion of clusters, while for the ferromagnet, there are the 
exchange interactions between neighboring atoms that 
give rise to a coupling energy which depends on the 
spins of neighboring atoms and which allows formation 
of clusters of aligned spins. 

Knowledge of the intermolecular forces between gas 
particles determines (at least in principle) the prob- 
ability distribution for finding a particle at any distance 
from a given one. Similarly, the spin-dependent energy 
of the ferromagnet determines the probability for find- 
ing the spins surrounding a given one aligned with it. 
These probability distributions determine the collective 
scattering properties of the system. 

When the minimum potential energy between a pair 
of elements of the system is small compared to their 
thermal energy, then these probability distributions are 
quite closely determined by considering only the direct 
interaction of the pair. However, as the temperature is 
lowered toward a critical point, the distance and tem- 
perature dependence of the probability distributions 
take on a special behavior which reflects the essential 
cooperative nature of the effects, and which is ac- 
companied by anomalous behavior in the thermo- 
dynamic variables of the system. This state of affairs 
exists in a rather small temperature region surrounding 
the critical temperature, and in this region, gives rise 
to very special scattering properties. 

In Sec. II, the connection between magnetic moment 
fluctuations and spin-spin correlations is discussed; a 
formal treatment is given in Appendix I. The deter- 
mination of the correlations by Fourier inversion of the 
experimental small-angle magnetic scattering is treated 
in Sec. III. These results are compared with the 
asymptotic form for the correlations predicted by sta- 
tistical mechanics and with the observed paramagnetic 
susceptibility for iron in Sec. IV. 


II. FLUCTUATIONS AND CORRELATIONS 


The qualitative behavior of the correlations which 
determine the magnetic scattering properties can be 
inferred from a general result of statistical mechanics 
which connects fluctuations in magnetic moment with 
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magnetic susceptibility. Analogous relations for gases 
relating particle density fluctuations to compressibility 
are well known.® 

Consider the magnetic moment Mg of a subregion 2 
of the ferromagnet, small compared to the total volume, 
yet containing a tremendous number of spins Vo. This 
moment is the vector sum of all the atomic magnetic 
moments in the subregion, and fluctuates about its 
average value, (Mo), so that an instantaneous picture 
of the region would, in general, show a magnetic 
moment different from the average. The extent of the 
excursions of the magnetic moment from the average 
value is measured by the mean square deviation from 
the average, (| Mo—(Mo)|*)=(|Mo|*)— | (Mo)|*. Since 
the probability for observing a magnetic moment 
Mo=| Mg! will be a Gaussian centered about the aver- 
age value, the quantity {(Mo?)— | (Mo)|*}# will measure 
the half-width of this distribution. The qualitative 
temperature dependence of these probability distribu- 
tions, as inferred from the following discussion, is shown 
in Fig. 1(a). Consider first temperatures above the 
Curie temperature J, and vanishing external magnetic 


5 See, for example, R. C. Tolman, The Principles of Statistical 
Mechanics (Oxford University Press, Oxford, 1950), Chap. XIV. 
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field H. We neglect anisotropic interactions, so that the 
properties of the spin lattice are invariant to simul- 
taneous rotation of all spins. Then from the statistical 
mechanical definition of the average value of a dy- 
namical variable there follows the relation 


(Me?)=3kTNox, (1) 


where x=No" limy4o(0(Mo)/0H) is the magnetic 
susceptibility per spin. At temperatures above and 
removed from T,, x is well-behaved, and the half-width 
is proportional to the square root of the number of 
moments Nog in the subregion. From this we conclude 
that the chance of observing a fluctuation in magnetic 
moment proportional to the total number Ng is essen- 
tially zero. However, as T approaches T,, the suscepti- 
bility in vanishing external magnetic field approaches 
co (or rather x becomes of order Ng which is the same 
thing in the limit Ng—~), and fluctuations in Mg be- 
come tremendous. In particular, the probability of 
finding a fluctuation for which the magnetic moment 
has a value proportional to No is no longer negligible 
and will occur for appreciable fractions of the time of 
observation. This situation will exist only in the narrow 
temperature interval above 7,. For temperatures below 
T., the same qualitative behavior of the fluctuations 
is expected as T is increased toward T,, although Eq. 
(1) does not hold in this region. The temperature region 
T <T, is characterized by the presence of spontaneous 
magnetization or long-range ferromagnetic order, so 
that as H is reduced to zero, (Mo) tends to a finite 
value which increases rapidly as T decreases from T,. 
For this temperature region we may choose the z axis 
of our coordinate system along the direction of H. 
Then, with our assumption of isotropic spin-spin inter- 
actions, (Mo) will lie along this direction. A calculation 
similar to that involved in Eq. (1) shows that the 
fluctuations in the z-component of magnetic moment are 
given by the formula 


(Mo.*)—(Ma.)*=kT Nox, (2) 


where as in Eq. (1), x is the susceptibility per spin in 
vanishing magnetic field. Since x must increase as T 
increases toward 7,, with x as T—>T., we again 
expect the fluctuations to become very large as T, is 
approached from lower temperatures. 

The qualitative behavior of the correlations between 
pairs of spins, which is important with regard to the 
small-angle magnetic scattering of neutrons, is now easy 
to see. We first recall the definition and significance of 
the correlation function. Calling So the spin at the 
(arbitrarily chosen) origin, and Sz the spin at a lattice 
point a distance R away, the scalar correlation between 
the two spins is defined as the average of their product, 
(So-Sr). This quantity is a measure of the influence of 
one spin on the other, and reduces to the product of 
the averages (So): (Sr)= | (So)|?=S7? when R becomes 
very large. With ferromagnetic interactions, the two 
spins So and Sz tend to be aligned, and (So-Sz) will be 





CRITICAL MAGNETIC SCATTERING 


a positive decreasing function of R, tending to the limit- 
ing value S7*. Since Sr=|(So)| is proportional to the 
average magnetic moment per spin at temperature 7, 
in the absence of an external magnetic field we will have 
Sr equal to zero in the paramagnetic region above the 
Curie point. As the temperature is lowered below the 
Curie temperature, Sr rises rapidly, giving rise to 
elastic magnetic scattering localized in the diffrac- 
tion peaks. 

Scattering through small angles depends strongly on 
the correlation at large distances, so let us consider 
(So-Sr-) where R’ is a distance of the order of the linear 
dimensions of the volume & previously chosen. For the 
ferromagnet at temperatures above and removed from 
T., (So:Sx-) is essentially zero. This follows from our 
previous conclusion that in this temperature range 
fluctuations with magnetic moment proportional to Vo 
almost never occur, which implies that these two spins 
are almost never aligned. In these small fluctuations, 
then, we expect to find regions over which one spin 
exerts an appreciable influence on its neighbors, but 
only over distances of the order of some few atomic 
spacings. If we call these regions spin clusters, we may 
say that the spin clusters are of atomic size when the 
fluctuations are normal. However, as T, is approached 
from above, the existence of magnetic moments Mo 
proportional to the total number of spins No implies 
that these two spins, although separated by very many 
atomic distances, are aligned for appreciable fractions 
of the time. Therefore as the Curie temperature is 
approached, (So-Sz-) increases and reaches a maxi- 
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mum at this temperature, where the fluctuations are 
the largest. The correlated regions, or spin clusters, 
now have a spatial extent much larger than atomic 
dimensions. 

The above argument repeated for temperatures below 
T. shows that (So-Sr-) must differ from its asymptotic 
value S7* as T, is approached from below, with the 
deviation becoming a maximum at 7,. A more formal 
development of these ideas is contained in Appendix I. 

As remarked, with ferromagnetic interactions, we 
expect the correlation function to be a monotonically 
decreasing function of the separation distance R, so 
that its qualitative dependence on distance and tem- 
perature can be inferred from our considerations above. 
Figure 1, which summarizes this discussion, shows this 
dependence in the three different temperature regions. 
We may note that it is the behavior of the deviation of 
the spin-spin correlation function (So-Se) at large 
distances from its asymptotic value Sr’ which should be 
symmetric above and below 7,. 


III. FOURIER INVERSION OF THE 
SCATTERING DATA 


The angular dependence of the small-angle neutron 
magnetic scattering data for several temperatures is 
shown on an absolute scale in Fig. 2. Significant features 
of these curves are the greatly increased neutron scatter- 
ing at the small angles over the paramagnetic value, 
and the sharp rise in the smallest angle scattering as the 
temperature is lowered toward the Curie point. Figure 3 
shows the temperature variation of the magnetic scat- 
tering for several fixed scattering angles. According to 
our previous discussion, the behavior illustrated by 
these two figures implies a corresponding increase in 
both the magnetic moment fluctuations and the range 
of the correlation between a pair of spins. This spin-spin 
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correlation function (So-Sz) will now be obtained from 
Fourier inversion of the scattering data. 

The differential cross section for inelastic magnetic 
scattering per unit solid angle and unit interval of 
outgoing neutron energy ¢ for a polycrystal of N 
spins is* 


da ye 
wa (a) sn OPES 
Xexpli(x-R—wi) }ye’(t), (3) 


where ko and k=ko—« are initial and final wave 
vectors of the neutron and w=(ko?—k*)/m, m being 
the neutron mass, and y is the neutron magnetic 
moment. Here yr’(/) is the time-dependent deviation 
of the correlation function from its asymptotic value, 
vr’ (t)=(So(0)-Sr(t))—Sr*. The time dependence of 
vr’ (t) accounts for the neutron-spin lattice energy ex- 
changes, and permits qualitative discussion of the degree 
of inelasticity in terms of the spin-spin relaxation time 
and the time spent by a neutron in traveling over a 
correlation range. These energy exchanges, by no means 
negligible at general temperatures, become very small 
as the Curie point is approached. This is pointed out in 
Van Hove’s work, where he shows that the relaxation 
time for the magnetic moment fluctuations becomes 
very large as T—+T,. Under these conditions, the time 
the neutron spends in a correlation range is much less 
than the relaxation time, which is precisely the require- 
ment for negligible energy exchange. The same behavior 
is implied in the picture of the large magnetic moment 
fluctuations which correspond to modes of excitation 
for the spin system with very long wavelength and hence 
very small energy. Semiquantitative calculations indi- 
cating negligible energy exchange for the experimental 
conditions we have here are given in Appendix II. 

Under these conditions the momentum transfer fix 
is essentially independent of energy transfer fw, so that 
integrating Eq. (3) over all outgoing neutron energies 
gives the static approximation 


athe ees ye \? 2) > ha 
o(2)=— ~-(=) x4 00S 8’) 


(4) 


where yr’(0) is the instantaneous correlation whose 
qualitative behavior was discussed in the previous 
section. Equation (4) is now quite closely analogous to 
the differential cross section for scattering of x-rays by 
fluids, the major difference being that the definite 
spatial location of the spins requires the sum over 
lattice points in Eq. (4), whereas the fluids are charac- 
terized by a continuous pair distribution function. For 
scattering through the small angles involved here, this 
difference is expected to be a minor one. 

If there were no interaction between spins, then for 


Xexp(ix-R), 
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T>T., yr’ (0) would be zero except for R=0, when 
vo (0)=S(S+1), and Eq. (4) would yield the para- 
magnetic scattering, 


9 


1 do, 2/vée 
ere = (— 
N QQ 3 


:) fle) |2S(S4+1). (5) 


It will be convenient to deal with the ratio of the 
scattering over the paramagnetic value, 
o(x,7) 


«T= -E- ve) 
eT wl SSH) 


It is clear that the experimental small-angle scattering 
data shown in Fig. 2 will furnish mainly information 
on the behavior of yr’(0) for large distances R. If we 
limit ourselves to: (a) the distance and temperature 
region in which the fractional change in yr’ (0) over a 
lattice spacing is small, and (b) the angular region for 
which « is sufficiently small so that many terms in Eq. 
(6) make an appreciable contribution; then this sum 
may be replaced by an integral and vy,’ (0) treated as a 
continuous variable. However, in order to have some 
means of estimating the reliability of yr’(0) obtained 
in this approximation, we will proceed formally. Writing 
the sum in Eq. (6) as an integral using the Dirac 
6 function, we have 


> vr’ (0) exp(ix-R) 


(ix-R). (6) 





=r f (7) exp(ix-)8(R—1)dr, (7) 


where for simplicity y(r) has been written for y,’(0). 
For the 6 function, we use the representation 


6(R—r)= Qnyf exp[it- (R—r) jdt. (8) 


The result of summing over lattice points is 


3 
» exp(it-R) = (2x)* Il 5(b;—2rl,), (9) 


where t= D bets with the +; basis vectors of the 


reciprocal ‘lattice, and where the /; (i=1, 2, 3) are 
integers. Equation (7) then becomes 


x yr’ (0) exp(ix-R) 


-'> exp[i(x—2re)-r}y(r)dr, (10) 


Vo Tf 


where v is the volume of the crystal cell and ¢ is a 
vector in reciprocal lattice space. Averaging over all 
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directions for the polycrystal, we have 


4 ) 
S(S+1)koe(7)=— f ry(r) sinkrdr 
0 


vo 


2 Zr 
+-5— 


Vo THO T Vg 


(11) 


y(r) sinxr sin(2xrr) dr, 


where Z, is the number of reciprocal lattice points at 
the distance r. The lattice structure of the crystal is 
reflected in the sum over reciprocal lattice distances in 
Eq. (11). When y(r) has the long-range characteristic 
of conditions near the Curie point, o,(«,7) will increase 
not only for « close to zero but also close to the Bragg 
scattering angles defined by x=2mr. These latter 
maxima are, however, considerably weakened for the 
polycrystal by the averaging over crystal orientations. 
The experimental scattering data shown in Fig. 2 go 
out to a maximum angle of 6.3°, corresponding to an 
upper limit for x of 0.765 A~', which is considerably less 
than x=3.10 A“ which corresponds to the first Bragg 
peak. Therefore, for the distance and temperature 
range previously mentioned, y(r) should be closely 
determined by using only the first term in Eq. (11), 
giving 
4 Y 
co.(6,T)=——_— [ ry(r) sinkrdr, (12) 
voS(S+1) 0 


Fourier inversion of Eq. (12) yields 
VoS (S+ 1 ) “mn 


Qn? 0 


ry(r)= ko(k,7) sinkrdk. (13) 


This last result would be exact if the upper limit x» 
were infinite. Due to the finite upper limit, we may 
expect some broadening out of variations in y(r) with 
distance r, but this should be a small effect since y(r) 
is expected to be monotonic and slowly varying. 

The reliability of y(r) obtained from Eq. (13) may 
then be determined by using Eq. (11) to see how well 
the observed scattering is reproduced. 

The correlations determined from Eq. (13) are shown 
in Fig. 4. The integrals were evaluated using a planim- 
eter, with x intervals chosen sufficiently small so that 
there were at least six values of the integrand for every 
half cycle of the sine function. Values of y(r) were 
determined at about 1 A intervals out to 10 A, and at 
2 A intervals out to 20 A. In these calculations, the 
scattering cross sections were extrapolated to zero x 
value from the smallest experimentally observed 
k=Kmin=0.114 A“, corresponding to scattering angle 
Omin Of 0.9°. We are not unaware that such extrapolation 
could be performed using the observed susceptibility, 
for from Eq. (12) there follows the formula 


f "yar, (14) 


lim o,(x,7) = 
«0 


T 
vo (S+1) 


0,60 


0.55 


6 8 10 {2 14 {6 18 20 
a (A) 


Fic. 4. Dependence of the spin-spin correlation y(r) on 
distance r at different temperatures. 


while from Eqs. (AI.4) and (1) we have for T>T., 
the relation 


4a ? 
-— f ry(r)dr 
v5 (S+1) 0 


where x is the observed susceptibility at the given 
temperature and x; is the paramagnetic susceptibility 
x1= (28)?S(S+1)/3kT at the same temperature. Since 
our principal aim is to see how well the experimental 
data confirm the increasing range of the correlations as 
the Curie temperature is approached, we have not 
utilized this procedure. Instead, the indeterminacy in 
y(r) caused by the possible extrapolations to zero x 
value consistent with the experimental data have been 
calculated and these are indicated by vertical bars in 
Fig. 4. As expected, the uncertainty in y(r) caused by 
this extrapolation is more important for the larger 
distances r>5 A, and negligible at the smallest dis- 
tances. However, the close-in correlations themselves 
are not precisely determined by the small-angle scatter- 
ing data. This would require utilizing the data out to 
larger angles as well as modifying the present approxi- 
mation. The range of y(r) values for r<5 A which 
satisfactorily reproduce, within experimental errors, the 
observed scattering in the reliability test described be- 
low are indicated in Fig. 4, and are the major source of 
indeterminacy in y(r) at small r values. Evident from 
the figure is the increased range of the correlations with 
approach to the Curie temperature 7, (suggested to be 
about 760°C from the peak in the scattering cross sec- 
tion as a function of temperature at fixed scattering 


(M 9") 


=—____—. (15) 
46°N oS(S+1) 


=x/X1 
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TABLE I. Comparison of experimental and calculated o-(x,T). 








754°C 
oe (x) 
r>20A 


Oe (x) 
r<20A 


oc(x) Oe(xexp 


. 
(A) 


790°C 836°C 854°C 


oc(Kexp oc (x) oe(kexp oe(x) oc(k)exp 





71.2 
35.9 
22.8 
15.9 
9.51 
6.06 
3.20 
1.99 
1.34 
0.89 


85.84 
55.45 
34.98 
20.90 
5.33 
0.82 
2.24 
3.94 
3.44 
—0.09 


—15.16 
—20.17 
—11.88 
—4.34 
3.87 
5.18 
0.94 
—2.06 
—1.93 
0.89 


70.68 
35.28 
23.10 
16.56 
9.20 
6.00 
3.18 
1.88 
1.51 
0.80 


0.1104 
0.1564 
0.1913 
0.2207 
0.2704 
0.3121 
0.3827 
0.4413 
0.4937 
0.5842 


24.66 
19.33 
15.33 
12.24 
8.23 
5.93 
3.49 
2.31 
1.61 
1.21 


12.53 
11.15 
9.87 
8.69 
6.70 
5.23 
3.10 
1.95 
1.29 
0.69 


12.44 
11.14 
9.83 
8.77 
6.75 
5.25 
3.18 
1.93 
1.17 
0.65 


9.66 
8.74 
7.94 
6.49 
5.27 
3.53 
2.38 
1.58 
0.87 








angle, as shown in Fig. 3). Also evident is the expected 
deficiency of the small angle scattering data in deter- 
mining (0), which should be y(0)= 2.34 for S=1.11. 

The reliability of these correlations may be checked 
by the extent to which they reproduce the observed 
scattering when inserted in Eq. (11). The results are 
given in Table I, where the experimental o,.(x,7) is 
compared with that obtained from Eq. (12). For 754°C, 
y(r) decreases so slowly that the contribution to o,(x,T) 
from r> 20 A is not negligible. These contributions were 
calculated by using, for r>20A, the asymptotic 
expression 

¥(r)= (C/r) exp(—mr), (16) 
with C=2.09 A, «.=2.87X10® cm. This asymptotic 
expression is obtained in the next section. In Table I, 
a(x, 754°C, r<20A) and o.(x, 754°C, r>20A) are 
given, and their sum compared with the experimental 
value. For the other temperatures, the contribution to 
o.(x,T) from r>20A is negligible. The rather close 
agreement shown in the table may be taken as indicat- 
ing that, within the limits mentioned above, the ap- 
proximate y(r) values must be quite close to the actual 
correlations. 

The comparison just made has neglected the terms 
in the sum in Eq. (11) with #0. From the orders of 
magnitude involved, it is clear that these terms can 
make only a very small contribution to o,(«,7). The 
smallest + value is 0.4935 A~' corresponding to the 
(110) Bragg reflection, so that the period of the factor 
sin (2rrr) for this r is closely 2 A, compared with a 
period of about 10 A for the term sinxr at the largest x 
value. This coupled with the fact, evident from Fig. 4, 
that y(r) does not change much over a 2A interval, 
implies a very small contribution from the terms in 
Eg. (11) with 70. 

These correlations have also been checked by com- 
paring their space integral with observed values of the 
susceptibility x according to Eq. (15). Details and re- 
sults of the comparison are given in the following section. 

IV. CORRELATION FUNCTION AT 
LARGE DISTANCES 

In this section, we will compare the behavior of y(r) 
for r considerably larger than interatomic spacings with 
that predicted by statistical mechanics. 


For distances large compared with interatomic spac- 
ings, and for temperatures close to the Curie point, 
the instantaneous correlation function y(r) may be de- 
termined by the method introduced by Ornstein and 
Zernike® in their treatment of the asymptotic behavior 
of the molecular pair distribution function for gases near 
critical points. The result is, in Van Hove’s notation,* 


¥(r)= (427,*r) 00S (S+1) exp(— xr). (17) 


From Eq. (15), the two lengths 7; and x; are related 
by the expression 


nosis+t) / (4e f Pr(eidr) = (ar)? =x0/ (18) 


where, as before, x: is the paramagnetic susceptibility 
for noninteracting spins and x is the observed suscepti- 
bility. The length 7; is expected to vary slowly with 
temperature compared with x,, and must be of micro- 
scopic size. This last follows since for T/T, considerably 
greater than one, xi/x approaches unity, and x; ap- 
proaches r;. Since the range of the correlations must be 
of microscopic size at these high temperatures, 7; must 
be of the order of interatomic spacings. (The fact that 
Eqs. (17) and (18) are not expected to hold quantita- 
tively for temperatures far removed from T, should not 
effect this order of magnitude argument.) In contrast 
to the expected behavior of 7;, x, must approach zero 
as TT, and x>~. 

Numerical estimates for the temperature region of 
validity of Eq. (17) are easily obtained. Derivation of 
Eqs. (17) and (18) supposes that the fractional change 
in y(r) over a lattice spacing is small, so that the discrete 
correlation function may be treated as continuous, and 
the true y(r) replaced by its asymptotic value. If ap is 
the nearest neighbor separation (a= 2.48 A for a-iron) 
this evidently requires that 


K1a90K1, 


K1d0S ty: 
This restriction on the range x;~ of the correlations may 
be expressed as an upper limit on the temperature region 


6 L. S. Ornstein and F. Zernike, Proc. Acad. Sci. Amsterdam 17, 
793 (1914); Physik. Z. 19, 134 (1918). 


(19) 
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of validity. From Eq. (18) using the experimentally’ 
observed x and putting r;~a» we have the estimate 


T—T.S25°. (20) 


This rather small temperature interval would be sig- 
nificantly increased by a somewhat larger upper bound 
for x;. For example, if we use x,a@9< 3, then the tempera- 
ture interval is about four times larger than that given 
by Eq. (20). Since the temperature region is only 
roughly estimated by this procedure, we will see to 
what extent the y(r) determined by Fourier inversion 
exhibit the asymptotic behavior expressed by Eq. (17), 
even though the temperature interval spanned by the 
experimental data is larger than given by Eq. (20). 

If the y(r) obtained in the previous section have the 
behavior expressed by Eq. (17), then a plot of log[ ry(r) |] 
against r should be a straight line with slope —x«, and 
intercept at r=0 of voS(S+1)/(4rr,*). Figure 5 shows 
that the correlations at larger distances do indeed ex- 
hibit this behavior. From the straight lines drawn in 
the figure, the values of r; and x;~ listed in Table II are 
obtained. Also given are estimates of the precision of 
the results so obtained. From the table one sees that 
the quantity, x;", which measures the range of the 
correlations, decreases rapidly with increasing tempera- 
tures close to the Curie point, followed by a more 
gradual decrease as the temperature is further increased. 
The length 7; decreases rather slowly with increasing 
temperature, a behavior to be expected from detailed 
considerations involved in the derivation of the 
asymptotic form. 

In Table III, the asymptotic y(r) are compared with 
the values obtained from Fourier inversion. For dis- 
tances larger than about 6 A, the agreement between 
the two is quite good. At shorter distances, the asymp- 
totic expression gives y(r) values considerably higher 
than those obtained from Fourier inversion. This result 
is, of course, a consequence of the functional form of 
the asymptotic expression. 

These results for y(r) will now be compared with the 
observed susceptibility according to Eq. (18), 


voS(S+1)/T= (kins)? =x1/x, 


where 


i) 


=r f ry (r)dr. 
0 


TABLE II. Values of «:~! and r; obtained from the straight-line 
fit to the curves of logry(r) versus r. 








T (°C) «i~! (A) ri (A) 





34.8+6.5 
6.80.7 
4.30.3 
3.2+0.1 


1.05+0.05 
1.05+0.04 
0.91+0.04 
0.74+0.03 








7 The data used are those of L. Néel, Ann Physik 18, 5 (1932) 
and H. H. Potter, Proc. Roy. Soc. (London) A146, 362 (1934). 
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Fic. 5. Dependence of ry(r) on distance r at 
different temperatures. 


In calculating the space integral of the correlations, 
the contributions from r greater than 20 A, which is 
the maximum distance covered by the Fourier inversion, 
are by no means negligible. For these distances the 
asymptotic forms for y(r) have been used. In Table TV 
we list separately the contributions to the integral J 
from the two distance ranges. Their sum is then used to 
determine the ratio (x1:/x)exp as obtained from the 
small-angle neutron scattering. The same value should 
result from the quantity («:71)? so long as replacing y(r) 
everywhere by its asymptotic form is a good ap- 
proximation, i.e., when the range of the correlations 
is sufficiently great. A comparison of (x1/x)exp with 
(x1/x)asympt in Table IV shows that this condition if 
fulfilled at the two lowest temperatures. For the highest 
two temperatures, however, the asymptotic form for 
y(r) gives too large a value for the space integral and 
hence too small a value for the ratio (x1/x)asympt- 

In the last column of the table we give the values for 
the ratio (x1/x)mag With x obtained from magnetic 
measurements. It appears that for temperatures in the 
neighborhood of the Curie point, these values are not 
precisely known. Néel’ has made detailed measurements 
of x in the range of temperatures from the Curie point 
at 770°C up to 800°C. His results show that the value 
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TaBLE III. Comparison of y(r) obtained from Fourier inversion with asymptotic expression (7) asympt- 








754°C 790°C 
7 (r)asympt 


xv”) v(r) 


¥(r)asympt 


854°C 


¥(r) asympt 


836°C 


7 (r) asympt y(r) 





0.779 

0.290 

0.144 

0.0810 
0.0481 
0.0298 
0.0191 
0.0124 
0.0082 
0.0055 


0.371 

0.255 

0.146 

0.0795 
0.0481 
0.0315 
0.0188 
0.0117 
0.0073 
0.0056 


0.986 
0.466 
0.293 
0.208 
0.157 
0.123 
0.100 
0.082 
0.069 
0.059 


0.495 
0.368 
0.276 
0.200 
0.161 
0.129 
0.101 
0.081 
0.070 
0.056 


1.070 

0.286 

0.102 

0.0408 
0.0175 
0.0078 
0.0036 
0.0016 
0.0008 
0.0004 


0.280 

0.190 

0.0984 
0.0398 
0.0168 
0.0077 
0.0024 


0.830 

0.260 

0.108 

0.0512 
0.0255 
0.0133 
0.0073 
0.0039 
0.0022 
0.0012 








for x at a particular temperature is changed by about 
25% by cooling the iron sample and reheating. The 
measurements of Potter’? which extend from the Curie 
point up to 840°C give 1/x values larger than Néel’s 
average values by about 30%. The data of Sucksmith 
and Pearce* which go down to 824°C yield 1/x values 
about 30% smaller than Potter’s in the overlap region. 
The values (x1/x)mag given in Table IV are averages of 
the experimental results with errors estimated from 
differences between independent results. In obtaining 
these values, the temperature scale has been readjusted 
to shift the Curie point to 760°C, the temperature at 
which the observed neutron scattering at fixed small 
angle is a maximum (Fig. 3). Considering the uncer- 
tainty in the experimental susceptibilities as well as the 
uncertainty in the adjustment of the temperature scales, 
the comparison of the quantity x:/x obtained from the 
two methods appears to be quite satisfactory. 


V. CONCLUSIONS 


Fourier analysis of the small-angle magnetic scatter- 
ing of 0.9 A neutrons by iron in the vicinity of the Curie 
point yields the behavior of the instantaneous correla- 
tion between pairs of spins of the iron atoms. These 
correlations are found to be monotonic decreasing func- 
tions of the distance between atoms, with a range which 
rapidly increases as the temperature approaches the 
Curie point. For temperatures up to about 90°C above 
the Curie temperature, the pair correlations appear to 
have the asymptotic behavior predicted by statistical 
mechanics. The volume integral of the pair correlation 
function yields values for the susceptibility of iron 
which are consistent with the measured values. 

TaBLeE IV. Comparison between values for (x:/x) predicted 


from magnetic neutron scattering with (x:/x)mag obtained from 
susceptibility measurements. 








(x1/x) mag 
(X10-4) 
8.5+ 2 
150 +30 
390 +40 
480 +30 


I 
r<20A 
“TAD 


I 
i > 20A ( ( ex 1 asym! 
(°C) "as) aviee | “Teta 
754 2245 
790 20 
836 3 
854 nad 





94- 2 9 
242+30 238 
530+70 454 
700+90 536 








§W. Sucksmith and R. R. Pearce, Proc. Roy. Soc. (London) 
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APPENDIX I. RELATION BETWEEN MAGNETIC 
MOMENT FLUCTUATIONS AND CORRELA- 
TIONS BETWEEN PAIRS OF SPINS 


The magnetic moment of the region 2 containing No 
spins is 
Na 


Mo=—26> S,, (AI.1) 
i=1 


where @ is the Bohr magneton. 
The mean square deviation of the fluctuations in Mg 
from the average will be given by 


(M?)— | (Mo) |?=46°( Si- 20 S;)—46*| CL Si)? 


2 48? N o(S?)—48N 2S 7? 
+4¢e° > > (S;-S;), 


ix 


(AI.2) 


where (S?) and S,r* are single-spin averages, (5S?) 
= $§(S+1), with S the atom spin quantum number and 
Sr= No"); S,) is the average spin vector per atom. 

Now separate out the asymptotic value of (S;-S;) 
by writing 

(Si-S;)=S2°+{(Si-S;)—Sr*} 
=S§ rt+yij. 

Then Eq. (AI.2) may be written in the form 
(Ma?)— | (Mo) |? 


=48°NoLS(S+1)—Sr*}+48"D Evy’. (ALA) 


(AI.3) 


Our discussion in Sec. II has shown that at tempera- 
tures removed from the Curie point, fluctuations are 
normal, and the quantity (Mg’)—|(Mg)|* is propor- 
tional to Ng. From Eq. (AI.4), we see that this requires 
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vi; which depends on the distance between the ith 
and jth spins, to decay to zero over distances small 
compared with 2! so that the double sum may be written 
in the form 


Ld vii’ =No xu yR’, (AL.5) 


ixj 
where the sum on the right side gives a value independent 
of Ng. As T approaches T,, since fluctuations become 
tremendous, (M”)— |(Mog)|? must become proportional 
to a higher power of No, and this fact requires y;;’ to 
decay very slowly so that it is still appreciable for 
separation distances of order 0. 


APPENDIX II. ESTIMATE OF THE DEGREE OF 
INELASTICITY IN THE MAGNETIC 
NEUTRON SCATTERING 


In this Appendix, we give some estimates to show the 
validity of the approximation of negligible neutron 
energy exchange with the spin lattice in the range of the 
experimental conditions. These estimates are based on 
the treatment of the time dependent correlations given 
by Van Hove.’ The asymptotic form for the pair corre- 
lation function for times considerably greater than 
microscopic relaxation times as given by Eq. (38) of 
reference 3 is 


vr’ (t)= (Aar,?)“v0S (S+1) (4m Ai |t|)—3 


(AIL.1) 


—|R-R’|? dR’ 
x fn nae | 
|t| R’ 


where 7; and x;' are the lengths characterizing the 
instantaneous correlation 


yr’ (0)= (4rr?R)—00S(S+1) exp(—«R), 


and where A;=)/x, x being the observed susceptibility 
and A a phenomenological constant. The significance of 
A, is that it measures the time decay of a plane wave 
fluctuation of the magnetic moment, the time decay 
being given by exp(— A,k/), where k is the wave vector. 
When T->T,, A:—0, since then x and d is expected 
to vary only slowly with 7. Our aim is to show that for 
our experimental conditions A, is sufficiently small to 
justify the static approximation. 

When the time-dependent correlation given by Eq. 
(AII.2) is inserted in our Eq. (3), one gets for the 
differential cross section for inelastic magnetic scatter- 
ing the expression 


(AII.2) 


do ye? \?2N 
—= ——S(S+1)—| f(x) |? 
-(=)— SH) (0 
1 Ai|x—+|? 


xr _ (AIL3) 
m2 re{|x—2|2+«2} A?| x—*|4+a? 





Here the sum is over the vectors + of the reciprocal 
lattice. As before, the terms in the sum corresponding 
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to «*~0 may be neglected for the small-angle magnetic 
scattering with which we are concerned. Integrating 
over final neutron energy, we have 


dQ 


——If(e)|* 


3rmky 


R’dk Ax? 
A A RN 
re{e+K} Ayxt+o* 
where the form factor f? has been removed from the 
integral since we will be considering only small « values. 


Making the substitutions a= (k—ko)/ko, 6=mA,/h, 
B=x;/ko, and putting sind=6, this equation becomes 


—_=— (“)s (641)! fo" - 
dQ aw wr the? 
xX | (1+a)*da} — | 

J ul e+ (1a) +6" 


(.. dL? + ( (1+a)] 
& (a? +6(1-+a) )} +? (1+ ha)? 


do (: —) 


(AII.4) 


} (AILS) 


If we had used instead the static approximation yp’ (0), 
we would have obtained 


9 


do 2Nsye\? | f(x) | 
Ne yy 
dQ 3 mc riko +? 
Comparing the last two equations, we see that the 
static approximation will be a good one whenever the 
spread in the length of the final momentum caused by 
energy exchanges and represented by the half-width of 
the term in curly brackets in Eq. (AII.5) is much less 
than the momentum transfers represented by the half- 
width of the term in square brackets. Solving for these 
half-widths, we have 


4 


1 1 
—[1+ (26°)? }}-— |} <3,(@-+6%)), (AIL7) 
26! 28? 


as the requirement for negligible energy exchange. This 
condition is equivalent to a restriction on two charac- 
teristic times. Recalling that 6-0 as T—T., we may 
suppose that 261, so that Eq. (AII.7) becomes 


WS Ay (P+5), 


i (AII.8) 
Ke Sv (x? +x 2) 


where v is the neutron velocity, and «?= hk ’6. Since a 
plane wave fluctuation in the magnetic moment decays 
like exp(— A,k*#), the quantity A,x? on the left above is 
the reciprocal of fo, the decay time of the plane wave 
fluctuation with which the neutron interacts when the 
momentum transfer is #«. On the right side, neglecting 
the factor x, we have «,v, the reciprocal of the time /’ 
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that the neutron spends in the correlation range x;~". 


Hence Eq. (AII.8) may be written as 


o> 100’. (AIT.9) 


This relation shows that for negligible energy exchange, 
the relaxation time for the magnetic moment fluctua- 
tions should be much greater than the time spent by 
the neutron in traveling over a correlation range. The 
temperature dependence of the time ?’ is easily obtained 
from the relation (x:7:)*=x./x, giving 


t' = (11/0) (x/x1)}. (AII.10) 


The time fo= (Ax?)=x/(Ax”) may be estimated from 
the fact that at high temperatures 4) becomes a micro- 
scopic relaxation time which has been calculated* to be 
about 20h/J, where J is the interaction energy between 
a pair of spins. For T/T.>1, x—>x:, the paramagnetic 
susceptibility for noninteracting spins. Also, the im- 
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portant momentum transfers must be of order #/r;, 
since r; then represents the range of the correlations. 
This determines the phenomenological constant \ and, 
assuming it to be temperature-independent, gives for the 
relaxation time ¢) the estimate 


bo (20K / Tr :*x?) (x/x1). (AIT.11) 


(The fact that we have here extrapolated results valid 
near 7, and for long times to much higher temperatures 
and microscopic times should not affect the order of 
magnitude of the results.) Our requirement for negligible 
energy exchange now reads 


(208/Jri°x*) (x/x1)Z 10(r1/0)(x/x1)*.  (ATI.12) 


Inserting the pertinent values, one sees that this condi- 
tion is certainly fulfilled over the temperature range we 
have used and over the values for x= ko corresponding 
to the small angles involved. 
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Two types of state exist at the surface of single crystal germanium; the first type, which is assumed to be 
at the semiconductor-oxide interface, is chiefly responsible for the carrier recombination process, while the 
second type, associated with the oxide structure and adsorbed ions, is believed to control the position of 
the Fermi level at the surface with respect to the electron band energy. The latter type of state has been 
studied by means of the “field-effect,” or change in conductance with an applied field perpendicular to the 
surface. The results indicate that the relaxation or capture time of these states is much longer than that of 
the interface states, and is aiso extremely sensitive to surface treatment and ambient gas. In addition, some 
surface treatments lead to a distribution of time constants on the same surface over a range as large as six 
decades. Possible physical models for this behavior are discussed as well as its connection with excess or 1/f 


noise. 


INTRODUCTION 


ARLY in the study of high-purity germanium as a 

semiconductor, it became apparent that the 
surface of the material had additional energy states for 
electrons beyond those normally expected in the bulk 
material. In particular, it was necessary to postulate 
electron levels in the gap both to explain metal-semi- 
conductor rectification' and later to explain surface 
recombination velocity.” Direct evidence for the ex- 
istence of such states was found by Shockley and 
Pearson,’ who attempted to modulate the conductivity 
of a thin evaporated film of germanium by applying an 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with the Massa- 
chusetts Institute of Technology. 
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external electric field normal to the surface. Since the 
change in conductivity was only about 10% of what 
had been expected from the magnitude of the induced 
charge and the free carrier mobility, it was necessary 
to assume that there were localized levels at the surface 
which would absorb and thereby immobilize the 
majority of the induced charge. Recently, this experi- 
ment, the “field effect,” has been studied in more detail 
on single crystal germanium slabs*~*; and, in con- 
junction with measurements of surface conductance on 
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junction transistor structures,’ the details and 
behavior of these surface states are more clearly under- 
stood. These experiments indicate that there are two 
distinct classes of surface states on germanium. The 
first type, which are thought to be located at the 
germanium-germanium oxide interface, are chiefly 
responsible for the surface recombination process, 
while the second type, which probably arise either from 
adsorbed ions or imperfections in the oxide layer, are 
believed to control the position of the energy bands at 
the surface with respect to the Fermi level. This paper 
will be largely concerned with the relaxation times of 
the latter type of state as determined from field-effect 
measurements. 


FIELD-INDUCED SURFACE CONDUCTANCE 


Consider the germanium surface depicted in Fig. 1, 
where the bulk material has intrinsic conductivity and 
the surface is n-type due to the surface treatment and 
ambient." If an external field is now applied as shown, 
then one expects more electrons to be drawn to the 
surface to terminate the field and the surface will 
become even more n-type. These extra electrons will 
produce an increased conductance along the surface 
which may easily be measured if the sample is a thin 
slab. One might think that the change in conductance 
would be given simply by the product of the induced 
carrier density and the bulk mobility of the electrons. 
Actually, the behavior of the conductance is much more 
complicated, both because of surface states and the 
finite recombination lifetime of excess carriers in the 
sample. 

Consider first the lifetime effect. If the conductance 
is measured immediately after application of the field, 
the carrier distribution at the surface will not satisfy 
the equilibrium relationship between hole and electron 
density. Thus, in Fig. 1, the initial charging current 
supplied to the surface from the bulk will consist of 
holes leaving and electrons arriving in the ratio 


1 I,= Php ‘Np n, 


where p and m are the bulk carrier densities. After a 
time long compared with the over-all recombination 
time of the sample, the ratio of added electrons to 
removed holes must be given by m,/p., the ratio of the 
electron and hole densities at the surface. Hence, if an 
inversion layer exists at the surface, the incremental 
conductance would actually change sign. In Fig. 1, for 
example, if the bulk material were p-type, then the 
conductance would initially decrease since holes would 
be removed from the surface. After recombination 
equilibrium, however, the conductance would be 


10 W. L. Brown, Phys. Rev. 91, 518 (1953). 

11 deMars, Statz, and Davis, Phys. Rev. 98, 539 (1955). 

12 Statz, Davis, and deMars, Phys. Rev. 98, 540 (1955). 
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4 Such an n-type surface may be produced by water vapor, for 
example, as was shown by Brattain and Bardeen.?* 
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Fic. 1. Intrinsic germanium with n-type surface layer and 
applied external field. 


greater since the negative charge would be supplied by 
extra surface electrons. Such effects have been studied 
by Low® and have also been observed both in this 
laboratory and by Montgomery and Brown.® 

After the recombination transient the net occupancy 
of the recombination centers has changed from its 
initial value before application of the field. The induced 
negative charge at the surface is supplied by an increase 
in electron density both in the conduction band and in 
the recombination centers. Since the electrons trapped 
in these states do not contribute to the conductivity, 
the change in conductance produced by the external 
field is consequently reduced. This trapping effect has 
been measured both in the field effect experiment’® 
and in “channel” measurements on p-n-p junction 
transistor structures.’ The results, taking into account 
the reduction in mobility of carriers in the surface well,'® 
give a probable density of recombination states of the 
order of 10!"/cm? for an etched surface. 

After prolonged application of the field, it is generally 
found that the conductance of the sample decays to its 
original zero field value. This decay, however, takes 
from 0.01 second to many minutes depending upon the 
surface treatment. This long time relaxation is at- 
tributed to additional surface states in or on the oxide 
layer,*?'8 whose energy and density are a critical 
function of the gaseous ambient and surface treatment. 
These latter states are thus distinguished from the 
surface recombination centers by their long time 
constant and in addition by their much larger density, 
which must be greater than 10 cm~ in order to 
neutralize the applied field without a perceptible shift 
in the Fermi level. It is these long time constants which 
are of immediate interest, both for the information they 
give about the surface structure and for their possible 
connection with excess or 1/f noise. 


EXPERIMENT 


The germanium used for the experiments was in the 
form of slabs, about 0.5X0.25X0.01 inch, cut from 


18 J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 
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Fic. 2. Conduc- 
tance vs time for 
etched surface in 
dry nitrogen. Upper 
trace: step function 
response. Lower 
trace: square wave 
response. 
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single-crystal material which was nearly intrinsic at 
room temperature. Ohmic contacts were attached along 
the ends of the sample and a plane metal electrode was 
placed approximately 0.01 inch from the surface under 
study. After etching the germanium, the whole as- 
sembly was placed in a glass chamber which could be 
supplied with various gases and water vapor. The 
conductance measuring circuit was similar to that used 
by Low,® except that it incorporated dc coupling and 
amplification for observation of the long time relaxation 
effects. The electrode voltage was either a square wave 
or a sine wave of up to 400 volts peak value, at fre- 
quencies from 10~* to 10° cps, thus producing at the 
surface a maximum field of approximately 10* volts 
per cm. 

Initial experiments were performed using a square- 
wave voltage on the electrode to determine the transient 
response. Typical results are shown in Fig. 2 for an 
etched surface in dry nitrogen. The top trace, of ap- 
proximately 20 seconds duration, is the response to a 
300-volt step function applied to the electrode. The 
lower trace shows the response to a 300-volt peak-to- 
peak square wave of 10-second period. In this case the 
conductance decreases upon application of a positive 
field indicating a p-type surface. The time scale is too 
long to observe the initial recombination time transient, 
so that the initial pulse height is a measure of the quasi- 
static conductance after any trapping in recombination 
centers. No detailed data were taken on the amplitude 
of this initial conductance change, although the results 
are qualitatively in agreement with those of Mont- 
gomery and Brown.’ In addition to the unusually long 
time of the observed transients, the decay in all cases 
is found to be nonexponential. The initial relaxation is 
rapid, but with increasing time the apparent time 
constant increases, giving more nearly a logarithmic 
rather than exponential law. One might suspect a non- 
linear phenomenon. However, with the exception of a 
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near-intrinsic surface, the response was found not only 
to be symmetric with opposite field polarities, as in 
Fig. 2, but also to vary linearly with applied field. The 
nonlinearity in the near-intrinsic case is expected since 
here the surface conductance is near its minimum value 
and will increase for a small induced charge of either 
sign. (It is this minimum point which supplies a refer- 
ence for the determination of the interface state 
densities.”:§) 

On the basis of these observations it seemed apparent 
that the decay phenomenon could be explained in 
terms of a set of traps having a distribution of time 
constants. In physical terms one might think of different 
small regions of the surface relaxing exponentially with 
different time constants associated with the local 
capture times of the traps. While it is possible to 
analyze the relaxation transient into a sum of simple 
exponential decays, a more accurate technique is to 
determine the amplitude of the conductance variation 
produced by an applied sinusoidal electrode voltage. 
The relative response of the conductance as a function 
of the frequency of the driving signa! will give the same 
information as an analysis of the transient. Data of this 
form were obtained by applying to the electrode a 
constant amplitude sine wave, approximately 400 volts 
peak to peak, in the frequency range from 10 to 10 
cps. The response was found to be linear over this range 
of frequencies and also over a ten-to-one change in 
amplitude. For frequencies between 1 and 10° cps, the 
peak-to-peak conductance change was read on an 
oscilloscope, while below this frequency the deviaticns 
were read on a voltmeter connected to the output of 
the dc amplifier. 

The results for a typical run are shown in Fig. 3, in 
this case for a freshly-etched surface exposed to dry 
nitrogen, with the response normalized to unity at 1000 
cps. As discussed in the previous section it is important 
that the sample recombination lifetime be short, for 
otherwise injection effects may give an anomalous 
response at high frequencies. This was accomplished by 
sandblasting the back surface of the slab, thus lowering 
the lifetime to the order of 5 microseconds for the 
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Fic. 3. Typical frequency response for a freshly etched surface 
in dry nitrogen. The dashed lines indicate two possible responses 
if the states all had the same time constant. 
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Ftc. 4. Response for several surface treatments. All curves are normalized to unity at 1000 cps. 


dimensions used. The dashed lines in Fig. 3 represent 
the response to be expected if all the traps had the same 
time constant, corresponding to a simple exponential 
decay in the transient case. As expected from the 
transient behavior, the frequency response or system 
function does not fit the curve for a single trapping 
time, but instead falls very gradually over many 
decades of frequency, still continuing in this case at 10-* 
cps. Similar frequency response curves were taken after 
various surface treatments. It was known from the 
transient behavior that the relaxation time was a critical 
function of gaseous ambient and surface history. Ex- 
posing a freshly etched sample to oxygen or air for 
several hours, for example, would always increase the 
decay time quite markedly. Also, for both a freshly- 
etched surface and a well-oxidized surface, wet nitrogen 
produces a more rapid relaxation than dry nitrogen. 
The effect of the water vapor is actually strong enough 
to counteract the effect of the oxidation: the decay for 
an oxidized surface in wet nitrogen is faster than for a 
freshly-etched surface in dry nitrogen. Typical fre- 
quency response curves for these cases are shown in 
Fig. 4. The “before oxidation” curves could not be 
obtained until approximately one-half hour after 
etching, since the surface was relatively unstable during 
the initial period and the steady drift in conductance 
made low-frequency measurements impossible. By 
observation of the transient response, however, it was 
found that during this period, the time constant 
increased from a small value, of the order of several 
milliseconds, to a value in the 0.1-second range when 


the surface became stable enough to measure. The 
terms “before oxidation” and “after oxidation” should 
only be taken to mean before and after exposure to 
oxygen. At the present time the chemical behavior of a 
surface after etching and exposure to oxygen is not well 
understood. However, a similar change in surface 
properties with time is observed in other measurements 
such as surface conductance" and contact potential. 

A few measurements made in a vacuum of about 0.1 
mm Hg indicated that the decay rate does not differ 
markedly from that in one atmosphere of dry nitrogen, 
but the results are only qualitative. A better under- 
standing of the chemistry of the surface would be needed 
to make quantitative data meaningful. Even more 
interesting is the fact that measurements made in a 
nitrogen ambient at temperatures close to that of liquid 
nitrogen showed a faster decay than at room tempera- 
ture. This last result must be considered somewhat 
tentative because the role of trapping'®!” in these 
experiments is not completely known. Since illumi- 
nation had no strong effect on the behavior, it is 
believed that the observations are valid. In any case, 
as observed both in this work and work on n-p-n 
junctions," there is no appreciable change in the 
relaxation time for a wet surface as the temperature is 
lowered below the freezing point of water. 


ANALYSIS OF DATA 


Since the distribution of time constants of the 
trapping states is desired, it is necessary to convert the 


16 Fan, Navon, and Gebbie, Physica 20, 855 (1954). 
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frequency response or system function data to a 
function g(r) which gives the number of states per unit 
trapping time. If one considers the response due to a 
large density of states of one time, 7, the system function 
will be 


jwt 
is=eo(— Jar. (1) 
1+jwr 


This may be recognized as the response of a simple RC 
high-pass filter whose transient response is a simple 
exponential decay with time constant r=RC. Now, 
assuming that the response of individual regions of the 
surface with different trapping times is additive, the 
normalized system function may be represented as 


2 wr TT? —1 
sw)=f ae f s(v)] : (2) 
Tl 1+jwr Tl 


where g(r) is defined above and 7, and 7; are the limits 
of the distribution. For a given S(w) it is possible to 
solve Eq. (2) for g(r) by using Stieltjes transforms. 
However, since such a formal procedure requires 
numerical integration of the data, it is perhaps more 
instructive to consider three simple types of distribution 
for 7; namely, a single trapping time, a uniform distri- 
bution, and a hyperbolic distribution, given respectively 
by 


g(r)=8(r—7), (3a) 


g(r)=k, (3b) 
g(r)=k/r. (3c) 


Integration of Eq. (2) with these functions gives, 
respectively, 


S(w) =jwro/(1+jwro), (4a) 


1+jwr2 

yf a» 
1+jwr: 
a) 


Ss) =[In(r/n))}* Inf " 
1+jwr 


S(w) =1—[jw(r2— rH in( 


(4c) 


The first form is shown in Fig. 3 by the dashed lines 
and obviously does not behave properly. The second 
solution also falls off too rapidly with decreasing 
frequency, most of the decrease occurring in the 
neighborhood of w=1/72. The last form turns out to 
give the best approximation to the experimental data. 
If r2 is several orders of magnitude greater than 7, the 
magnitude of S(w) is found to take the form 


| S@) | ~[In(r2/71) F Inre) (5) 
for 
wr1K1<Kwre. 
Near w=1/r2 and 1/7, the function approaches zero 
and unity asymptotically. Now log wre, if plotted on 
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Figs. 3 or 4, would be simply a straight line with 
constant slope, in close agreement with experiment. In 
fact, it may be shown that a line tangent to this function 
along its straight portion intersects the zero and unity 
ordinates at the frequencies w=1/7, and 1/7, re- 
spectively. Thus the distribution of time constants is 
given very nearly by 1/7 for all cases, with the limits 
of the distribution determined as above. Actually, for 
such a slowly varying function an approximate relation 
between g(r) and S(w) may be derived (see Appendix), 
which is 


g(r) « —- 


T 


ir @|5| ip dis| @ls| 
any 
w=1/r d(Inw) d(Inw)? w=1/r 


du? T 
for wr1K1Kwr2. 

Analyzing the data on the basis of this formula gives 
the results in Table I. The trap distributions follow a 
hyperbolic law within experimental error, with the 
exception of Case III, dry nitrogen before oxidation. 
Here, application of Eq. (6) yields a density given by 
1/r°-5, as a consequence of the negative curvature 
apparent in Fig. 4. The limits of the distribution, 7; 
and re, were obtained from the intersection of the 
straight portion of the system function with the zero 
and unity axes. The values of r2 in parentheses are only 
estimates since it was necessary to extrapolate beyond 
the lower frequency limit, while the 7; value in Case 
III is only an upper limit since the response is still 
rising at 1000 cps. 


DISCUSSION 


The slow time constants observed in these experi- 
ments are believed to be a measure of the rate at which 
electrons are transferred between the bulk and states 
in or on the oxide layer. For the sake of discussion, 
consider the decay of excess electrons from the con- 
duction band into the surface states (the reverse rate 
may be shown to be equivalent by detailed balancing 
arguments). The limiting process for this decaf could 
be either the transition rate of the electron to existing 
states, as in a normal trapping process, or the rate of 
creation of new levels. The latter must be considered as 
a possibility since new states may be created either by 
the adsorption of additional molecules or by a chemical 
reaction between species present on the surface. 
However, adsorption as the rate-limiting process may 
be ruled out because the time constants are not strongly 


TABLE I. Limits of time-constant distribution for 
several surface treatments.* 








1 (sec) 





3X10 
10-* 
<2x10™ 
6x 10° 


I. Wet N:—before oxidation 
II. Wet N.—after oxidation 
Ill. Dry N:—before oxidation 
IV. Dry N.—after oxidation 








® Values of r: in parentheses are estimated; see text. 
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pressure-dependent. The temperature insensitivity of 
the decay, on the other hand, makes it almost impossible 
for a chemical reaction to be the determining factor. 
Any reaction involving water can almost certainly be 
eliminated, even without the liquid nitrogen data, 
since there is no marked change as the temperature is 
lowered far past the freezing point. Thus slow electron 
transitions to existing levels seems to be the only 
reasonable explanation for the long time constants. 
More direct evidence that electron transfer is the rate- 
determining process has recently been obtained by 
Morrison'® as a result of studying the change in dark 
conductance of a germanium sample after it had been 
exposed to light for various periods of time. The con- 
ductance change under these conditions is apparently 
produced by the same trapping process as in the field 
effect since the slow transients are similar. Morrison 
found that the initial rate of change of dark conductance 
is proportional to the number of carriers in excess of 
equilibrium, but increases only slightly with oxygen 
pressure. 

In connection with Morrison’s data it should be 
mentioned that he finds a fairly strong temperature 
dependence for the rate of decay of conductance in the 
field effect. His measurements between 20° and — 59°C, 
when interpreted according to the aforementioned 
model, give an activation energy of 0.5 ev for 72, the 
upper limit of the 1/7 distribution. The reason for the 
disagreement between Morrison’s results and the ones 
presented here is not known. Conceivably, the difference 
in the preparation of the surfaces could be the answer. 
Morrison etched his samples with 10% HF, 90% HNOs, 
and then aged them for four weeks in air. 

If the electron transfer to the surface states takes 
place by thermionic emission over the barrier in Fig. 1, 
then the 1/7 distribution could result from a uniform 
distribution of the barrier height over the surface. To 
show this, let EZ be the height of the barrier, so that 


= neebihT 
T= ae" R 


where a is a constant. Then the number of traps with 
time constants in the range (r,r-+d7) is given by 


dn dE kT dn 
dn=— —dr=— —dr. 
dE dr qt dE 


Hence, g(r)=dn/dr will be proportional to 1/r in the 
range 71<r<r2 if dn/dE is constant in the range 
E,= (kT/q) In(71/a) <E < E2= (kT /q) \n(12/a). This is 
the same idea that has been used to obtain a 1/r 
distribution in some theories of 1/f noise." 

Since in the present work it has been found that the 
time constants are relatively independent of tempera- 
ture, an attractive alternative to thermionic emission is 


18S. R. Morrison, Phys. Rev. 102, 1298 (1956). The authors 
wish to thank Dr. Morrison for a preprint of his paper. 

A. van der Ziel, Physica 16, 359 (1950); F. K. duPré, Phys. 
Rev. 78, 615 (1950). 
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to assume that the electrons tunnel through the barrier 
of Fig. 1.” In this case,the distribution of time constants 
may be explained by a uniform distribution in barrier 
widths, since 7 would be given by 


r= Aeb, 

where w is the barrier width and A and B are constants. 
The proof is completely analogous to the one for thermi- 
onic emission. Such a uniform distribution of barrier 
widths could arise either from a uniform spatial 
distribution of traps over a range of distance in the 
oxide layer or from a variation of oxide layer thickness 
over the surface. For a variation of thickness from 20 
to 40 A, and a barrier height of one electron volt, the 
transition times may be shown to vary from the order 
of 10~ to 10* sec.” If the oxide layer does thicken 
appreciably “after oxidation,” this picture would also 
explain the accompanying increase in time constants. 
It is also possible in the case of tunneling to obtain the 
desired 1/r distribution by considering fluctuations in 
the barrier height along the surface. 

The phenomenological model of slow traps developed 
here to explain the field effect measurements can also 
explain 1/f noise in single-crystal filaments of germa- 
nium. If it is simply assumed that there are a large 
number of traps with a 1/7 distribution of time con- 
stants, then a calculation of the conductivity fluctu- 
ations caused by the random filling and emptying of 
the traps gives both the desired 1/f spectrum and the 
right order of magnitude for the noise.”' The origin of 
the 1/r distribution does not have to be known to 
obtain this result, but the characteristic temperature 
insensitivity of 1/f noise again makes a tunneling 
process attractive. Reference 20 also contains a 
detailed analysis of the statistics of these slow traps in 
connection with the field effect measurements. 

Throughout the paper the nonexponential conduc- 
tance decays and the logarithmic frequency response 
of the field effect have been interpreted in terms of a 
distribution of time constants. To account for these 
same observations, Morrison'*” has proposed a non- 
linear model with only one type of surface level and a 
single time constant. He gets a change in the in- 
stantaneous rate of decay of the conductance by means 
of a variation of the barrier height with the amount of 
charge trapped in the slow surface states. As has been 
emphasized previously, however, in the present work 
the change in conductance was found to be directly 
proportional to the applied field as long as the field 
strengths were kept below about 10‘ volts/cm. (Such 
fields produce a deviation in surface potential less than 
kT/q.) Doubling the voltage applied between the 
germanium and the electrode, for example,’ doubled 
the conductance change at every instant of time; a 


*” A. L. McWhorter, Phys. Rev. 98, 1191 (1955). 

21 A. L. McWhorter, Sc. D. thesis, Massachusetts Institute of 
Technology, 1955 (unpublished). 

22S. R. Morrison, Phys. Rev. 99, 1655 (1955). 
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change of polarity of applied field simply reversed the 
sign of the conductance change without altering the 
shape of the curve. Furthermore, a sinusoidal voltage 
applied to the electrode caused the conductance to vary 
sinusoidally at the same frequency with no harmonic 
distortion. This linearity means that the differential 
equation governing the process has to be linear, or at 
least linearized for small-signal deviations about 
equilibrium. However, as soon as one linearizes Mor- 
rison’s equations, one immediately gets a simple ex- 
ponential decay, so that his model cannot explain the 
low-field experimental results presented here. On the 
other hand, Morrison’s model may well account for 
effects associated with large applied fields that produce 
a variation in the surface potential greater than k7/q, 
a situation which has not been investigated in this 


paper. 
CONCLUSION 


The results of this study apply directly only to the 
types of surface treatment used. However, it is believed 
that the observed behavior is common to a broad range 
of surface treatments both on silicon as well as germa- 
nium. For instance, a similar transient behavior has 
been observed on sandblasted surfaces, although it has 
not been studied in detail. More detailed models of the 
surface must await further investigations of the struc- 
ture and chemical behavior of the oxide layer. In 
particular, the variation of the time constants with 
temperature bears further study, but at present is 
hindered by a lack of knowledge of the detailed physical 
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and chemical processes occurring in the different 
temperature ranges. 


APPENDIX. DERIVATION OF EQ. (6) 


Let g(r)= f(r)/r, where f(r) is now a slowly varying 
function. Then Eq. (2) of the text may be rewritten as 


S(w)=N f Spelt dda ide, 5):;.4Ad) 


where NW is the normalizing constant. Differentiating 
both sides with respect to w leads to 


dS : r2 a - 
= J f(r)Lj/(1-tjwr)*Mdr. ——(A2) 


Since the term in brackets is approximately unity up 
to w=1/r and falls rapidly to zero beyond this point, 
the result may be approximated by 


d|S| : Vo 
—— =n f f(r)dr. (A3) 


Differentiating with respect to 1/w and rearranging 
terms gives the final result 


oa is 
I= =I dea? a 


(A4) 


which is utilized in Eq. (6) of the text. 
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When natural graphite crystals were exposed in nuclear reactors, it was found that the a-axis electrical 
conductivity decreased progressively and monotonically, eventually about twenty-fold. The c-axis electrical 
conductivity decreased by a factor of about three to a minimum and then slowly increased somewhat. Very 
early in the irradiation, the temperature dependence of the conductivities altered to a negligible dependence 
on temperature, indicating the spacing of fixed scattering centers in the original crystals was at least hundreds 
of atomic spacings. The approximate values of the crystallite conductivities in artificial graphite are inferred 
from the results obtained for the natural graphite crystals. 





INTRODUCTION 


ADIATION damage to the electrical conductivity 
of artificial graphite was first observed at the 
Metallurgical Laboratory of the University of Chi- 
cago.'? There are a number of more recent investiga- 
tions of the effect of irradiation on artificial graphite.* 
Neubert and his co-workers investigated the radiation 
damage to the electrical conductivity of Ceylon natural 
graphite (consisting of crystal aggregates) samples cut 
in the direction of maximum electrical conductivity and 
similar samples cut in a direction perpendicular to the 
direction of maximum conductivity. The authors 
briefly mentioned the effects of neutron irradiation on 
graphite crystals in a previous article.® 


EXPERIMENTAL 


The graphite crystals which were used were the same 
as those described before.*® 

The electrical measurements were performed by some 
of the methods described previously.* The c-axis re- 
sistivities which are reported here are the reciprocals 
of o, as reported previously. The a-axis resistivities 
which are reported here are the reciprocals of 04/6 
reported previously. Since the ratio of the conductivities 
were found to alter with irradiation, 6 is affected. How- 
ever, it was shown that 6 for the crystals which were 
used was probably between 1 and 1.1. The change in 
6 with irradiation would bring it closer to unity. Its 
effect is therefore negligible in comparison to the 
changes induced by irradiation. Since the experiments 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1M. Burton, J. Phys. & Colloid. Chem. 51, 618 (1947). 

2 T. J. Neubert, post-deadline paper presented at the American 
Physical Society Meeting, Baltimore, March 17, 1955; M. Burton 
and T. J. Neubert, J. Appl. Phys. (to be published). 

3G. H. Kinchin, J. Nuclear Energy 1, 124 (1954). 

‘Papers presented at the International Conference on the 
Peaceful Uses of Atomic Energy at Geneva (United Nations, 
New York, 1955) ; G. H. Kinchin, A/Conf.8/P/442; Woods, Bupp, 
and Fletcher, A/Conf.8/P/746; G. R. Hennig and J. E. Hove, 
Saar 751; Mayer, Perio, Gigon, and Tournarie, A/Conf.8/ 
P/362. 

5T. J. Neubert ef al., Neutron-Induced Discomposition of 
Graphite, ANL 5472 (available from the Office of Technical 
Services, U. S. Dept. of Commerce, Washington 25, D. C., 1956). 

6 W. Primak and L. H. Fuchs, Phys. Rev. 95, 22 (1954). 


were conducted over a long period of time (several 
years), it was considered desirable to measure a set of 
standards with each set of determinations. These were 
several crystals of the same kind which were irradiated. 
The results reported here were obtained by multiplying 
the measurements by a constant which restored the 
measurements of the standards to their original value. 
The progressive irradiations were conducted in the 
central thimble of CP-3 the Donuts at X-10, the 
converter at X-10, and the converter of CP-3’. A single 
irradiation of another set of crystals was performed in a 
Hanford test hole. The effects which were observed were 
certainly initiated by fast neutrons. The irradiation 
dosage for the progressive irradiations was obtained by 
the use of spectroscopic graphite rods as monitors in the 
manner described by Primak and Fuchs.’ It is reported 
here in terms of the percent electrical conductivity 
decrease which would have been sustained by the 
spectroscopic graphite rods used by the writers if the 
initial rate of decrease had continued and is labeled in 
Initial Units (IU; an IU is equivalent to about 
4.5X10'* neutrons/cm? effective in producing damage). 
The use of electrical conductivity dosage rods would in 
the present case serve to correct in part for temperature 
effects on the damage rate. The temperatures of irradi- 
ation were probably all in the range of 35°C to 60°C. 
The effect of irradiation on the conductivities of 
natural graphite crystals is shown in Figs. 1 and 2. 
For comparison, the effect on the conductivity of arti- 
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Fic. 1. The effect of irradiation on the a-axis resistivity of 
natural graphite (solid line) and on the resistivity of spectroscopic 
artificial graphite (dotted line). 


7W. Primak and L. H. Fuchs (to be published). 
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Fic. 2. The effect of irradiation on the c-axis resistivity of 
natural graphite. In the upper figure the crystal designations are: 
triangle 26, square 25, circle 33; in the lower figure they are: 
square 27, triangle 30, circle 29, "crossed circle 28; and in both 
figures the crosses are the results for spectroscopic artificial 
graphite (dotted line). 


ficial graphite (spectroscopic graphite rods’) is also 
shown in these figures. 

A set of samples were also irradiated in a Hanford 
test hole for 344 Mwd/aT (megawatt days per adjacent 
ton) an exposure which would have resulted in a dosage 
of about 14 000 IU. The results are given in Table I. 

The electrical resistivities were determined as a 
function of temperature for several irradiated crystals. 
The low-temperature relative resistivities of crystals 
LTA-3 and LTC-4 were reported previously.* Their 
relative resistivities after an irradiation in which the 
room temperature resistivity of LTA-3 increased 67% 
and LTC-4 increased 40% are shown in Fig. 3(a) and 
(b). The relative resistivities of crystals 9A and 33 
which had been irradiated for about 1300 IU are shown 


TABLE I. Effect of an exposure of 344 Mwd/aT in a Hanford test 
hole on the electrical resistivities of graphite. 








crease 
Crystal Ro® Ri> 100((. Ro) —1] 
(No.) (10-5 ohm) (10-5 ohm) (percent) 





¢ axis 
168 715 326 
163 451 177 
250 762 204 
161 465 189 
171 659 285 
102 251 146 


8.7 178 1948 
16.9 347 1950 
22.8 438 1820 

7.9 145 1720 

Spectroscopic graphite rods 
393 1799 358 
406 1790 342 
378 1788 373 
380 1784 370 


FUCHS 


in Fig. 3(c) and (d). The relative resistivity of crystal 
114 irradiated for 344 Mwd/aT in a Hanford test hole 
is shown in Fig. 3(e). 


DISCUSSION 


The progressive irradiations reported here consisted 
of a series of irradiations each of 1 to 3 weeks duration 
at irregular intervals, the series extending over a period 
of about 2 years. Since annealing of about 20% of the 
induced change in the resistivity of artificial graphite 
in a year following a short irradiation has been found,® 
it may be assumed that some annealing occurred during 
the series of progressive irradiations. However the 
changes are so large that the general nature of the effects 
found here would not be altered by the annealing 
correction. For a discussion of the annealing phenomena 
see an article by Primak.® 
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Fic. 3. Temperature dependence of the electrical resistivity of 
irradiated natural graphite; (a) a-axis crystal LTA-3, (b) c-axis 
crystal LTC-4, (c) a-axis crystal 9-A, (d) c-axis crystals 33, (e) 
a-axis crystal 11-A. 


The variations found in the measurements of the 
c-axis conductivity are greater than any reasonable 
annealing effects as can be seen by a comparison of 
the irradiation curves for them with the curve for arti- 
ficial graphite samples. These variations were investi- 
gated by Primak® who showed that they are largely due 
to nonuniformity in the crystals. Although the varia- 
tions in measuring individual crystals is large, the 
changes induced by irradiation are so much greater 
that it is not difficult to see the latter. 

Under irradiation, the a-axis conductivity decreases 
monotonically, and it is found that the resistivity as a 
function of dosage closely obeys a law due to Novick,*.’ 


yt=ax'+5, 


where y is the percent change in resistivity, x is the 
dosage, and a and 6 are constants. The data of the 








® Ro—resistance before irradiation. 
> Ri—resistance after irradiation. 
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8 W. Primak (to be published). 2 
®W. Primak, Phys. Rev. 103, 544 (1956) following paper. 
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progressive irradiations indicate saturation according 
to this law at 1800% change, close to the value found in 
the Hanford irradiation. 

The c-axis conductivity behaves in a more complex 
fashion. It decreases much less rapidly than the a-axis 
conductivity, reaches a minimum at about 500 IU, and 
then increases again slowly. The actual changes vary 
considerably. The conductivities of the crystals have 
been reported,’ and it is seen that the irradiation- 
induced changes tend to be greater in the crystals of 
greater original conductivity (with exceptions). Al- 
though the extreme deviation of the minimum con- 
ductivities reached on irradiation are greater than the 
extreme deviation of the original conductivities, if the 
two extreme results are cast out (crystals 27, 33), the 
remainder have nearly the same minimum c-axis con- 
ductivity, 57+3(ohm cm)-'. The increase in the meas- 
ured values of the c-axis conductivity as the irradiation 
proceeds beyond this point seems quite real, for the 
c-axis conductivity of the Hanford irradiated crystals 
is at a noticeably greater level than those at the end of 
the progressive irradiations. 

As a result of irradiation, the anisotropy of the 
electrical conductivities decreases. A decrease of aniso- 
tropy due to radiation damage seems to be quite 
general." The original anisotropy was about 140. 
As a result of irradiation, the a-axis conductivity 
decreased about nineteen-fold and the c-axis con- 
ductivity two- to threefold. Hence the final anisotropy 
is about 20. 

As the anisotropy of the electrical conductivities 
decreases, any nonuniformity of conduction in the 
experimental arrangement used to determine the c-axis 
conductivity should become more severe. If this merely 
meant that some portion of the cross section of the 
crystal were not effective in conducting current, then 
the apparent resistance would increase, and it would be 
argued that the decline from the maximum resistance 
which is observed in long irradiations is surely real. On 
the other hand, if the conduction were nonuniform to 
begin with, there might be an alteration in the conduc- 
tion pattern on irradiation, and the result would be 
uncertain. Correspondingly, the results should then be 
random, some crystals increasing in resistivity and some 
declining, rather than showing the general decline 
which was observed. 

The change in the temperature dependence occurs 
very early in the irradiation. It appears as if the leveling 
off (proceeding to lower temperatures) of the logarithm 
of resistance vs logarithm of temperature which occurs 
below about 15°K is extended to higher temperatures. 
The effect is in accord with the previous assignment® 
of this resistance to fixed scattering centers. In the short 
irradiations which are sufficient to alter the temperature 


10 A. Pabst, Am. Mineralogist 37, 137 (1952). 
1 Primak, Fuchs, and Day, J. Am. Ceram. Soc. 38,135 (1955). 
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dependence, the carrier concentration does not alter 
appreciably (see Hennig and Hove,‘ and Woods, Bupp, 
and Fletcher; note values of the Hall coefficient; 
1 Mwd is equivalent to about 40 IU). Accordingly, the 
alteration in the resistance at this time is to be at- 
tributed to the introduction of scattering centers. The 
rate of accumulation of displacements in graphite under 
the conditions used in the irradiations described here! 
is about 2.7X10~-° per atom IU, and therefore about 
7X10~ displacements per atom were present in the 
shortest irradiation in which the temperature de- 
pendence of the electrical conductivities was examined. 
Many of the displacements are grouped,’ and hence 
their scattering effectiveness is uncertain. However the 
Closest possible average spacing of scattering centers 
introduced by the shortest irradiation would be about 
thirty atomic spacings in the graphite planes. The 
mean free path for electrons in the unirradiated graphite 
crystals must be much greater, a fact which might be 
inferred from the electron theory of conduction. 

The change in the temperature dependence of the 
c-axis conductivity at low temperature caused by the 
introduction of additional fixed scattering centers seems 
to cause the temperature of maximum resistance to 
shift to lower temperatures. It seems reasonable, there- 
fore, to attribute the variability in the position of this 
temperature of maximum resistance in unirradiated 
crystals to variations in the number of scattering 
centers. It seems reasonable to attribute the variability 
of the c-axis electrical conductivity temperature de- 
pendence among different crystals to the same cause and 
also some of the variability in the room temperature 
conductivity of different crystals. 

The electrical conductivity of artificial graphite has 
a temperature dependence much like that of irradiated 
natural graphite. Because of the high value of the elec- 
trical conductivity of artificial graphite, it must be 
considered to represent mainly a-axis conductivity. It 
is concluded that the crystallites of artificial graphite 
possess more scattering centers than natural graphite 
crystals but not more than would decrease the effective 
a-axis conductivity of the crystallites by 4 to 3. The 
following will account for the effect of irradiation on the 
electrical conductivity of artificial graphite: that the 
original crystallites have an effective conductivity ratio 
50 to 75, an a-axis conductivity } to 4 that of natural 
graphite, and 0.95 to 0.97 of the effective conduction 
is along the a-axis; that in the irradiated artificial 
graphite, when the change has saturated, the con- 
ductivity ratio is about 15, the a-axis conductivity is 
1/19 that of natural graphite, and about 0.9 of the 
effective conduction is along the a-axis. There appears 
to be a minimum conductivity which is reached by 


12 W. Primak (to be published). 
18 W. Primak (to be published). 
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irradiated artificial graphite, and further irradiation 
then produces a slight increase in conductivity (Woods, 
Bupp, and Fletcher’). This may be related to the be- 
havior of the c-axis resistivity which shows a similar 
behavior (though more pronounced) at about the same 
dosage. 
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Small crystals of natural graphite showing no evidence of twinning were found in a sample of marble from 
the Lead Hill mine (Ticonderoga, New York). They were isolated, handled very carefully to avoid deforma- 
tion, and their c-axis conductivity determined. It was found to be about 2 10?(ohm cm)~, in accord with 
previous measurements of less perfect crystals. It is shown that much of the variability in the measurements 
of larger, less perfect crystals is caused by nonuniform current flow. However, evidence is adduced to indicate 
that the actual c-axis conductivity of natural graphite crystals does vary somewhat. 


INTRODUCTION 


HE electrical conductivities of graphite and their 
ratio for crystals isolated from several North 
American marbles were carefully determined by Primak 
and Fuchs.! (References to earlier work may be found 
in their paper.) Ail of the crystals which they measured 
possessed the gross twinning usually assigned to the 
1121 plane.” Since the twin zones were large compared 
to the mean free path of electrons in a solid, it was 
assumed that the gross twinning would have only a 
small effect on the electrical conductivities. The 
measurements of the a-axis conductivity were quite 
reproducible, and the results fell in a narrow range 
(10 to 15%) ; but the c-axis conductivity measurements 
were much less reproducible, and the average values 
of the results obtained for individual crystals covered a 
much larger range (about 40%). The electrical con- 
ductivities were in reasonable agreement with most of 
the previously published values, with two exceptions. 
Krishman and Ganguli’ and also Dutta‘ reported results 
for the c-axis conductivity of Ceylon natural graphite 
crystals (which they claimed were very perfect, though 
without detailing evidence for it) two orders of mag- 
nitude lower. Accordingly, when some graphite crystals 
were found which were morphologically more perfect 
than the ones studied by Primak and Fuchs, the c-axis 
electrical conductivity of these crystals was investigated. 
A small piece of marble from the Lead Hill mine find 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 W. Primak and L. H. Fuchs, Phys. Rev. 95, 22 (1954). 

2C. Palache, Am. Mineralogist 27, 713 (1941). 

3K. S. Krishnan and N. Ganguli, Nature 144, 667 (1939). 

4A. K. Dutta, Phys. Rev. 90, 187 (1953). 


containing crystals which were considered at that time 
to be too small for electrical measurements was fur- 
nished to Dr. Fritz Laves (then at the University of 
Chicago, now at the Mineralogisch-petrographisches 
Institut Eidg. Techn. Hochschule, Zurich, Switzerland) 
for x-ray studies. He separated the crystals by dissolving 
the marble in hydrochloric acid and examined them by 
means of Laue and precession photographs. He reported 
them to be among the best crystals he had encountered ; 
the spots were sharp; some crystals were free from 
twinning. He found that he could induce twinning 
and various disorders by rather gentle mechanical 
deformation.*® 

A further search was made for additional specimens 
of rock of the sort furnished Dr. Laves. After dissolving 
many specimens of rock and meticulously separating 
the crystals under a microscope, it was found that there 
was a well defined vein of the original boulder of the 
Lead Hill mine find in which the small high-quality 
crystals occurred. Additional rock was then dissolved, 
and a number of the crystals were separated. The 
greatest care was employed to avoid deformation of the 
crystals. Only small samples of rock were dissolved in 
a vessel, and no large amount of residue was permitted 
to collect. The graphite crystals were kept immersed in 
liquid during the whole operation of solution of the rock 
in hydrochloric acid and the subsequent washing with 
water. The crystals were retrieved under the microscope 
with a 7g-inch diameter applicator stick on the end of 
which was a dab of stopcock grease. They were then 
transferred to a benzene-water interface in a small dish. 


oA preliminary report may be found in a progress report 
(U. S. Atomic Energy Commission Report COO-150, 1955; 
to be submitted for publication). 
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When the stopcock grease had dissolved, most of the 
liquid was removed with a pipette and replaced with 
acetone. The crystal was then washed (using the same 
technique) several times (successively) with benzene 
and acetone, and then it was stored under water. In 
order to transfer it, the crystal was picked up with a wet 
fine camel’s hair brush; and it was transferred either in 
a drop of water held on the brush or held on a loop of 
wire. All of the crystals whose numbers are prefixed by 
SP were prepared and handled in this way. 


EXPERIMENTAL 
A. Resistivity of Special Crystals 


The SP crystals were 0.01 cm thick and 0.15-cm 
diameter. If they possessed resistivities of the order of 
magnitude reported by Krishnan and Ganguli and also 
by Dutta, they would have had a c-axis resistance in 
excess of } ohm. In the first set of measurements eight 
crystals were examined by placing them on a mercury 
drop, touching them with a mercury drop held in a tube 











Fic. 1. Arrangements used in an attempt to check the resistances 
of SP crystals; (1) ohmmeter leads, (2) current leads, (3) fixed 
potential probe, (4) movable potential probe; cross-hatching 
indicates mercury (not to scale). 


[ Fig. 1(A)], and measuring the resistance between the 
two mercury drops. For only two crystals was there 
found a resistance large enough to give a resistivity of 
the order of magnitude reported by Krishnan and 
Ganguli and also by Dutta. One of these was examined 
under the microscope and found to possess a wide 
groove on one basal plane, and it was assumed it made 
poor contact to the mercury drops. The other crystal 
which gave a high resistance between mercury drops 
and a third crystal from this lot were examined in the 
manner indicated in Fig. 1(B) and 1(C). With the ar- 
rangement shown in Fig. 1(B), the current increased 
over a period of half an hour and the potential drop de- 
creased so that in one case the computed value of E/J 
(potential drop £, current J fell from 0.37 to 0.16, while 
with the arrangement of Fig. 1(C) the value of E/I was 
0.012. It was evident that there was an appreciable 
potential drop across the mercury graphite contacts. 
To eliminate the effects of the contact resistance with 
the current electrodes an apparatus similar in principle 


CONDUCTIVITY 


OF GRAPHITE 


Fic. 2. Apparatus used to measure the c-axis electrical resistivity 
of small crystals, (A) the loop of wire used to form a current 
electrode before the loop was hammered flat and the unwanted 
end snipped off, (B) current electrode hole reamer made from 
a fine sewing needle, (C) assembly sketch of the apparatus with a 
crystal in place (not to scale). 


to the c-axis apparatus used by Primak and Fuchs! was 
constructed. The current contacts were made by 
forming a small loop of No. 32 B. and S. gauge copper 
wire [see Fig. 2(A) ], hammering it flat, clipping off the 
unneeded end, amalgamating the flat portion, and 
placing a drop of mercury upon it. The drop of mercury 
could be formed into a doughnut shape on this holder 
(with a hole in the center). A reamer for shaping the 
hole was made by honing away half the cross section of 
a sewing needle. The potential probes were made of 
No. 36 B. and S. gauge copper wire, the ends of which 
were sheared off to form a flat surface. The flat surface 
was amalgamated, and a droplet of mercury was placed 
upon it. The parts were placed on micromanipulators 
and positioned under a binocular microscope. Two SP 
crystals which showed no evidence of twinning were 
selected. For the first, SP-17: area of the basal plane 
0.0034 cm?, thickness 0.0118 cm, current 0.0189 amp, 
potential drop 0.000304 volt; hence the calculated 
resistivity was 0.0046 ohm cm. For the second, SP-18: 
area of basal plane 0.0022 cm?, thickness 0.0165, current 
0.0189, potential drop 0.000470 volts; hence the cal- 
culated resistivity was 0.0054 ohm cm. 
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Fic. 3. Camera lucida sketches of graphite crystals showing 
approximate positioning of potential probes. The small square 
is } mm?, 
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B. Measurements of Other Crystals 


The crystals measured by Fuchs and Primak! were 
placed into their c-axis apparatus in a loosely fitting 
plastic mask of the thickness of the crystal. A micro- 
manipulator held the mask which could thus be moved 
to position the crystal with respect to potential probes. 
In their measurements Fuchs and Primak attempted to 
locate the potential probes at the center of the crystal. 
A set of measurements was now made with the crystal 
purposely displaced in definite patterns. The patterns 
of potential probe locations are shown in Fig. 3 and the 
results of the measurements are given in Table I. Some 
of the results are for irradiated crystals. 


DISCUSSION 


The measurements of the c-axis resistivity of unde- 
formed natural graphite crystals showing no visible 


TABLE I. E/J for crystals positioned in the c-axis apparatus 
as shown in Fig. 3. 








E/I at various positions (10-§ ohm) 
Wt Area 


Crystal 1 2 3 4 5 1 (mg) (mm?) 





2.55 4.57 
4.78 7.10: 
2.41 4.22 
1.58 3.22 
Wt Area 
(mg) (mm?) 


2.55 4.57 


LTC4 192 141 296 302 166 
LTC-4 170 142 161 145 ‘229 
Sis 634 423 558 1363 475 
50* 1060 629 312 1320 1386 


1 2. 6 7 8 


LTC-4* 414 294 301 338 233 








* After irradiation in a nuclear reactor. 


morphological defects obtained from a group of crystals 
which gave good x-ray patterns showed a maximum 
c-axis electrical resistivity about 5(10-*) ohm cm, in 
the middle of the range of the values found by Primak 
and Fuchs! for less perfect crystals. 

The measurements of E/J for less perfect crystals 
given in Table I cannot be directly interpreted as 
resistance of the crystal. The current flow must be 
directed through the sections of lower resistance, and 
across these sections there must be found the greatest 
potential drops. Thus the highest values of E/J may be 
associated with the smallest resistances. It is evident 
that the flow of current through most of the crystals 


Fic. 4. Apparent current 
flow distribution in LTC-4, 
(a) before irradiation (b) 
after irradiation. 


A 8 
measured in the c-axis apparatus was not uniform, and 
this would account for the variations in the measure- 
ments. In the case of one crystal for which data are given 
in Table I, there are measurements before and after 
irradiation, and the current flow pattern appears to 
have shifted as indicated in Fig. 4 as a result of the 
irradiation. Such an effect will account for some of the 
variability of the results reported by Primak and 
Fuchs* for irradiated crystals. 

Since much of the variability in the measurements 
reported for c-axis crystals can now be assigned to non- 
uniform current flow, and since morphologically good 
crystals seem to possess a conductivity in the middle of 
the range of previous measurements, is any of the gross 
variability in the measurements of the c-axis resistivity 
to be assigned to a variability of the actual conductivity 
of the crystals? In some cases it was apparent that 
some of the nonuniform current flow was associated 
with variations in the thickness at different points in 
the specimen. However the variations shown by E/J 
for different positions is far greater than the observed 
variations of the contact resistance of the current 
electrodes, for the gold leaf current electrodes were 
deformed at each resetting of the crystal, and after a 
series of resettings the value at a previous position could 
be reproduced (as shown in Table I). Further, the dif- 
ferences in the temperature dependence of the c-axis 
conductivity for different crystals (these measurements 
were made without disturbing the crystal and hence are 
for one position) and the differences in their irradiation 
behavior (these were averages taken for many re- 
settings) are indicative of an actual variability in the 
conductivity. However, in the good natural graphite 
crystals used in the present studies it seems to be less 
than 40%. Nothing approaching a conductivity two 
orders of magnitude lower, as reported by Krishnan and 
Ganguli and also by Dutta, has been found. 


6 W. Primak and L. H. Fuchs, Phys. Rev. 103, 541 (1956) pre- 
ceding paper. 
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The diffuse scattering of monochromatic x-rays by a single 
crystal of aluminum at 300°K has been measured along seven 
lines in reciprocal space. Analysis of these data in terms of the 
Laval-James theory has yielded dispersion curves for elastic 
waves propagating along the three primary symmetry axes. By 
interpreting these dispersion curves in terms of the Born theory of 
lattice vibrations, values have been obtained for the nine force 
constants necessary to describe the general first-, second-, and 
third-neighbor interactions. These force constants have served as 


criteria in rejecting the simpler models of atomic interactions 
generally employed. 

The secular equation containing these nine force constants has 
been solved for the eigenfrequencies of 2791 wave vectors by 
machine computation. These solutions served to establish an 
approximate frequency spectrum of the normal modes, in which 
the singularities caused by the critical points are explicitly in- 
cluded. From this spectrum the specific heat is calculated. A 
comparison with measured specific heats shows the need for the 
inclusion of anharmonic terms in the theoretical approach. 





INTRODUCTION 


HE early theory of lattice vibrations developed by 
Born and von Kérman! has been generalized 
and extended by Born and his colleagues.?* In this 
general theory the equations of motion of the atoms in 
a lattice are developed in terms of harmonic tensor 
interatomic forces. Solution of the equations of motion 
in terms of plane wave normal coordinates leads to a 
secular equation relating the eigenfrequencies to the 
wave vectors of the traveling waves. An approximate 
spectrum of the frequencies of the normal modes can 
be obtained from the secular equation by several 
methods,*7 and from such a spectrum the lattice 
specific heat may be calculated in the usual way. 

A primary problem in applying this general theory to 
specific lattices is that of evaluating the interatomic 
force constants for the particular lattice. If only elastic 
constant data are available, restrictive assumptions 
must be adopted concerning the nature of the inter- 
atomic forces in order that the number of nonzero 
force constants required by the theory not exceed the 
number of elastic constants. Thus the usual practice®* 
in studying monatomic face-centered-cubic crystals has 
been to assume that the interatomic forces are central 
and limited to first and second neighbors, these requir- 
ing only two force constants. In comparison, the general 
theory requires three constants to describe first- 
neighbor interactions, two more to include second 
neighbors, and four more to include third neighbors. 


* This work was supported by the Office of Ordnance Research, 
U. S. Army. 

1M. Born and T. von Karman, Physik. Z. 13, 297 (1912); 14, 
15 (1913). 

2M. Born and G. H. Begbie, Proc. Roy. Soc. (London) A188, 
179 (1946). 

3M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, London, 1954). 

4W. V. Houston, Revs. Modern Phys. 20, 161 (1948). 

5R.B. Leighton, Revs. Modern Phys. 20, 165 (1948). 

6 E. W. Montroll, J. Chem. Phys. 10, 218 (1942) ; 11, 481 (1943). 

7M. Lax and J. L. Lebowitz, Phys. Rev. 96, 594 (1954); H. B 
Rosenstock, Phys. Rev. 97, 290 (1955). 

8 C. W. Garland and G. Jura, J. Chem. Phys. 22, 1108 and 1114 
(1954). 


In the absence of experimental verification, the validity 
of these restrictions must be questioned. 

X-ray diffuse scattering measurements offer a means 
of obtaining further data and thus a less restricted 
evaluation of these interatomic forces. Measurements 
of the intensity of the diffuse scattering of mono- 
chromatic x-rays by single crystals along particular 
lines in reciprocal space, after certain corrections, can 
yield directly the dispersion curves for the elastic waves 
propagating along the primary crystallographic axes. 
This method has been followed by several investiga- 
tors*" in studies of monatomic and diatomic crystals 
of cubic symmetry. One can extend this procedure to 
allow the determination of the general interatomic 
force constants by matching appropriate solutions of 
the secular equation to these measured dispersion 
curves. In this manner Curien” and Jacobsen" have 
determined the general force constants for first-, 
second-, and third-neighbor interactions in a-iron and 
copper, respectively. Joynson has used a similar 
method to study force constants for the hexagonal 
lattice of zinc. In the following sections we shall review 
briefly the theory of this approach, paying particular 
attention to the necessary and often important correc- 
tions, and then apply it to a study of the lattice vibra- 
tions in aluminum. 


DIFFUSE X-RAY SCATTERING 


The theory of the diffuse scattering of x-rays arising 
from the thermal motion of the atoms of a lattice has 
been developed by Laval'®'* and repeated in a some- 
what different form by James.'’ Within the harmonic 


®P. Olmer, Bull. soc. franc. minéral. 71, 145 (1948); 
Cryst. 1, 57 (1948). 

iH, Cole and B. E. Warren, J. Appl. a 23, 335 (1952). 

1 H. Cole, J. Appl. Phys. 24, 482 (1953). 

3H, Curien, Bull. soc. franc. minéral. 75, 197 (1952); Acta 
Cryst. 5, 392 (1952). 

48 E. H. Jacobsen, Phys. Rev. 97, 654 (1955). 

4 R. E. Joynson, Phys. Rev. 94, 851 (1954). 

15 J. Laval, Bull. soc. franc. minéral. 64, 1 (1941). 

16 J, Laval, J. phys. radium 15, 545 and 658 (1954). 

17R. W. James, The Optical Principles of the Diffraction of 
X-Rays (G. Bell and Sons, London, 1948), Chap. 5. 
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oscillator approximation it is shown that the intensity 
of this scattering can be expressed as a series of terms, 
of which generally only the first three contribute 
appreciably. The first term, the first-order scattering, 
describes the intensity of the scattering in which a 
single phonon is involved. Similarly, the second- and 
third-order scattering terms describe the intensity of 
the scattering in which, respectively, two and three 
phonons are involved. 

The first-order scattering in electron units per atom 
for a monatomic cubic crystal is given as 


fee?™|S|? 3s E,; cos’as; 
ho@=-—|=4——_—_ 


m |A| m1 vQ;* 
1} +3}. (2) 


1,(g) is the intensity at a point in reciprocal space a 
vector distance g from the nearest reciprocal lattice 
point; fo and e~*™ are, respectively, the atomic scatter- 
ing factor and the Debye temperature factor; m is the 
atomic mass, and S/d is the diffraction vector, the 
difference between the wave vectors of the diffracted 
and incident x-rays. The sum over j is taken over the 
three independent elastic waves having the same wave 
vector ¢ but different directions of vibration; v,; is the 
frequency of the jth such wave, as; is the angle between 
its eigenvector and the diffraction vector S/A, and E,; 
is its mean energy, which at room temperature may be 
significantly greater than the equipartition energy, kT. 

This expression takes a much simpler form when the 
elastic wave vector g lies along one of the primary 
symmetry axes of the crystal, since such waves are 
characterized as being either pure longitudinal or pure 
transverse. Thus, the first-order scattering for $/A (and 
hence g) along a [100], [110], or [111] axis is 


fee?™ |S? En 
I1() a (qi ’ (3) 


m r Vor 


where 
E.qj= hv gj{Lehail*? — 


and from this scattering one can determine directly the 
dispersion curves for these longitudinal waves. In a 
similar manner, dispersion curves for the transverse 
waves propagating along these directions can be deter- 
mined from the first-order scattering along other par- 
ticular lines in reciprocal space parallel to these axes, 
taken together with a knowledge of the dispersion of 
the corresponding longitudinal waves. 

The above discussion describes the basis of the x-ray 
approach to the study of lattice vibrations. For a 
monatomic face-centered-cubic lattice, knowledge of the 
first-order scattering along seven particular lines in 
reciprocal space is sufficient to determine directly the 
dispersion curves for the longitudinal and transverse 
waves propagating along the three primary symmetry 
axes. Then by matching appropriate solutions of the 
secular equation to these experimental curves, one can 
evaluate the various interatomic force constants. 
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The scattering measured experimentally contains 
not only this first-order scattering but also the second- 
and third-order scattering and the incoherent Compton 
scattering. These other contributions must be either 
calculated or measured separately. It is in the evalua- 
tion of these correction terms, whose sum may often 
exceed the first-order scattering, that one finds a major 
source of error of this method. 

The second-order scattering arises from processes in 
which pairs of phonons are involved. The intensity of 
this scattering at a point X in reciprocal space contains 
contributions from all pairs of elastic waves whose wave 
vectors, when added, extend from any reciprocal lattice 
point Q to the point X. Quantitatively 


fee2™ |S|4 
I,(X)=———9-- 
2m |r 


xr firx- mo — = cov cos’as;tdVex, (4) 
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where v is the volume of the primitive unit cell. The 
indexes i and j refer to the three modes of vibration of 
the two waves whose wave vectors extend respectively 
from Q to dVex and from dVgx to X. The integral 
extends over the volume V gx common to first Brillouin 
zones centered on Q and X. 

A rigorous calculation of this scattering cannot be 
made, since it requires in advance a complete knowl- 
edge of the eigenfrequencies and eigenvectors of all the 
elastic waves. One must depend on approximate calcu- 
lations based on plausible yet simple assumptions as to 
the nature of the various waves. Olmer® developed a 
first approximation in which the crystal is assumed to 
be an ideal isotropic continuum, wherein all elastic 
waves have the same mean velocity. It may be expected 
that the assumption of isotropy will not cause a large 
error in these calculations. However, the neglect of 
dispersion and the characterization of both longitudinal 
and transverse waves by the same average velocity 
seem physically unrealistic and are capable of causing 
large errors. Thus a new calculation of this scattering 
was carried out in which the basic assumptions included 
dispersion according to a simple model and allowed 
differentiation of the longitudinal and transverse 
modes. Details of the calculation are given in the ap- 
pendix. The intensity of the second-order scattering 
calculated in this way is significantly greater than that 
calculated from Olmer’s approximation, particularly in 
the regions of reciprocal space where the first-order 
scattering is a minimum. The ratio of the second-order 
scattering to the first-order scattering, a maximum in 
such regions, is as much as 60% in the case of aluminum. 

The third-order scattering, arising from processes 
involving three phonons, is much smaller in intensity. 
Little error is caused in this case by neglecting dis- 
persion and associating an average velocity with all 
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elastic waves. Details of this calculation are contained 
in the article by Olmer.’ In the present study, the ratio 
of the third-order scattering to the first-order scattering 
has a maximum value of approximately 6%. 

The incoherent Compton scattering may form a large 
fraction of the total measured scattering, as was the 
case in the present study. The usual procedure in 
evaluating the intensity of this scattering has been to 
employ values calculated theoretically, such as those 
tabulated in Compton and Allison,'® but Laval'® has 
shown that these can be seriously in error. A reliable 
knowledge of this intensity can thus be obtained only 
from experimental measurements. The values of this 
intensity employed in the present study were deter- 
mined experimentally ; the procedure employed and the 
results obtained are discussed in a separate paper.” We 
will note here only the fact that the measured intensity 
of the Compton scattering was considerably lower than 
the theoretical values, in agreement with the results of 
Laval. 


SECULAR EQUATION 


In order to describe the general interactions between 
an origin atom and its first, second, and third neighbors 
in a monatomic face-centered-cubic lattice, a total of 
nine force constants are required. The secular equation 
for this lattice can be written in determinantal form as 


| D(g)—«*T | =0. (5) 
The elements of D(g) are”! 
aiL2—C,(Cj+Cx) ]+61(1—C;C) 
+a2S?+82(S7+S)?)+2a3(1—C2iCjCr) }, 
+263L2—Ci(C2Ci +CiCxx) ] 


4 
Dji($)=— 
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4 
Dij(8) = SiSj (Vit 27 3C 2x) +263Ci(S2iSj+SS2)}, 
m ‘ 


S;=sinrg:;, C;=cosmrg,;, 


So=sin2rg,, Co;=cos2rgj. 
The quantity w is the angular frequency of the elastic 
wave of wave vector =g:bi+g2b2+g3b;, where b; is 
the ith reciprocal lattice vector; |b;|=a~', where a is 
the real lattice constant. J is the unit matrix. The sub- 
scripts on the force constants, denoted by Greek letters, 
indicate the shell of neighboring atoms involved. These 
force constants are the second derivatives in a Taylor’s 
series expansion of the total potential energy of the 
lattice. The particular meaning of each can be inferred 
from the more detailed notation given in Table I. In 

18 A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 
1935), second edition, p. 780 

19 J. Laval, Compt. rend. 215, 278 (1942). 

™C. B. Walker, Phys. Rev. 103, 558 (1956) following paper. 


% These are equivalent to the elements given by Jacobsen 
(reference 13) after correction of typographical errors. 
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the particular case of central forces, ai1=y1, 81=62=0, 
and a3 >= 263= 483= 473. 

In the limit of long wavelengths, a comparison of the 
secular equation with elasticity theory yields the fol- 
lowing relations: 


aC yy, = 4ai+4a.+ 16a3;+ 883, 
aC 44= 201+ 281+ 482+ 4a3+ 2083, (6) 
a(Ciz+Cas) = 41+ 87343255. 


EXPERIMENTAL PROCEDURE AND RESULTS 


Aluminum single crystals were grown from a melt of 
aluminum of 99.99% purity by the usual Bridgman 
technique. Flat specimens were cut from these crystals, 
generally with faces parallel to (100) planes. These 
faces were prepared by mechanical polishing, etching 
in an aqueous cupric chloride solution, and electro- 
polishing in a solution of one part HNO; to two parts of 
alcohol. Each crystal was examined both by the stand- 
ard Laue method and by the special technique de- 
veloped by Schulz.” The crystals accepted showed an 
angular spread of domains of less than ten minutes of 
arc. 

Diffuse scattering measurements were made along 
seven lines in reciprocal space at room temperature, 
approximately 300°K, using CuKa radiation from a 
G.E. CA-7 tube powered by a full-wave rectified 
source at 50 kv and 16.ma. The radiation was 
monochromated by a torcidally bent LiF crystal 
so oriented as to focus the diffracted beam at the face 
of the specimen. Higher frequency harmonics passed 
by the monochromator were eliminated from the re- 
corded scattered radiation with a balanced nickel- 
aluminum filter placed before the Geiger counter 
detector. Horizontal and vertical divergences of the 
primary beam were +1°. The single crystal specimen 
was mounted in a vacuum chamber, thus eliminating 
air scattering and minimizing the growth of the oxide 
film on the crystal. The face of the crystal was so 
oriented as to maintain equal angles with the incident 
and scattered beams, thus keeping the absorption cor- 
rection angularly independent. The average counting 
time at any point in reciprocal space was approxi- 
mately one hour for the nickel filter readings and 1} 
hours for the aluminum filter readings. The measured 
intensities were normalized to absolute units by the 
standard technique of comparison with the high angle 
scattering from amorphous substances. Paraffin, Lucite, 
and fused silica were used as amorphous materials, the 
interference function of the last named being found 
from a separate experiment with MoKa radiation. The 
three normalizations were internally consistent to 
better than 1% on using an experimentally measured 
value for the absorption coefficient of carbon.” 

2L. G. Schulz, J. Metals 6, 1082 (1954). 

8 The value measured, um =4.23 cm?/g, agrees reasonably well 


with the value of 4.15 cm*/g reported recently by D. R. Chipman, 
J. Appl. Phys. 26, 1387 (1955). 
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Fic. 1. Measured intensities along the [100] axis. The dotted 
curve joining the solid circles gives the results of Olmer, and the 
solid curve joining the open circles gives the present results. The 
abscissa is measured in units of the reciprocal cell edge, |b}. 


In the interpretation of the measurements, values for 
the atomic scattering factor were taken from the 
calculations of James and Brindley,“ with a Honl 
factor of +0.18, as checked by the measurements of 
Brindley* and Brindley and Ridley.** The Debye tem- 
perature factor was based on an x-ray Op of 402°K, 
checked by measurements on a low-temperature spec- 
trometer; this value is 2% lower than that derived 
from the results of James, Brindley, and Wood.”’ Values 
for the elastic constants were taken as the mean of the 
values reported by Sutton,”* Lazarus,” and Long and 
Smith.” 

The measured intensities along the [100] axis in 
reciprocal space are compared in Fig. 1 with the corre- 
sponding data obtained by Olmer.® The peaks found by 
Olmer at the (300) and (500) positions are not found in 
the present measurements. It is believed that these 
peaks were caused by Bragg reflection of a \/2 com- 
ponent in the primary beam and are not to be associated 
with the diffuse scattering.” 

The first-order scattering along this axis was analyzed 
with Eq. (3) to give the experimental values for the 
dispersion of the [100] longitudinal waves plotted in 
Fig. 2. These values taken together with the measure- 
ments along the line from the (400) to the (420) re- 
ciprocal lattice points gave the values for the dispersion 
of the [100] transverse waves also plotted in Fig. 2. 
Similarly, measurements along lines from (222) to 


*R. W. James and G. W. Brindley, Phil. Mag. 12, 81 (1931). 

2% G. W. Brindley, Phil. Mag. 21, 778 (1936). 

26 G. W. Brindley and P. Ridley, Proc. Phys. Soc. (London) 
50, 96 (1938). 

27 James, Brindley, and Wood, Proc. Roy. Soc. (London) 
A125, 401 (1925). 

28 P. M. Sutton, Phys. Rev. 91, 816 (1953). 

*® 7). Lazarus, Phys. Rev. 76, 545 (1949). 

%* T. R. Long and C. S. Smith, Office of Naval Research Tech- 
nical Report, July, 1953 (unpublished). 

31 Professor Olmer, in a personal communication, has agreed 
that this is the probable explanation of these peaks, for such a 
\/2 component could have arisen from the faulty voltage regula- 
tion prevalent in Paris during the war 


(333) and from (222) to (311) gave the values for the 
dispersion, respectively, of [111] longitudinal and 
transverse waves plotted in Fig. 3. Values for the dis- 
persion of the [110] waves plotted in Fig. 4 were ob- 
tained from measurements along the lines from (220) to 
(29/8, 29/8, 0) (longitudinal), from (400) to (19/4, 
19/4, 0) (transverse No. 1, e||[001]), and from (13/4, 
11/4, 0) to (19/4, 5/4, 0) (transverse No. 2, e||[110]). 

An internal check on the validity of these data was 
made by comparing the limiting long-wavelength ve- 
locities extrapolated from these measurements with the 
velocities calculated from the elastic constants. Agree- 
ment within several percent was obtained for all except 
the [111] longitudinal waves, which gave an extrapo- 
lated velocity that was low by 7%. In view of the 
length of the extrapolation involved, this agreement is 
quite satisfactory. 

These measured dispersion curves must be compared 
with the results of the x-ray investigations of Olmer® 
and Robert® and the neutron investigation of Brock- 
house and Stewart.* After elimination of the effects of 
the false peaks, the values of » vs g found by Olmer for 
the [100] longitudinal waves are somewhat greater than 
the present results, but the difference is within the 
combined errors of the original intensity measurements. 
Olmer’s values for the [100] transverse waves are gen- 
erally smaller than the present results, the greatest 
difference being about 15%. This difference is found to 
be due primarily to the different calculations of the 
second-order scattering correction, which have been 
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Fic. 2. Dispersion curves for elastic waves propagating along 
the [100] axis in aluminum. The measured data for the longi- 
tudinal and transverse waves are shown, respectively, by the solid 
and open circles. The smooth curves represent the fitted solutions 
of the secular equation. 


% H. Robert, Bull. soc. frang. minéral 78, 535 (1955). 
( 985) N. Brockhouse and A. T. Stewart, Phys. Rev. 100, 756 
1955). 
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discussed in a previous section. Robert has recently 
reported on measurements of the dispersion of [111 ] 
longitudinal elastic waves. His results are completely 
different from the present values, showing for example 
a maximum frequency in this direction of approxi- 
mately 0.5010" cps as compared with the value of 
0.94 10" cps found here. This disagreement can be 
traced to differences in the original intensity measure- 
ments, Robert’s measurements being as much as 50% 
greater than the intensities measured in this study. We 
must conclude that there has been an error in the 
original measurements of Robert, since the present 
measurements were checked by separate measurements 
made on a second crystal with faces cut parallel to 
(111) planes, and there was agreement to within a few 
percent. Furthermore, a second check is offered by the 
measurements of Brockhouse and Stewart; their values 
for the dispersion of a very-short-wavelength [111] 
transverse wave and for a short-wavelength longi- 
tudinal wave whose wave vector is near the [111] 
axis agree within a few percent with the present results. 

Solutions of the secular equation for waves propagat- 
ing along the symmetry axes were then matched to 
these experimental points so as to give the best over-all 
fit and at the same time agree with the limiting pv vs g 
relations determined from the elastic constants. The 
smooth curves of Figs. 2, 3, and 4 represent these 
fitted solutions. The rather large scatter found in the 


experimental points for the short-wavelength longi- 
tudinal [111] and [110] waves clearly illustrates the 
magnification of errors that can arise during the sub- 
traction of the correction terms. The largest deviations 
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Fic. 3. Dispersion curves for elastic waves propagating along 
the [111] axis in aluminum. The measured data for the longi- 
tudinal and transverse waves are shown respectively by the solid 
and open circles. The smooth curves represent the fitted solutions 
of the secular equation. 
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Fic. 4. Dispersion curves for elastic waves propagating along 
the [110] axis in aluminum. The measured data for the longi- 
tudinal wave are shown by the solid circles, the data for the trans- 
verse wave 7; whose eigenvector is parallel to the [001 ] axis are 
given by the open circles, and the data for the transverse wave 
T2 whose eigenvector is parallel to the [110] axis are given by the 
solid triangles. The smooth curves represent the fitted solutions 
of the secular equation. 


in these cases could be due respectively to errors of 
23% and 4% in the original intensity measurements. 

The interatomic force constants obtained from these 
fitted solutions of the secular equation are listed in 
Table I under the heading A. The model of the inter- 
atomic forces employed here has required only that 
interactions beyond third neighbors be negligible. Also 
included in the table are the force constants for three 
more restricted models as evaluated from the x-ray 
and elastic constant data. The physical restrictions 
made for each model are listed in the caption. 

An analysis of the errors has been carried out in 
order to evaluate the accuracy of the values determined 
for the nine force constants of the most general model. 
The quantities actually obtained from the fitted dis- 
persion curves are the values for nine linear independent 
equations involving the various force constants. The 
standard deviations for these values have been found 
from a calculation based on the scatter of the experi- 
mental data combined with an estimate of the errors 
in the correction terms. The propagation of errors as 
these simultaneous equations are solved for the force 
constants then determines the accuracy with which any 
one constant is known. The results of the calculations 
are as follows: The relative error in the two primary- 
first neighbor force constants, a; and 71, is approxi- 
mately 15%. The relative error in the primary second 
neighbor constant, a2, is approximately 75%. The 
relative error for the other six constants, all of small 
magnitude, exceeds 100%. 
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Fic. 1. Measured intensities along the [100] axis. The dotted 
curve joining the solid circles gives the results of Olmer, and the 
solid curve joining the open circles gives the present results. The 
abscissa is measured in units of the reciprocal cell edge, |b}. 





In the interpretation of the measurements, values for 
the atomic scattering factor were taken from the 
calculations of James and Brindley,“ with a Honl 
factor of +0.18, as checked by the measurements of 
Brindley*® and Brindley and Ridley.** The Debye tem- 
perature factor was based on an x-ray Op of 402°K, 
checked by measurements on a low-temperature spec- 
trometer; this value is 2% lower than that derived 
from the results of James, Brindley, and Wood.”’ Values 
for the elastic constants were taken as the mean of the 
values reported by Sutton,”* Lazarus,” and Long and 
Smith.” 

The measured intensities along the [100] axis in 
reciprocal space are compared in Fig. 1 with the corre- 
sponding data obtained by Olmer.’ The peaks found by 
Olmer at the (300) and (500) positions are not found in 
the present measurements. It is believed that these 
peaks were caused by Bragg reflection of a \/2 com- 
ponent in the primary beam and are not to be associated 
with the diffuse scattering.” 

The first-order scattering along this axis was analyzed 
with Eq. (3) to give the experimental values for the 
dispersion of the [100] longitudinal waves plotted in 
Fig. 2. These values taken together with the measure- 
ments along the line from the (400) to the (420) re- 
ciprocal lattice points gave the values for the dispersion 
of the [100] transverse waves also plotted in Fig. 2. 
Similarly, measurements along lines from (222) to 


*R. W. James and G. W. Brindley, Phil. Mag. 12, 81 (1931). 

2 G. W. Brindley, Phil. Mag. 21, 778 (1936). 

26 G. W. Brindley and P. Ridley, Proc. Phys. Soc. (London) 
50, 96 (1938). 

27 James, Brindley, and Wood, Proc. Roy. Soc. (London) 
A125, 401 (1925). 

28 P. M. Sutton, Phys. Rev. 91, 816 (1953). 

TD). Lazarus, Phys. Rev. 76, 545 (1949). 

% T. R. Long and C. S. Smith, Office of Naval Research Tech- 
nical Report, July, 1953 (unpublished). 

31 Professor Olmer, in a personal communication, has agreed 
that this is the probable explanation of these peaks, for such a 
4/2 component could have arisen from the faulty voltage regula- 
tion prevalent in Paris during the war 


(333) and from (222) to (311) gave the values for the 
dispersion, respectively, of [111] longitudinal and 
transverse waves plotted in Fig. 3. Values for the dis- 
persion of the [110] waves plotted in Fig. 4 were ob- 
tained from measurements along the lines from (220) to 
(29/8, 29/8, 0) (longitudinal), from (400) to (19/4, 
19/4, 0) (transverse No. 1, e||[001]), and from (13/4, 
11/4, 0) to (19/4, 5/4, 0) (transverse No. 2, e||[110]). 

An internal check on the validity of these data was 
made by comparing the limiting long-wavelength ve- 
locities extrapolated from these measurements with the 
velocities calculated from the elastic constants. Agree- 
ment within several percent was obtained for all except 
the [111] longitudinal waves, which gave an extrapo- 
lated velocity that was low by 7%. In view of the 
length of the extrapolation involved, this agreement is 
quite satisfactory. 

These measured dispersion curves must be compared 
with the results of the x-ray investigations of Olmer® 
and Robert® and the neutron investigation of Brock- 
house and Stewart.* After elimination of the effects of 
the false peaks, the values of » vs g found by Olmer for 
the [100] longitudinal waves are somewhat greater than 
the present results, but the difference is within the 
combined errors of the original intensity measurements. 
Olmer’s values for the [100] transverse waves are gen- 
erally smaller than the present results, the greatest 
difference being about 15%. This difference is found to 
be due primarily to the different calculations of the 
second-order scattering correction, which have been 
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Fic. 2. Dispersion curves for elastic waves propagating along 
the [100] axis in aluminum. The measured data for the longi- 
tudinal and transverse waves are shown, respectively, by the solid 
and open circles. The smooth curves represent the fitted solutions 
of the secular equation. 


% H. Robert, Bull. soc. frang. minéral 78, 535 (1955). 
(1985) N. Brockhouse and A. T. Stewart, Phys. Rev. 100, 756 
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discussed in a previous section. Robert has recently 
reported on measurements of the dispersion of [111 ] 
longitudinal elastic waves. His results are completely 
different from the present values, showing for example 
a maximum frequency in this direction of approxi- 
mately 0.5010" cps as compared with the value of 
0.9410" cps found here. This disagreement can be 
traced to differences in the original intensity measure- 
ments, Robert’s measurements being as much as 50% 
greater than the intensities measured in this study. We 
must conclude that there has been an error in the 
original measurements of Robert, since the present 
measurements were checked by separate measurements 
made on a second crystal with faces cut parallel to 
(111) planes, and there was agreement to within a few 
percent. Furthermore, a second check is offered by the 
measurements of Brockhouse and Stewart; their values 
for the dispersion of a very-short-wavelength [111] 
transverse wave and for a short-wavelength longi- 
tudinal wave whose wave vector is near the [111] 
axis agree within a few percent with the present results. 

Solutions of the secular equation for waves propagat- 
ing along the symmetry axes were then matched to 
these experimental points so as to give the best over-all 
fit and at the same time agree with the limiting v vs g 
relations determined from the elastic constants. The 
smooth curves of Figs. 2, 3, and 4 represent these 
fitted solutions. The rather large scatter found in the 


experimental points for the short-wavelength longi- 
tudinal [111] and [110] waves clearly illustrates the 
magnification of errors that can arise during the sub- 
traction of the correction terms. The largest deviations 





V 
(10'S cps) 


or 


¥ g mox 
| 
8 1.0 











Fic. 3. Dispersion curves for elastic waves propagating along 
the [111] axis in aluminum. The measured data for the longi- 
tudinal and transverse waves are shown respectively by the solid 
and open circles. The smooth curves represent the fitted solutions 
of the secular equation. 
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Fic. 4. Dispersion curves for elastic waves propagating along 
the [110] axis in aluminum. The measured data for the longi- 
tudinal wave are shown by the solid circles, the data for the trans- 
verse wave 7; whose eigenvector is parallel to the [001 ] axis are 
given by the open circles, and the data for the transverse wave 
T2 whose eigenvector is parallel to the [110] axis are given by the 
solid triangles. The smooth curves represent the fitted solutions 
of the secular equation. 


in these cases could be due respectively to errors of 
23% and 4% in the original intensity measurements. 

The interatomic force constants obtained from these 
fitted solutions of the secular equation are listed in 
Table I under the heading A. The model of the inter- 
atomic forces employed here has required only that 
interactions beyond third neighbors be negligible. Also 
included in the table are the force constants for three 
more restricted models as evaluated from the x-ray 
and elastic constant data. The physical restrictions 
made for each model are listed in the caption. 

An analysis of the errors has been carried out in 
order to evaluate the accuracy of the values determined 
for the nine force constants of the most general model. 
The quantities actually obtained from the fitted dis- 
persion curves are the values for nine linear independent 
equations involving the various force constants. The 
standard deviations for these values have been found 
from a calculation based on the scatter of the experi- 
mental data combined with an estimate of the errors 
in the correction terms. The propagation of errors as 
these simultaneous equations are solved for the force 
constants then determines the accuracy with which any 
one constant is known. The results of the calculations 
are as follows: The relative error in the two primary- 
first neighbor force constants, a and 1, is approxi- 
mately 15%. The relative error in the primary second 
neighbor constant, a2, is approximately 75%. The 
relative error for the other six constants, all of small 
magnitude, exceeds 100%. 
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TABLE I. Interatomic force constants* (in 10° dynes/cm) for 
aluminum. Model A neglects interactions beyond third neighbors. 
Model B considers only first- and second-neighbor forces, re- 
quiring the latter to be central. Model C allows only first-neighbor 
forces. Model D, the usual model, allows only central first- and 
second-neighbor forces. 








D 
5.73 
5.73 
1.69 





B 
a, =D(101), le 7.83 
y= D(101):3 . 9.32 
a2=D(200) 1 3.20 
B2=D(200) 22 
a3;=D(211)1 
Bs=D(211)22 
ys=D(211)23 


$;=D(211)12 —0.19 








* In the notation employed, D(hkl)ij may be considered as the force in 
the direction é on the origin atom due to a unit displacement in direction 7 
of the atom at r = $ha: +$ka:+ dias. 


The errors cited here refer to the accuracy with 
which any one constant is known, independent of all 
the others. Various linear combinations of the force 
constants are known to a much greater accuracy. For 
example, the elastic constant relations, Eq. (6), are 
known to approximately 1%, and certain other linear 
combinations obtained from the data for transverse 
waves are known to about 4%. Thus a frequency spec- 
trum calculated from these force constants can be 
expected to be reasonably accurate, particularly at the 
lower frequencies. 

The values for these nine force constants, despite 
their rather large errors, can still serve as effective 
criteria in an examination of the validity of the more 
restricted models of atomic interactions in aluminum. 
The Leighton two-constant model is not a valid ap- 
proximation in this case, since its first-neighbor force 
constants are much too small. The three-constant model, 
model C, is also disallowed, for there are severe dis- 
crepancies in several constants. The simplest model 
based on the Born theory that can describe the inter- 
actions in aluminum within the limits established by 
the present experiment is a four-constant model based 
on general first-neighbor forces and a central second- 
neighbor force. 


FREQUENCY SPECTRUM, CRITICAL POINTS, 
AND SPECIFIC HEAT 


The solutions of the secular equation employing the 
experimental values of the nine force constants listed in 
Table I were calculated and tabulated by the electronic 
computer AVIDAC at the Argonne National Labora- 
tory for the 2791 wave vectors distributed on a cubic 
net™ through the volume element of the first Brillouin 
zone irreducible under symmetry operations. These 
eigenfrequencies were used to determine histograms of 
the frequency spectra of the normal modes and to 
locate and characterize the several critical points 
occurring in the various branches. 


* The net interval is (1/30) |b]. 
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The histograms of the frequency spectra of the 
different branches are given in Fig. 5. The “longi- 
tudinal,” “high transverse,” and “low transverse” 
branches have been defined as containing respectively 
the high-, middle-, and low-frequency solutions for a 
given wave vector.*® This definition was adopted so 
that in a given branch the frequency would be a con- 
tinuous function of the wave vector. The histogram of 
the total frequency spectrum is given in Fig. 6. 

Van Hove* has shown that as a result of the perio- 
dicity of a crystal, its wave-vector space will show 
certain critical points which cause singularities in the 
elastic frequency spectrum. These critical points are 
the points in wave-vector space at which the gradient 
of the frequency of a given branch vanishes. The 
topological nature of the surfaces of constant frequency 
near a critical point determines the shape of the fre- 
quency spectrum near this critical frequency. Van 
Hove discussed quantitatively the singularities arising 
from analytic critical points and derived from topo- 
logical arguments a minimum number of the various 
types of critical points which must occur for each 
branch. Phillips*’ has derived quantitative descriptions 




















Fic. 5. Vibrational frequency spectra for the three branches of 
aluminum. The histograms are obtained from computed eigen- 
frequencies for 2791 wave vectors. The smooth curves are ob- 
tained from the histograms together with the inclusion of the 
singularities caused by the various critical points. 


35 The eigenvectors for the low-frequency solutions in a branch 
as so defined are described reasonably well by its title, i.e., longi- 
tudinal or transverse, but this is not necessarily true for the high 
frequencies. For example, the solution assigned to the “longi- 
tudinal” branch for the wave of minimum wavelength propagating 
along a [110] axis actually corresponds to a pure transverse wave; 
this results from the crossing of two dispersion curves as shown in 
Fig. 4. 

36, Van Hove, Phys. Rev. 89, 1189 (1953). 

37 J. C. Phillips (to be published). 





X-RAY STUDY OF LATTICE VIBRATIONS IN Al 


of the singularities arising from various types of 
nonanalytic critical points.** Phillips also has further 
extended Van Hove’s treatment, deriving from group 
theoretical and topological considerations a series of 
relations which define a minimal set of critical points, 
both analytic and nonanalytic, which must occur in a 
given branch. In the examples to which these relations 
have been applied, this minimal set has proved identical 
to the actual set of critical points present. 

In order to obtain the best representation of the fre- 
quency spectrum, one must thus locate and char- 
acterize all of the critical points for the different 
branches. Some are easily located from the symmetry 
of the first Brillouin zone, as, for example, the centers 
of (100) and (111) faces for face-centered-cubic crystals. 
Until the development of Phillips’ relations, the loca- 
tion of all the other points could be quite difficult.” 
Given the sets of frequencies tabulated by the computer, 
the simplest procedure for locating and characterizing 
these points in the present case was to plot contours of 
constant frequency on several planes through the 
Brillouin zone. 

All the critical points for aluminum were found to be 
on either (100) or (110) planes. The constant-frequency 
contours for these planes are given in Fig. 7. The 
critical points found included the various analytic 
types, such as the maxima M and the saddle points 
S; and S:, and also several of nonanalytic behavior, 
those denoted as Ni, N2, My, Soy, and D.” Using the 
known shape of the frequency spectrum near these 
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Fic. 6. Total vibrational frequency spectrum for aluminum at 
300°K. The histogram is obtained from 8373 calculated eigen- 
frequencies. The smooth curve is obtained from the histogram 
after inclusion of the singularities arising from the critical points 
of the various branches. 


38 A critical point is described as nonanalytic if the surfaces of 
constant frequency around it cannot be described in terms of a 
Taylor’s series expansion. Such behavior arises from the de- 
generacy of two or more branches at this point. 

%® See the article by Rosenstock, reference 7. 

These nonanalytic critical points, certain of which are termed 
“accidental,” must be expected to occur for any real monatomic 
face-centered-cubic crystal. 
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critical frequencies, the best approximation to the 
frequency spectrum of aluminum at 300°K was deter- 
mined. This is shown by the continuous curves of 
Figs. 5 and 6. By comparison, a Debye spectrum giving 
the measured specific heat at this temperature has 
Op=382°K;; its cut-off frequency is then 0.796 X 10" cps. 

Using the approximate spectrum of Fig. 6, the lattice 
specific heat at constant volume was calculated from 
the usual relation, 


ym tet 
Cy=3rf ———N (v)dv, (7) 
0 


(e7—1)? 


x=hv/kT, f N(v)dv=1. 
0 


The results are shown as the solid circles of Fig. 8. 
The smooth curve is drawn through the experimental 
values of Giauque and Meads," corrected for electronic 
contributions as measured by Howling, Mendoza, and 
Zimmerman.” Although there is reasonable agreement 
at the higher temperatures, the calculated values are 
significantly higher at the lower temperatures, the 
maximum deviation being about 24%. This error is 
about twice that which could have been caused by 
errors in the experimental force constants, since at 
these temperatures only the well-determined low- 
frequency part of the spectrum is effective. 

There is a primary restriction that appears in all 
phases of the theory involved in this study, namely, 
that the atomic oscillations be harmonic. In order to 
estimate an order of magnitude of the effect of the 
inclusion of anharmonic terms, the following simple 
approach has been used. It is assumed that the an- 
harmonic terms can be included in the Born theory by 
describing the atomic interactions as harmonic forces 
which vary with temperature. It is further assumed 
that all the force constants show the same relative de- 
pendence on temperature.* Within these assumptions, 
the effect of anharmonicity is only to cause the scale 
of the frequency distribution to be a function of tem- 
perature. On neglecting the small extra term which will 
appear in the expression for the specific heat, Eq. (7), 
this modification of the scale of the frequency spectrum 
simply causes the specific heats calculated at different 
temperatures from the harmonic theory to be associated 
with similarly modified temperatures. The modifying 
multiplicative factor is given by the square root of the 
mean measured variation of the elastic constants.”* 

The specific heats calculated by this method of in- 
cluding anharmonic terms are plotted as the open 


4 W. F. Giauque and P. F. Meads, J. Am. Chem. Soc. 63, 1897 
(1941). 

“2 Howling, Mendoza, and Zimmerman, Proc. Roy. Soc. 
(London) A229, 86 (1955). 

4 The degree of validity of this assumption is indicated by the 
variations of up to 30% found in the relative change of the elastic 
constants of aluminum with temperature by Sutton (reference 28). 
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circles of Fig. 8. Agreement with the experimental 
curve of the specific heat is quite good. The previous 
error of 24% is reduced here to only 9%, which is 
within the accuracy to be expected from errors in the 
force constants. 

These calculated specific heats are replotted in terms 
of Debye temperatures in Fig. 9. The calculations which 
include the correction for anharmonicity, given as 
curve B, show quite good agreement with the experi- 
mental measurements. 


DISCUSSION 


The first objective of this investigation has been the 
determination of the force constants which describe 
the general interactions between first, second, and 
third neighbors in aluminum. The values for these 
nine constants are listed in Table I. An analysis of the 
propagation of errors has shown that, although several 
linear combinations of these constants are known to 
within a few percent, only three of the constants are 
known individually to within 100%; these are the 
primary first-neighbor constants a, and yi, known to 
15%, and the primary second-neighbor constant a, 
known to 75%. These errors illustrate clearly the 
limitations of this x-ray method. The unavoidable 
errors in measurements and in the correction for 
Compton and second- and third-order scattering are 
magnified by the subtraction of the correction terms, 
and the accumulation of these errors leads to great 
uncertainty in the force constants that have small 
absolute values. Greater accuracy should be possible 
for studies of elements of higher atomic number, since 
the relative size of their corrections will be smaller, 
but error accumulation should still prevent an accurate 
knowledge of the small force constants. 

The results of this analysis of the force constants 
have been used to examine the validity of some of the 
more restricted models of atomic interactions in 
aluminum. Both the usual two-constant model, in- 
volving central first- and second-neighbor forces, and a 
model based on only general first-neighbor forces failed 
to satisfy these experimental criteria. The simplest 
model based on the Born theory that will describe the 
interactions in aluminum within the experimental 
limits of errors is the four-constant model based on 
general first-neighbor forces and a central second- 
neighbor force. Considerably smaller rms deviations 
between the measured and calculated dispersion curves 
are obtained for the general, nine-constant model, but 
the possible errors in the measured values are such that 
the use of this model, while perhaps of value, is not 
required. 

An approximate frequency spectrum of the normal 
modes has been calculated in which the singularities 
arising from the critical points have been explicitly 
included. The specific heat calculated from this spec- 
trum shows good agreement with the measured values 
at room temperature, but is systematically greater 
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Fic. 8. Specific heat as a function of temperature. The solid 
line is drawn through the experimental values of Giauque and 
Meads, corrected for the electronic contribution. The solid circles 
represent values calculated directly from the spectrum of Fig. 6. 
The open circles represent similar calculations with an approxi- 
mate inclusion of anharmonic terms. 


than the measurements at the lower temperatures, the 
difference being too large to be due to errors in the force 
constants. A simple calculation has shown that the 
majority of this difference can easily be attributed to 
the omission of anharmonic terms in the theory. These 
terms have been neglected not only in the Born theory 
of lattice vibrations but also in the theory of x-ray 
scattering and in the development from Boltzmann 
statistics of the relation for the specific heat. The in- 
clusion of anharmonicity considerably complicates these 
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Fic. 9. Debye temperature as a function of temperature. The 
solid circles are obtained from the measurements of Giauque and 
Meads, corrected for the electronic contribution. The solid 
squares give the results measured by Howling, Mendoza, and 
Zimmerman and the open triangles give the values determined by 
Kok and Keesom [Physica 4, 835 (1937) ]. Curve A is obtained 
from the directly calculated specific heats, and curve B is ob- 
tained from similar calculations which have included an approxi- 
mation for anharmonic terms. 
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theories, and as yet this problem has not been satis- 
factorily resolved. It is in this direction that progress 
must be made if a better understanding of the inter- 
atomic interactions in crystals is to be achieved. 

The author is particularly indebted to Dr. D. A. 
Flanders of the Argonne National Laboratory for the 
advice and discussions on computer techniques given 
on many occasions. 


APPENDIX 


On assuming equipartition of energy between all 
modes, the expression for the second-order thermal 
scattering, Eq. (4), takes the form 


fee ™ S 4 


I,(X) =———(kT)*| - 
2m? 


3 Cos*as; COS’ag; 
XE f x d 


+ 


Vox. (8) 


The definition of the various quantities is given in the 
main text. We shall adopt the following assumptions: 


(a) The actual first Brillouin zone can be described 
as a sphere of the same volume, whose radius is the 
maximum wave vector, gm. 

(b) The crystal is elastically isotropic. The waves of 
a given wave vector are thus pure longitudinal or pure 
transverse, and the transverse branches are degenerate. 

(c) The dispersion of the waves of any branch is 
given by the simple linear chain relation, 


28m wg 
y= V— sin(= ~). (9) 
cy 2 Sm 


The long-wavelength velocity V for the different 
branches is obtained by averaging the appropriate 
velocities for long-wavelength waves propagating along 
the three primary symmetry axes. 

We consider first the contribution to this intensity at 
the point X in reciprocal space from the normal modes 


t 





Fic. 10. Diagram for the calculation of the second-order 
scattering. The unit vector i is contained in the plane defined by 
the line segments OQ and QX. 
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for the particular pair of wave vectors required by the 
choice of the reciprocal lattice point Q and the volume 
element dVgx. The eigenvectors for these modes and 
the unit vector along S/) are described in terms of the 
coordinate system shown in Fig. 10. The intensity from 
this pair of wave vectors is averaged as the eigenvectors 
for the transverse waves take all orientations. Next one 
integrates over gy, the angular variable for which the 
magnitudes of g; and g2 remain invariant. The cumber- 
some mathematical form of the results is considerably 
simplified by the following notation. 


Let 
&1/gm=xX, |OX|/Sm=p 


(where |QX| denotes the length of the line segment 
from Q to X), so that 


82/8m= (2°-+ p?— 2px cosp)!. 


Let 
PS 


ay sin?(}ax) sin?[ $a (a?+ p?— 2px cosy)*] 


Pod 
A= f Hdx, B= f Hd, 
a+ p’—2px cosy 


2px cosy 
C= f Hdx 
x*-+ p?—2px cosy 
and let 











E [E sf ff invd: 
=|— A sinjdy, 
“la aryl © 


1 1 
Rn f A sind), 12=— f B sin'ydy, 
Ey Ey 
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1 1 
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where 
1+k= V?/ Ve. 
Then 


I,(X) 
. =D Fol R°+RSyi+ (RS+2V)y2 
Q 


—Vyst(S-+T—2V)y4}, (10) 


where 
fote-®™ v(kT)*x3| $4 
7 a? | UV ate N : 
R=[(1/k)+sin*(a—8)], T=} sin‘(e—8), 
S=[1-—$sin’*(a—8)], | V=sin?(a—8) cos*(a—8), 
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X-RAY STUDY OF LATTICE VIBRATIONS IN Al 


The limits of the integrals, functions of the parameter #, 
are such that the integration extends over that half of 
the volume common to the Brillouin zones centered on 
Q and X for which | g:| <| g2|. The integrals in this 
expression have been evaluated numerically for various 
values of the parameter p and are tabulated in Table IT. 
The total second-order scattering at any point X is 
found by summing the contributions associated with 
each of the reciprocal lattice points Q. 

An important feature of this expression, Eq. (10), is 
that it allows the contribution to the scattering at X 
associated with the reciprocal lattice point Q, to depend 
on the angle between QX and S/\. The angular de- 
pendence is a function of the parameter p, ranging from 
no dependence at =0 to a maximum dependence at 
p=2, where this intensity can vary by a factor of 
about 20 for aluminum. Such a directional dependence, 
not allowed in the calculation by Olmer, is easily under- 
stood; the intensity varies effectively as (7)~* and so 
must depend markedly on whether the majority of the 
contributing waves are transverse, with low frequencies, 
or longitudinal, with higher frequencies. When the total 
second-order scattering is formed by summing the 
contributions from all reciprocal lattice points, the net 
directional dependence is reduced but remains of the 
order of a factor of 2. The net result of this effect plus 


TABLE II. Data for calculation of second-order 
scattering from Eq. 


(10). 


v4 





0.533 
0.243 
0.156 
0.110 
0.030 


BO eh 0 oe ee? i eee 
COAPNORHOARN 


0.000 








the inclusion of dispersion gives an intensity of the 
second order scattering which may be as much as three 
times the intensity calculated by Olmer. This difference 
is generally significant. 

A similar calculation can be carried out for the 
scattering at very low temperatures. The only significant 
change is that the energy of a mode is taken as its zero- 
point energy, $hv, rather than &T. This calculation has 
been carried out and applied to aluminum, with the 
interesting and unforeseen result that even at absolute 
zero the second-order scattering is not negligible. 
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X-Ray Compton Scattering for Aluminum* 


C. B. WALKER 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
(Received April 27, 1956) 


The intensity of the Compton scattering of x-rays by aluminum has been measured for values of sin@/A 
from 0.3 to 0.6 A~'. The method involved a self-consistent separation into the Compton and thermal diffuse 
scattering of the total intensities of diffuse scattering measured at 300°K and 5°K. The measured Compton 
scattering is significantly lower than the intensity calculated theoretically. Limitations of the present 


theories are discussed. 





HE study of the diffuse scattering of x-rays offers 
a powerful method for investigating various im- 
perfections in crystals, as is evidenced by the recent 
studies of ordering’ and precipitation’ transformations 
in alloys and of lattice vibrations’ in monatomic 
crystals. The coherent scattering arising from such 
imperfections is always accompanied by the incoherent 
Compton scattering, which often forms a large part of 
the total scattering. In order that quantitative informa- 
tion concerning the imperfections be drawn from such 
measurements, one must have an accurate knowledge 
of the intensity of this Compton scattering. 


THEORY 


Expressions for the intensity of the Compton scatter- 
ing by the electrons of a free atom have been derived both 
by classical‘: and quantum-mechanical*’ approaches 
and for the Thomas-Fermi model of an atom.** Breit” 
and Dirac" have shown that these expressions must be 
modified by a corrective factor arising from the recoil 
of the Compton electron. The corrected Compton- 
Raman-Wentzel equation, the expression usually em- 
ployed, gives the intensity of this scattering in electron 
units (e.u.) as 

, 


lea =(2-Elful(-), (1) 


j=1 


and the corrected Waller-Hartree equation, theoretically 
the more accurate, is 


Z 
Teu.={Z-L 


| 
7=1 


wit -EEMmr(7), 2) 


* This work was supported by the Office of Ordnance Research, 
U. S. Army. 

1J. M. Cowley, J. Appl. Phys. 21, 24 (1950). 

2C. B. Walker and A. Guinier, Acta Metallurgica 1, 568 (1953). 

3 E. H. Jacobsen, Phys. Rev. 97, 654 (1955). 

4A. H. Compton, Phys. Rev. 35, 925 (1930). 

5C. V. Raman, Indian J. Phys. 3, 357 (1928). 

6G. Wentzel, Z. Physik 43, 1 (1927). 

7]. Waller and D. R. Hartree, Proc. Roy. Soc. (London) A124, 
119 (1929). 

8 W. Heisenberg, Physik. Z. 32, 737 (1932). 

*L. Bewilogua, Physik. Z. 32, 740 (1932). 

0 G. Breit, Phys. Rev. 27, 362 (1926). 

1 Pp, A. M. Dirac, Proc. Roy. Soc. (London) A111, 405 (1926). 
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The integration extends over all coordinates of any one 
electron, p. The Breit-Dirac correction” is the multi- 
plicative factor, (v’/v)’, where v and y’ are the fre- 
quencies of the x-ray photons before and after scatter- 
ing, respectively. 

The extra negative term appearing in the Waller- 
Hartree equation, due to electron exchange, is made up 
of a sum over pairs of one-electron wave functions with 
which electrons of the same spin are associated. Physi- 
cally, this term arises from the inclusion of the Pauli 
principle, which forbids transitions involving the pas- 
sage of electrons to occupied states. Values for this 
term have been calculated for only two atoms, argon’ 
and neon"; in practice it is generally neglected. Values 
for >; f,;|2 have been calculated by James and 
Brindley from Hartree wave functions for the light 
atoms and for a few of the heavy atoms; these are 
tabulated in Compton and Allison.'® In the absence of 
such calculations, one can employ the expressions de- 
rived by Heisenberg and Bewilogua from the Thomas- 
Fermi model of the atom, but the results must be 
expected to be more inaccurate. 

If the atoms are not free but are located on a crystal- 
line lattice, two effects will occur which may modify the 
above calculations. First, the packing of the atoms onto 
a lattice should severely perturb the wave functions 
of the outer electrons. The scattering from such atoms 
will still be formally described by the above expressions if 
the proper wave functions are used, but these are 
generally not available. An approximate expression can 
be obtained for the scattering from metal atoms by 
considering separately the scattering from the core and 
conduction electrons, treating the latter as components 
of a free electron gas. Zener'® and Debye!’ have shown 

2 Tf the scattered radiation is detected by a counter, so that 
actually one measures the number of scattered quanta per unit 
solid angle, the appropriate corrective factor is (v’/v)?. 

13 Harvey, Williams, and Jauncey, Phys. Rev. 46, 365 (1934). 

4 R. W. James and G. W. Brindley, Phil. Mag. 12, 81 (1931). 

1 A. H. Compton and S. K. Allison, X-Rays in Theory and 


Experiment (D. Van Nostrand Company, Inc., New York, 1935), 


second edition, p. 782. 
16 C, Zener, Phys. Rev. 48, 573 (1935). 
17P. Debye, Physik. Z. 38, 161 (1937). 
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X-RAY COMPTON 


that the intensity of the scattering from such conduc- 
tion electrons is 


3 fa sind 1 /a sind\? a sind 
rare). 
ZN & yo ae | nN 


(3) 
a sin@ 
Teu.=Ze, > 


( Sr ") 

a={——}. 

3Z.N 

Z. is the number of conduction electrons per atom, 
and N/V is the number of atoms per unit volume. The 
intensity as calculated from this approximation is 
smaller than that calculated from the usual expression, 
Eq. (1), for angles which can extend up to (sin@)/d 
=0.3 AT. 

The drawing together of atoms onto a lattice also 
affects the distribution of allowed states for the Comp- 
ton electron, reducing this from a semi-infinite con- 
tinuum to a succession of allowed energy bands sepa- 
rated by forbidden energy gaps. As Laval'® has pointed 
out, the Compton scattering process cannot operate 
when the recoil electron would be required to occupy 
a forbidden state. Thus this effect also should lead to 
a reduction of the intensity of the Compton scattering, 
the reduction probably being a function of the crystal 
orientation as well as of the scattering angle. It is 
extremely difficult even to estimate the order of magni- 
tude of this effect. 

There have been relatively few experiments designed 
to test the accuracy of these theoretical expressions as 
applied to the crystalline state. Several early experi- 
ments'*:!%.20 were devoted to investigating the need for 
the extra negative term in the Waller-Hartree expres- 
sion, Eq. (2), and other experiments“ have been 
applied to a study of the Debye-Zener conduction 
electron approximation, Eq. (3); however, in all these 
experiments it was assumed that the scattering due to 
thermal vibrations could be described by the Debye 
expression, 


where 


leu. = f?(l-—e**), 


an approximation whose validity is questionable. 
Laval** has reported on a few measurements of the 
scattering from diamond, Al, and KCl, where the cor- 
rection for the thermal scattering was made by various 


18 J, Laval, Compt. rend. 215, 359 (1942). 

19 G. E. M. Jauncey and W. D. Claus, Phys. Rev. 46, 941 (1934). 

2” G. E. M. Jauncey and J. H. Deming, Phys. Rev. 48, 577 
(1935). 

21 W. Scharwichter, Physik. Z. 38, 165 (1937). 

#2 K. Alexopoulos and S. Peristerakis, Physik. Z. 39, 688 (1938). 

%K. Alexopoulos and H. Scouloudi, Phil. Mag. 40, 115 (1949). 

* B. E. Warren, Acta Cryst. 6, 803 (1953). 

2 F, H. Herbstein and B. L. Averbach, Acta Cryst. 8, 843 
(1955). 

26 J, Laval, Compt. rend. 215, 278 (1942). 
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approximations. The values determined for the Comp- 
ton scattering showed serious departures, particularly 
at small angles, from the values calculated from Eq. 
(1). No estimate was made of the accuracy of the 
measurements, which were made for only a few values 
of (sin@)/X. In view of Laval’s results, it was decided to 
determine experimentally this scattering for aluminum 
in conjunction with an x-ray study of its lattice 
vibrations. 


EXPERIMENTAL PROCEDURE 


Measurements were made of the intensity of the 
diffuse x-ray scattering along the [100] axis in re- 
ciprocal space for specimen temperatures of 300°K and 
5°K. The specimen was a flat single crystal of aluminum 
of 99.99% purity whose faces were cut parallel to (100) 
planes. CuKa radiation from a Machlett A-2 tube 
powered by a full-wave rectified source at 45 kv and 
16 ma was monochromated by a toroidally bent LiF 
crystal so oriented as to focus the diffracted radiation 
on the face of the specimen. Higher frequency har- 
monics passed by the monochromator were eliminated 
from the recorded scattered radiation with a balanced 
nickel-aluminum filter placed before the Geiger counter 
detector. Horizontal and vertical divergences of the 
primary beam were +1°. The face of the specimen was 
so oriented as to maintain equal angles with the in- 
cident and scattered radiation, thus keeping the ab- 
sorption correction angularly independent. The average 
total counting time per point in reciprocal space was 
approximately 2} hours. The measured intensities were 
normalized to absolute units by the standard technique 
of comparison with the high-angle scattering from 
amorphous substances. As amorphous materials, paraf- 
fin, lucite, and fused silica were used, the interference 
function of the last named being determined from a 
separate experiment with MoKa radiation; the three 
normalizations were internally consistent to better 
than 1%. 

The low-temperature x-ray diffraction apparatus was 
developed by C. S. Barrett, E. A. Long, L. Meyer, and 
the author. It consists essentially of a double Dewar 
cryostat mounted on the center table of a precision 
spectrometer. The specimen is mounted beneath the 
inner Dewar and cooled by conduction. Radiation 
heating of the specimen from the outer walls is mini- 
mized by the use of slitted shields held at liquid N2 and 
liquid He temperatures. Entrance and exit of the 
x-ray beam is allowed by a window of 0.003-in. Be foil 
cemented on with Araldyte cement and made vacuum- 
tight with a thin baked coating of Glyptal cement. The 
spectrometer is one of the original double-crystal spec- 
trometers designed by Compton” and built by the 
Société Genevoise. 

The measured intensities of the scattering at these 
two temperatures are shown in Fig. 1. This scattering 


27 4. H. Compton, Rev. Sci. Instr. 2, 365 (1931). 
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Fic. 1. Intensity of the diffuse scattering along the [100] axis 
in reciprocal space at 300°K and 5°K. The abscissa represents the 
distance along this axis in units of the reciprocal cell edge, b. 
The marked vertical lines indicate the positions of the (200) and 
(400) Bragg reflections. 





is made up of the incoherent Compton scattering and 
the coherent thermal diffuse scattering. The Compton 
scattering is essentially independent of temperature. 
The thermal diffuse scattering’* can be described 
effectively as the sum of three terms, called the first-, 
second-, and third-order scattering, of which the latter 
two can be calculated approximately.” The tempera- 
ture dependence of the first-order thermal scattering 
along this direction in reciprocal space is given as 


fr* S|? h 
I($)eu.=——|- + (ew) 


m || v 


I(g) is the intensity of this scattering at a point a vector 
distance g from the nearest reciprocal lattice point; f is 
the atomic scattering factor, taken from calculations" 
checked by experiments”; e~°” is the Debye factor*; 
and m is the atomic mass. S/) is the diffraction vector, 
the difference between the wave vectors of the dif- 
fracted and incident x-rays; / is Planck’s constant ; and 
v is the frequency of the longitudinal elastic wave of 
wave vector g. 

The two sets of intensity data, after subtraction of 
the calculated contributions of the second- and third- 
order thermal diffuse scattering, allow the determina- 
tion at each point of the two unknowns, the frequency 
of the particular elastic wave and the intensity of the 
Compton scattering. Given the complex temperature 
dependence of the first order thermal scattering, this 
solution for the unknowns is carried out most easily 


28 See, for example, J. Laval, J. phys. radium 15, 545 and 658 
(1954), or R. W. James, The Optical Principles of the Diffraction 
of X-Rays (G. Bell and Sons, London, 1948), Chap. 5. 

2 C. B. Walker, Phys. Rev. 103, 547 (1956) preceding paper. 

*% G. W. Brindley, Phil. Mag. 21, 778 (1936), and G. W. Brindley 
and P. Ridley, Proc. Phys. Soc. (London) 50, 96 (1938). A Hénl 
factor of +0.18 was used, as confirmed by these references. 

#1 An x-ray Debye characteristic temperature © of 402°K was 
used, as checked by the temperature dependence of the integrated 
intensity of the (400) reflection. 
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by a self-consistent method: at each point along this 
line in reciprocal space a value for the Compton scatter- 
ing is assumed, which, in conjunction with the 300°K 
data, yields a frequency v. From this frequency the 
intensity of the first-order scattering at 5°K can be 
calculated, which, taken with the 5°K data, gives a 
new value for the Compton scattering. The procedure 
is repeated, using the new value for the Compton 
scattering as the starting value, until initial and final 
values for this intensity are equal. It is assumed in this 
procedure that the thermal vibrations can be described 
as harmonic oscillators. This assumption is not rigor- 
ously satisfied, but the error in the Compton scattering 
arising from this does not appear important when 
compared with the errors in the original measurements. 


RESULTS AND DISCUSSION 


The results of this measurement of the Compton 
scattering are plotted as solid circles in Fig. 2. Errors 
in the experimental measurements and in the calculated 
corrections are such that the probable error of these 
values is about +0.5 e.u. The measurements of Laval, 
shown as the solid squares, are in reasonable agreement 
with the present results where the comparison can be 
made. Curien® has developed a different method for 
measuring the Compton scattering, based on the use 
of a filter which has an absorption edge falling between 
the wavelengths of the modified and unmodified radia- 
tion. The values found by this method for the Compton 
scattering for aluminum are in accord with the present 
measurements, though showing considerably greater 
scatter.* 

Two theoretical curves are also given in this figure. 
Curve A is obtained from the usual expression, Eq. (1), 
using values for | f;;|? calculated by James and Brind- 
ley, but with the Breit-Dirac correction appropriate 
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Fic. 2. Intensity of the Compton scattering from aluminum. 
Present measurements are given as the solid circles. The solid 
squares give the results obtained by Laval. Curve A is calculated 
from the Compton-Raman-Wentzel equation, and curve B is 
calculated from a modified Waller-Hartree expression. 


# H. Curien, J. phys. radium 16, 494 (1955). 
%H. Curien (private communication). These results are to be 
published in Bull. soc. frang. minéral. crist. 79 (1956). 
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to counter detection. Curve B is obtained from a modi- 
fied Waller-Hartree approximation: the contribution of 
the core electrons is calculated from Eq. (2), using the 
James and Brindley values for | f;;|? for the core elec- 
trons of a free aluminum atom and the values of 
>> ize! fix|* calculated for a neon atom by Harvey, 
Williams, and Jauncey,” and to this is added the con- 
tribution of the three conduction electrons, calculated 
from Eq. (3). The difference between these two calcu- 
lated curves for values of (sin#)/A>0.28 is due ex- 
clusively to the exchange term in the Waller-Hartree 
expression. Its inclusion in this case reduces the in- 
tensity of the Compton scattering by as much as 20%, 
an amount which is certainly not negligible. Even 
greater differences appear at the lower angles. 

The measured values for the Compton scattering are 
not fitted by either of the two calculated curves. The 
usual calculation, Curve A, is uniformly too high, the 
discrepancy being as much as 25%. The modified 
Waller-Hartree calculation shows much better agree- 


PHYSICAL REVIEW VOLUME 


103, 


Al 561 
ment, but there are still significant differences at the 
higher values of (sin@)/A. While these differences may 
be due in part to the approximations employed in the 
calculation, such as using the exchange term calculated 
for neon, they may also arise in part from the band 
structure effect discussed above. 

In summary, none of the present theoretical expres- 
sions for the intensity of the Compton scattering are 
reliable over a reasonable range of angles for the case 
of aluminum. The usual expression is seriously in error 
over the entire range of angles investigated, and the 
modified Waller-Hartree expression, while reasonably 
accurate at the low angles, shows significant errors at 
the higher angles. The source of these errors is probably 
to be found in the incomplete inclusion in the theory of 
the effects of the lattice periodicity on the electronic 
wave functions. Thus, if an accurate knowledge of the 
intensity of the Compton scattering is required, 
at present one must rely only on experimental 
measurements. 
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Gyromagnetic Ratios of the Iron-Nickel Alloys 


G. G. Scorr 
Research Staff, General Motors Corporation, Detroit, Michigan 
(Received March 1, 1956; revised version received April 27, 1956) 


Measurements by magnetomechanical experiments show that the gyromagnetic ratios for the alloys of 
the iron-nickel series undergo changes for low values of the induced magnetic intensity. This leads to a high- 
and a low-intensity value for g’ for each metal. Two distinct curves of g’ vs percent nickel are thus obtained. 
Nine different rods were used in which the content of nickel in iron varied from 0% Ni to 100% Ni. 


INTRODUCTION 


N these experiments on the iron-nickel alloys, nine 

different rods were used! in which the content of 
nickel in iron varied from 0% Ni to 100% Ni. The 
results for the 100% Fe and 100% Ni rods have already 
been reported.? The same dependence of g’ on the in- 
tensity of magnetization, noted for Fe and Ni in the 
above references, was observed also for the alloys of 
these metals. 

Each of the iron-nickel rods, after casting, was 
inspected by x-ray to make certain of the absence of 
voids. The rods were then ground to size and annealed 
for two hours in dry hydrogen at 2000°F. They were 
then furnace cooled. These alloys contained impurities 
of a few tenths of one percent; mostly Mn, Al, or C. 
Each rod was wound with its own magnetizing winding 
and supported in the apparatus as a torsional pendulum 
as has been previously described.” 


1 The Fe-Ni rods were cast by the metallurgical department of 
the General Motors Research Staff. 

2G. G. Scott, Phys. Rev. 99, 1241 and 1824 (1955). 

3G. G. Scott, Phys. Rev. 82, 542 (1951). 


RESULTS 


The following relationship was used to calculate the 
gyromagnetic ratio from the experimental data. Factors 
which are common to all of the rods are given values in 
the list of symbols. The other factors were determined 
independently for each rod. For the method of obtaining 
the data, see reference 2. 


ald 
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where p= gyromagnetic ratio (g coul~!), J=moment of 
inertia (g cm?), d=(double) amplitude change per 
reversal of i, (cm), P=period of torsional pendulum 
(sec), X=optical length= 1576.9 cm, k=phase angle 
constant = 0.99941, m/e=mass-charge ratio of electron 
= 5.6844 10~ g coul™, i,= magnetizing current (amp), 
>A.=winding constant (cm’), and M,=magnetic 
moment (rod and winding) (amp cm’). 

Table I gives a condensation of the data taken for the 
35% Ni 65% Fe rod. Each value of d given in this table 
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TABLE I. Condensed data for determination of the gyromagnetic 
ratios for the alloy 35% Ni, 65% Fe. 








dcm 


0.017790 
0.017800 
0.017595 
0.017646 


0.035889 
0.035941 
0.035401 
0.035479 


te 
milliamp M.eampcm? P sec 


2.0006 10893 27.762 
2.0005 10893 27.749 
2.0000 10931 27.401 
2.0001 10932 27.401 


22050 27.760 
22046 827.751 
22098 27.405 
22098 =. 27.405 


38916 
38913 
38957 


55731 
55728 


I g cm? 


206.76 
206.76 
206.85 
206.85 





4.0012 
4.0005 
4.0000 
4.0000 


7.0020 
7.0014 
7.0000 


10.0013 
10.0007 


12.0007 
12.0000 


206.76 
206.76 
206.85 
206.85 


0.063231 
0.063085 
0.062487 


27.759 
27.754 
27.410 


27.422 
27.422 


27.424 
27.424 


206.76 
206.76 
206.85 


206.85 
206.85 


0.089320 
0.089242 


0.106920 
0.107073 


66757 
66753 


206.85 
206.85 


Winding constant 2A,=78907 cm?* 








is the result of 240 individual observations of amplitude 
change. Data obtained for the other six alloys in the 
series were similarly condensed. All of the results are 
summarized in Table IT. 

Data on these alloys were obtained over a period of 
nearly two years. The rods used can be divided into two 


800 1200 1600 
Fic. 1. Plot of g’ vs average induced magnetic intensity 


(9) for 35% Ni, 65% Fe rod. 
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Fic. 2. Plot of g’ vs average induced magnetic intensity 
(9) for 65% Ni, 35% Fe rod. 


g’ 


1.86 


1.85 


oO 400 800 1200 g 


Fic. 3. Plot of g’ vs average induced magnetic intensity 
(9) for 90% Ni, 10% Fe rod. 
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groups. The first group contains three different alloys; 
10% Ni, 50% Ni, and 75% Ni. For this group only 
enough data were obtained to determine the gyromag- 
netic ratio at low values of the induced magnetic 
intensity. 

The second group contains four different alloys; 
25% Ni, 35% Ni, 65% Ni, and 90% Ni. For this group 
sufficient data were obtained to show the field depend- 
ence of the gyromagnetic ratios. Data for each rod of 
this group were taken at intervals of over one year and 
good agreement between repeated sets was obtained. 
The 25% Ni rod had a Curie temperature of about 
100°F. When current values greater than 6 milliamperes 
were used, the heat dissipated by the winding drove the 
temperature of the ferromagnetic material up to a value 
where the temperature coefficient of permeability was 
very high. In this work, the changes in angular momen- 


TABLE IT. Summary of results. Values of pe/m and g’ averaged 
for each value of magnetic intensity used in these experiments on 
the FeNi-alloy series.* 











10% Ni 90% Fe 
1.0547 1.8962 
1.0525 1.9003 


25% Ni 75% Fe 

1.0551 1.8955 
1.0482 1.9081 
1.0448 1.9142 


35% Ni 65% Fe 
1.0532 1.8991 
» 1.0491 1.9063 
1.0468 1.9105 
1.0460 1.9121 
1.0464 1.9114 


50% Ni 50% Fe 
1.0565 1.8931 


65% Ni 35% Fe 

1.0582 1.8900 
1.0565 1.8930 
1.0483 1.9078 
1,0499 1.9050 
1.0510 1.9030 


75% Ni 25% Fe 
1.0669 1.8745 


274.6 
551.0 
820.0 


276.6 
559.6 
987.0 
1413.1 
1692.6 


554.3 


265.4 
537.4 
810.1 
1085.3 
1366.4 


483.8 


90% Ni 10% Fe 

1.0780 1.8554 
1.0755 1.8597 
1.0718 1.8661 
1.0639 1.8799 
1.0602 1.8864 


0.0044 
0.0024 
0.0008 
0.0028 


132.2 
265.4 
531.2 
802.5 
1414.5 








«J =average induced magnetic intensity of rod, amp cm~!. 9 =M, 
—ie LAe/v, where » =volume of rod, 38.88 cm’, N is the number of complete 
sets of data taken to determine the particular value of g’. Each set consists 
of eight runs, which number was required in order to eliminate systematic 
effects of damping, small uncompensated fields, and suspension torques. 
Each run consists of 30 consecutive observations of the torsional pendulum 
amplitude, taken as that amplitude was changed by consecutive angular 
momentum impulses. Each amplitude observation is obtained from 2 scale 
readings. 6=probable error in the value of g’ computed from the deviations 
from the mean of the N values used. 6 does not include the accidental error 
in the measurement of magnetic moment which was about 0.05%. Errors 
in measuring the moment of inertia, the period, and the optical length were 
negligible. 





GYROMAGNETIC RATIOS OF 


tum and the changes in magnetic moment, are corre- 
lated to changes in winding current by separate experi- 
ments in which the rod occupies two different positions 
for the two setups. Also, for a winding current of 12 
milliamperes there was a difference of about 4°F be- 
tween the equilibrium temperature values for the two 
positions. Since it would be difficult in this case to make 
temperature corrections to sufficient precision, all read- 
ings above 6 milliamperes were discarded for this alloy. 
Below 6 milliamperes, the temperature rise and the 
temperature coefficient of permeability for the 25% Ni 
rod were both negligible. The temperature coefficient of 
permeability for all other rods in the series was negli- 
gibly small for all of the operating temperatures used. 

For each of the other three rods in the second group, 
five different values of magnetizing current were used. 
Data for each of these three alloys are plotted in Figs. 
1-3. By referring to these figures, and also to the corre- 
sponding figures given in reference 2, it can be seen that 
the g’ factor when plotted against the average induced 
magnetic intensity of the specimen has a constant value 
above about 800 amp cm™. At lower magnetic inten- 
sities g’ drops down to a smaller value. Therefore, in 
plotting the data for the alloy series two values of g’ 
were considered for each alloy. The first value, that on 
the upper plateau, was determined by averaging all of 
the individual values which were taken at induced 


intensities above 800 amp cm. The second series of 
points was obtained by using, for each rod, the average 
of the g’ values measured at the lowest magnetic 
intensity used in the experiments. The resulting curves 
are shown in Fig. 4. 


CONCLUSIONS 


The values of g’ for iron, nickel, and all of the alloys 
of these two metals, undergo a change in weakly 
magnetized specimens. Above an induced magnetic 
intensity of 800 amp cm“, g’ for each metal has a value 


Fe-Ni ALLOYS 
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Fic. 4. Plot of g’ vs percent nickel for the iron nickel alloy series. 
Open circles are the averages of all values taken above an induced 
magnetic intensity of 800 amp cm™. Solid circles are averages of 
all values taken at the lowest induced magnetic intensity used for 
the particular alloy. 


which is not dependent on magnetization. Below 800 
amp cm, g’ decreases to a value which checks the 
value expected from a consideration of recent work on 
ferromagnetic resonance. 

Also it appears possible to obtain by magneto- 
mechanical experiments, more precise determinations of 
g factors than is at present possible by ferromagnetic 
resonance techniques. 

The author wishes to express his appreciation to the 
numbers of the General Motors Research Staff whose 
cooperation made this work possible. 
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Width of Infrared Reflection Bands 
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Laboratory for General and Inorganic Chemistry of the University of Amsterdam, Amsterdam, Netherlands 


(Received April 16, 1956) 


The width of strong reflection bands is determined by the oscillator strength, while the width of absorp- 
tion bands is determined by the damping. The width of the reflection bands of the alkali halides, calculated 
from the dielectric constant and the normal index of refraction, is in agreement with the experimental data. 





HE absorption spectra of the alkali halides were 
measured by Barnes': for NaCl he found a sharp 
band at 61.1 yw, of width 4 uw. The reflections pectrum 
shows a broad band between 39 and 61 yu.” This clearly 
shows that the width of an absorption band can be 
quite different from the width of the corresponding 
reflection band. We note that the frequency of the 
absorption band coincides with the low-frequency limit 
of the reflection band. 

These effects are readily explained by the classical 
dispersion theory. The complex index of refraction for 
a cubic crystal containing harmonic oscillators, is 
given by 


N?= (n—ix)?=ne+p/(ve?—vr), 


where vo is the resonance frequency of the oscillator, 
my the normal index of refraction, and p the oscillator 
strength. The maximum of the absorption index lies at 
vo: therefore an absorption band at the resonance fre- 
quency vo of the oscillator must be expected. 

The corresponding reflection curve is given by 


R=[(n— 1+ Yn 1)*+); 


the result is shown in Fig. 1. We notice that an un- 











Yo v 


Fic. 1. Reflection band. —— undamped oscillators, 
—-—-—- damped oscillators. 





—Vv 


1R. B. Barnes, Z. Physik 75, 723 (1932). 
2M. Czerny, Z. Physik 65, 600 (1930). 


damped harmonic oscillator gives rise to a region of 
total reflection between vo and v;= (g++ p/n)!. 

The dielectric constant of the alkali halides is 
e= N*(v=0)=n'+p/n?. From ¢, mo, and vo we can 
calculate the high-frequency limit v;=vo(e/m?)!, and 
hence the width of the reflection band »;— vo. For vo 
we took the values obtained by Barnes from absorption 
measurements. 

In Table I we compare the calculated values of A, 
with the short-wavelength limit of the band, which we 


TABLE I. Infrared reflection bands. 











Crystal € do A, (exp) ,; (calc) 





KCl 
NaCl 
NaF 
LiF 
MgO 


70.74% 46° 
61.1% 39¢ 
40.6% 23¢ 
32.6% 15¢ 
26> 14> 


47.7u 
38.7 
21.9 
14.8 
14.3 








* See reference 1. 
> Burstein, Oberley, and Plyler, Proc. Indian Acad. Sci. A28, 388 (1948). 
¢H. W. Hohls, Ann, Physik 29, 433 (1937). 


estimated from the experimental reflection curves. The 
agreement is satisfactory. 

Contrary to Lax and Burstein,’ who suggested that 
the width of the reflection bands of the alkali halides is 
a measure of the importance of anharmonic terms, the 
introduction of a small damping constant is of little 
influence on the width of the reflection band (Fig. 1); 
however, the height of the band is determined essen- 
tially by the damping.*~* 

We conclude that: (a) the width of an absorption 
band depends on the damping (anharmonic coupling 
terms) of the vibration, while (b) the width of a 
reflection band is determined by the oscillator strength. 

The foregoing treatment does not take into account 
the secondary maxima, but it appears, nevertheless, 
sufficient to show the fundamental relation between the 
oscillator strength and the width of a reflection band. 


3M. Lax and E. Burstein, Phys. Rev. 97, 39 (1955). 

4C. Haas and J. P. Mathieu, J. phys. radium 15, 492 (1954). 
5 Ketelaar, Haas, and Fahrenfort, Physica 20, 1259 (1954). 
°C. Haas, Spectrochim. Acta (to be published). 
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Effect of Hydrostatic Pressure on the Hysteresis Loop of Guanidine 
Aluminum Sulfate Hexahydrate 
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The 60-cycle hysteresis loop of guanidine aluminum sulfate hexahydrate (G.A.S.H.) has been measured 
as a function of hydrostatic pressure. It was found that the spontaneous polarization P, and the coercive 
field strength E, increase with pressure. It could be shown that to a first approximation P, and £, are a 
function of the volume change alone, regardless of whether this volume change is obtained by hydrostatic 
pressure or by lowering the temperature. The measurements suggest that the shortening of the polar c axis 
causes an increase of the dipole moment along this axis. 





I. INTRODUCTION 


HE effect of hydrostatic pressure on the ferro- 

electric properties of Rochelle salt has been 
measured by Bancroft’; the effect on BaTiO; by Merz? 
and by Forsbergh.* It was found that in Rochelle salt 
the upper Curie point increases linearly with increasing 
hydrostatic pressure! whereas in BaTiO; the Curie 
point decreases linearly under the influence of a hydro- 
static pressure? and increases under the influence of a 
two dimensional pressure.’ Since these two materials 
behave so differently it is of interest to find out how 
guanidine aluminum sulfate hexahydrate (G.A.S.H.), 
the newly discovered ferroelectric material,‘ behaves 
under hydrostatic pressure. This is not only of general 
physical interest but the results might show whether 
G.A.S.H. can be grown in the nonferroelectric state in 
case the Curie point is lowered enough by pressure. 


II. EXPERIMENTAL RESULTS 


We measured the 60-cycle hysteresis loop of G.A.S.H. 
as a function of hydrostatic pressure up to about 
5000 atmos. A series of hysteresis loops taken at room 
temperature is shown in Fig. 1. It can be seen that the 
higher the pressure, the larger the loop, that is, both 
the spontaneous polarization P, and the coercive field 
strength E, increase with pressure. Furthermore, the 
shape of the loop changes from reasonably square to 
very round ones. 

By plotting P, versus pressure p, we find that P, 
increases linearly with pressure (Fig. 2). We thus can 


p=0 p=2175 p =4350 p =4880 


(in atmos) 


Fic. 1. 60-cycle hysteresis loops of G.A.S.H. under different 
hydrostatic pressures at room temperatures. 


* Now with RCA Laboratories, Princeton, New Jersey. 

1 Dennison Bancroft, Phys. Rev. 53, 587 (1938). 

2 Walter J. Merz, Phys. Rev. 78, 52 (1950). 

3 P. W. Forsbergh, Jr., Phys. Rev. 93, 686 (1954). 

4 Holden, Merz, Remeika, and Matthias, Phys. Rev. 101, 962 
(1956). 


write 
AP,/P,=x'Ap, (1) 


where AP, is the change in spontaneous polarization, 
Ap the applied hydrostatic pressure, and x’ is a con- 
stant which has the value x’10X 10-5 atmos~!. From 
this linear shift in P,, we might conclude that in 
G.A.S.H. the Curie point moves upwards linearly with 
pressure if we assume that the polarization versus tem- 
perature curve, P,(7), which has been published before,‘ 
moves uniformly with pressure. It seems therefore very 
unlikely that G.A.S.H. can be grown in the nonferro- 
electric state by applying hydrostatic pressure. 

If one looks at the sequence of hysteresis loops shown 
in Fig. 1, one is immediately reminded of the changes 
of the loops which take place when the temperature is 
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Fic. 2. Spontaneous polarization P, of G.A.S.H. 
as a function of pressure. 


lowered. In other words, it seems that P, and E£, in- 
crease with hydrostatic pressure like they do by 
lowering the temperature. Also the shape of the loops 
changes the same way. The question thus arises whether 
the shape and size of the loops are a function of volume 
change alone, regardless of whether this volume change 
is obtained by hydrostatic pressure or by a temperature 
change. 
We therefore write 


AP,/P,=—a(AV/V), (2) 
where AV is a volume change and a is a constant. We 


can determine a in two ways, first from compressibility 
data and second from thermal contraction data. Using 
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compressibility data, w. can write for Eq. (2) 
AP,/P,=—a(AV/V)=+axAp=+x’'Ap, (3) 


where x is the volume compressibility of G.A.S.H. and 
x’=ax. Experimentally we found from Fig. 2 and 
Eq. (1) x’‘=10X10-° atmos~!. The compressibility x of 
G.A.S.H. is not known. However, for order of magni- 
tude comparison we can take the compressibility values 
of Rochelle salt, a material which is similar to G.A.S.H. 
in mechanical properties. Thus, with x=5X 10-* atmos 
(value for Rochelle salt), we obtain 


a= x'/x= 20. (4) 


On the other hand, using thermal contraction data, 
we can write Eq. (2) in the following way: 


AP,/P,=—a(AV/V)=—ayAT=7AT, (5) 


where AT is the temperature change, y is the volume 
expansion coefficient, and 7’= —ay. Experimentally we 
find from the P,(7) curves which we published before* 
that y’=—5X10- degree“. This value is not very 
accurate because the P,(T) curve is not a straight line 
but shows some curvature. The thermal expansion 
coefficient y of G.A.S.H. is not known. If we again 
take the value for Rochelle salt which is y=2x10~ 
degree~', we obtain 

a=—7'/y=25. (6) 


Expressions (4) and (6) thus show that we obtain about 
the same value for a both from the pressure and from 
the thermal experiment. The absolute values should of 
course not be taken too seriously since we had to assume 
values for x and y. However, since these two values do 
not vary much for similar crystals, it appears that the 
order of magnitude of a20-25 is certainly right. 
Thus, the assumption that the change in P, is pro- 
portional to the change of the volume seems to be 
reasonable. 

A similar comparison can be made for the changes in 
coercive field E. as a function of hydrostatic pressure 
or as a function of temperature. We obtain a values of 
the same order. 


Ill. DISCUSSION 


The most interesting result obtained from this pres- 
sure experiment is not the fact that the Curie tempera- 
ture probably increases when pressure is applied, but 
the fact that the spontaneous polarization P, increases 
appreciably. This result cannot be explained by the 
increase in density, that is by the increase of the 
number NV of dipoles per unit volume because in that 
case the change of P, would be 


AP,/P,=AN/N=-—AV/V, (7) 


WALTER J. 


MERZ 


whereas we observe a change which is about 20-25 
times larger. Thus by applying a hydrostatic pressure 
the dipole moments themselves become larger. This is 
an unusual behavior both for ferroelectric and non- 
ferroelectric crystals. In nonferroelectric materials the 
polarizability of the ions usually drops when pressure 
is applied and thus the dielectric constant usually drops 
except in some cases where the increase in density 
overcompensates the drop in polarizability. In ferro- 
electric materials the situation is complicated by the 
fact that additional changes in P, can be caused by 
the high piezoelectric coupling. Rochelle salt does not 
show any measurable changes in P, when hydrostatic 
pressure is applied,® in contrast to the case of a two- 
dimensional pressure in the y-z plane. In that case P, 
drops very fast® because of the extremely strong piezo- 
electric coupling between P, in the x direction and the 
shear stress in the y-z plane. BaTiO; behaves very 
similarly in that under hydrostatic pressure, P, drops 
only a little since the Curie temperature drops by a 
few degrees.” Under two-dimensional pressure, P, in- 
creases in BaTiO; owing to the high piezoelectric 
coupling between P, in the z direction and the normal 
stresses along the x and y directions. 

In G.A.S.H. the piezoeffect is small, and G.A.S.H. 
seems to be an exceptional material in that the dipole 
moment increases appreciably when hydrostatic pres- 
sure is applied. Since it shows a very» pronounced 
cleavage plane perpendicular to the ferroelectric c-axis 
we can assume that the compressibility is largest along 
this axis. Thus it appears that the increase of the 
dipole moment along the c axis is caused by a shortening 
of the unit cell along this axis. An explanation for this 
very unusual result cannot be given before the details 
of the structure of G.A.S.H. are known. We can assume, 
however, that the components of the hydrogen bonds 
along the c axis are responsible for this behavior. This 
indicates that in G.A.S.H. the components of the 
hydrogen bonds along the ferroelectric axis have to be 
large and that they are directly responsible for the 
dipole moment. This would be in contrast to KH2PO, 
where the hydrogen bonds are perpendicular to the 
polar axis and only act as a trigger for the motions of 
the K and P ions® along the c axis which in turn deter- 
mine the dipole moment. 
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Measurements of lifetimes of minority carriers in p- and n-type silicon indicate that quenching from 
temperatures above 400°C introduces recombination centers. The energy of formation of these centers is 
about 0.6 ev. These centers anneal at temperatures in the neighborhood of the quenching temperatures 
with an activation energy for annealing of about 0.8 ev. 





INTRODUCTION 


IFETIME of minority carriers in both n- and p-type 
silicon decreases considerably after it is heated to 
temperatures above 400°C and cooled rapidly. These 
changes are of a reversible nature in the range of tem- 
peratures between 400°C-600°C, for after short anneal- 
ing cycles in the neighborhood of quenching tempera- 
ture the lifetime is recovered. The present paper reports 
the results of experiments designed to obtain the activa- 
tion energy for formation of recombination centers. The 
annealing of such centers has also been studied as a 
function of time and temperature. The results indicate 
that the quenched-in centers are generated within the 
crystal and may be imperfections such as vacancies or 
some unknown chemical impurities. 


EXPERIMENTAL PROCEDURE 


Silicon samples in the form of rods of dimensions 
0.25 cmX0.25 cmX2.0 cm were cut from p-n grown 
junction single crystals. The junctions were located at 
the center of the rods, dividing them into approximately 
equal n and p parts. The rods were cleaned by etching 
them in CP-4, hot HNOs, and rinsing in deionized 
water. The samples were heated on a tantalum tray in 
a Hoskins electric radiation furnace, which was lined 
with a Vitreosil fused quartz tube. The tube and the 
tray were cleaned in hot nitric acid and heated at 
1300°C in nitrogen atmosphere for several hours. 
Quenching was accomplished in about 1 second by 
removing the samples from the furnace and dropping 
them into ethylene glycol. In the annealing cycle 
samples were cooled at a rate of 30°/minute from 
temperatures above 350°C. 

The lifetimes were measured by the “junction re- 
covery” technique previously described.' The ratio of 
resistivities on both sides of the junction was kept at 
least 100:1, so that lifetime on the high resistivity side 
was measured. Six crystals were employed in present 
experiments; their high resistivity sides varied between 
2 and 25 ohm cm. Some of the crystals were rotated 
during growth,’ and others were not rotated. Photo- 
conductivity decay measurements® on single conduc- 


1B. Lax and S. Neustadter, J. Appl. Phys. 25, 1148 (1954). 

2 Fuller, Ditzenberger, Hannay, and Buehler, Acta Metallurgica 
3, 97 (1955). 

3D. Stevenson and R. J. Keyes, J. Appl. Phys. 26, 190 (1955). 


tivity type crystals with resistivity up to 300 ohm cm 
have been made. The results showed that the behavior 
of these crystals on quenching and annealing was 
similar to those containing p-n junctions. 


RESULTS 
(a) Quenching Experiments 


Samples of silicon have been heated to temperatures 
between 300°C and 600°C and quenched as described 
above. Their lifetimes were measured at room tempera- 
ture before and after quenching. Typical results repre- 
sented in a plot of the reciprocal of lifetime vs 1000/7, 
where J is the temperature from which the crystals 
were quenched, appear in Fig. 1. According to the 
theory of Hall, Shockley, and Read,‘ 


1/7 is proportional to N, (1) 


where 7 is the lifetime and N is the density of recom- 
bination centers introduced in the present case on 
quenching. The plot indicates a relation of the form 
1/r=Ce-®/*T, From the slope we obtain an activation 
energy E for formation of recombination centers of 
about 0.6 ev. These results have been shown to be 


independent of the following three factors: (1) length 
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Fic. 1. Logarithm of 1/7, the reciprocal of lifetime, vs 1000/T. 
The slopes give activation energy for introduction of recombina- 
tion centers. 


4R. N. Hall, Phys. Rev. 87, 387 (1952). 
5 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 
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Fic. 2. Fraction of recombination centers remaining as a function 
of time and temperature of annealing. 


of heating before quenching, which has been varied 
between 3 minutes and 5 hours; (2) prior history of the 
sample, i.e., a sample quenched from 550°C after being 
quenched from 500°C had the same lifetime as one 
quenched directly from 550°C (the converse is not 
true); (3) rotation or nonrotation during the growth 
of the crystals. 

No changes in resistivity have been detected in the 
quenched nonrotated samples. The rotated ones showed 
resistivity changes as described by Fuller.? These 
changes which consisted of addition of 10'*-10'* donors/ 
cm® were due to the heat treatment in the 300°-500°C 
range and were not due to quenching. 

Hall effect studies were also made by H. Bridgers on 
samples in the form of bridges. Hall effect measure- 
ments as a function of temperature were taken before 
and after quenching. Within experimental accuracy no 
effect has been produced on quenching. 


(b) Annealing Experiments 


Results of annealing experiments on samples quenched 
from 450°C are shown in Fig. 2. We have plotted f, 
the fraction of recombination centers remaining as a 
function of temperature and the time of anneal. 

The fraction is obtained from 


_NO-No_ teLto—7(t) ] 
Ne—No_ 7(t)(to—T9)' 


where N(t) is the density of recombination centers at 
time ¢, No the density of centers before quenching, 
Ng the density of recombination centers immediately 
after quenching, and r the lifetime of electrons or holes 
—the subscripts having the same meaning as for NV. 
The significant features of annealing are: (1) At each 
annealing temperature there is a fractional anneal 
which takes place in the first few (up to 20) minutes, 
after which f reaches asymptotically a value charac- 
teristic of the annealing temperature. (2) Full annealing 
occurs only at approximately the same temperature 


(2) 





from which the sample has been quenched. (3) By 
raising the temperature from 7; to T: at any time 
during the annealing the fraction of annealed centers 
changes very rapidly from the curve corresponding to 
T; to one which corresponds to 7». 

Figure 2 shows that experimental points can be fairly 
well fitted by expressions of the form 


f=1—-[C(T) (1-e/(”)], (3) 


where p(T) is a time constant and C(7) is the maximum 
fraction annealed. Figure 3 shows the dependence of p 
on annealing temperature. The semilogarithmic plot 
indicates an activation energy for the fraction annealed 
of approximately 0.8 ev. 


DISCUSSION 


We believe that the observed phenomena are related 
to some internal interactions rather than to diffusion 
from the surfaces. This is substantiated by experiments 
done on rods of large cross section which, after quench- 
ing, were etched to reduce considerably their cross 
section and did not show a difference in lifetime from 
outer surface to center. If diffusion from outside 
occurred, it had to proceed with a diffusion constant 
higher than 10~* cm?/sec at 450°C, which even though 
possible is unlikely. 

Some possible internal processes can also be ruled 
out as hypotheses for the physical model involved. The 
possibility of impurities forming an atmosphere around 
dislocations which on heating and quenching can be 
dispersed and act as active recombination centers is not 
consistent with the fact that the fraction of centers 
annealed increases with temperature. If annealing 
occurred because the centers were attracted back to 
the dislocations, the temperature dependence would be 
opposite to that observed. 
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Fic. 3. Logarithm of time constant / as a function of 1000/T. 
The slope gives an activation energy for annealing of 0.8 ev. 





QUENCHED-IN RECOMBINATION CENTERS IN Si 


The results indicate that a simple thermally activated 
process cannot explain the observed changes. In par- 
ticular, the fast increase in the number of centers which 
annealed at, e.g., 400°C after failing to anneal in 16 
hours at 370°C requires an activation energy of about 
5 ev. This activation energy is exceedingly high for a 
thermally activated process. It is interesting to add 
that the characteristics of the annealing are qualita- 
tively similar to those observed by Logan* in germanium. 


®R. Logan, Phys. Rev. 101, 1455 (1956). 
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One has to conclude that the process responsible for 
the observed changes is probably a complex one, 
possibly involving interactions between crystal im- 
perfections of more than one kind. 
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Measurements are reported of the thermal conductivity, K, of high-purity n- and p-type germanium, and 
of a single crystal of m-type silicon at temperatures between 2 and 150°K. These confirm that in silicon and in 
annealed germanium the thermal conductivity is limited only by boundary scattering at temperatures below 
about 0/100, where @ is the Debye characteristic temperature; while at temperatures above 0/10, K <7-" 
where n™1.3 for germanium and n™1.0 for silicon. In the range of temperature just above the conductivity 
maximum, that is, from @/20 to @/10, no particularly rapid rate of change of K with T is observed, in contrast 
with the behavior found in pure dielectric crystals and bismuth. These features are discussed. 


I. INTRODUCTION 


ECENTLY, we reported! on the thermal conduc- 
tivity of a high-purity single crystal of germanium, 
and since then further measurements on thermal 
conductivity and thermoelectric power have been made 
and some of the results published.2* The thermal 
conductivity measurements, together with those just 
completed on an annealed specimen of germanium and 
a single crystal of silicon, serve to emphasize some 
singular features of the thermal conductivity of these 
semiconductors. 

Owing to the high electrical resistance of these 
elements, we should expect the heat to be carried 
almost wholly by the lattice waves and consequently 
the conductivity should exhibit the type of tempera- 
ture dependence which is shown by crystalline dielectric 
solids (see, e.g., comprehensive reviews by Berman® and 
Klemens®). Previous work, particularly on ger- 
mahium,’~*! certainly suggests that lattice conduction 

1G. K. White and S. B. Woods, Can. J. Phys. 33, 58 (1955). 

2 E. Mooser and S. B. Woods, Phys. Rev. 97, 1721 (1955). 

3 Pearson, Mooser, and Woods, Conference de Physique des 
Basses Temperatures (Centre National de la Recherche Scientifique 
and UNESCO, Paris, 1956), p. 420. 

4We are greateful to Dr. W. F. Leverton of the Research 
Division, Raytheon Manufacturing Company, Ltd., who supplied 
us with specimens cut from an og crystal of silicon. 

5 R. Berman, Phil. Mag. Suppl. 2, 103 (1953). 

6P. G. Klemens, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 14. 


7H. M. Rosenberg, Proc. Phys. Soc. (London) A67, 837 (1954). 
8H. M. Rosenberg, Conference de Physique des Basses Tempera- 


is dominant, but even high-purity single crystals of 
germanium have not shown the marked rise in conduc- 
tivity with decreasing temperature exhibited by such 
materials as diamond, sapphire, bismuth, or solid 
helium and ascribed to an exponential decrease in the 
thermal resistance due to phonon-phonon interaction 
at temperatures below 0/10 (@ being the Debye charac- 
teristic temperature), where the probability of the 
so-called ‘“umklapp-processes” "5 jis decreasing 
rapidly as the temperature falls. 

Thus it would appear that some fundamental reason 
exists for the behavior of germanium and silicon or 
that some physical impurity must be present which 
masks or obliterates an otherwise very high maximum 
in the conductivity at about @/20. In order to in- 
vestigate the latter possibility, measurements were 
carried out on germanium specifically to determine the 
effect of annealing and on a single crystal of pure 
silicon. 


2. EXPERIMENTAL 


The specimens were mounted in a cryostat similar to 
that described previously! and the thermal conductivity 


tures (Centre National de la Recherche Scientifique and UNESCO, 
Paris, 1956), p. 464. 

®]. Estermann and J. E. Zimmerman, Carnegie Institute of 
Technology Technical Report No. 6, 1951 (unpublished). 

 R. Peierls, Ann. Physik 3, 1055 (1929). 

uR. Peierls, Quantum Theory of Solids (Oxford University 
Press, New York, 1955). 
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Fic. 1. Thermal conductivity of germanium and silicon at low 
temperatures. © Ge3a, polycrystalline p-type; ——(©—— Ge3b, 
3a after annealing; ---—A-—--— Si 1, single crystal -type. 


was measured at temperatures from 1.8°K to 150°K. 
The n-type silicon crystal was nickel-plated near the 
ends and small copper connectors were soldered to the 
plating with a 90/10 (atomic percent) lead-bismuth 
alloy. 

The specimen Ge3, after the first series of measure- 
ments (Ge3a) was cleaned with (a) fine emery, (b) 
concentrated nitric acid and hydrogen peroxide, (c) 
potassium cyanide solution, and (d) de-ionized water, 
and was then annealed for three hours at 550°C in an 
atmosphere of helium, cooled slowly, and finally 
measured again (Ge3b). The purpose of this thorough 
cleaning was to ensure that all surface impurities were 
removed before annealing, as traces of certain elements 
—notably copper—diffuse very rapidly into the 
germanium at elevated temperatures. The success of 
the cleaning was indicated by the fact that the electrical 
resistance appeared unchanged by annealing. Copper 
connections were soldered directly to the p-type 
germanium specimen with indium solder and to the 
n-type with lead-bismuth solder. 


RESULTS 


The experimental results on the polycrystalline 
p-type germanium before (Ge3a) and after annealing 


TABLE I. Experimental data on germanium and silicon 
samples. (K is given in watts/cm deg.) 








Ge4 Sil 
Single Single 
crystal crystal 
n-type n-type 


Ge3a 
Poly- Ge3b 
crystalline Annealed 
p-type Ge3a 


Gel 
Single 
crystal 


Specimen p-type 





Cross section 
(mm Xmm) 2.2X2.3 2.22.3 1.75X1.5 
P2905 
(ohm cm) ~3 ~50 6.7 
K(125°K) F 1.6 : Ay 4.0 


1.4X2 


WHITE AND S. B. 


WOODS 


(Ge3b), and on the single crystal of n-type silicon are 
shown in Fig. 1, and Table I gives some representative 
values for the thermal conductivity. 

For the various germanium samples above 30°K 
it is found that K « 7-!*, the magnitude varying by 
not more than about 10% among the samples, whereas 
for Si 1, K « T-! above 60°K. 

The maximum conductivity, which occurs near 15°K, 
is about 10 to 12 watts per cm deg in each of the 
specimens, and below this the conductivity falls 
rapidly so that at liquid helium temperature K « 7* 
where n= 2.6+0.2. 


DISCUSSION 


At the lowest temperatures, where the wavelength 
of the lattice vibrations is relatively large, we expect 
following Casimir” that boundary scattering wil! limit 
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Fic. 2. Variation of thermal conductivity with reduced tem- 
perature, 7/9, for silicon (@=790°K) and germanium (@=400°K). 
—— Ge3a; Sil; —-— Diamond (6=1840°) from 
Berman, Simon, and Ziman (1953); — * — Bismuth (@=100°) 
from White and Woods (1955). 
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the conductivity such that 
K=2.31X10°pRA!T* watts/cm deg, 


where p, a function of the velocity of sound, is about 
1.4 for most crystals, R is the effective radius of the 
crystal, and A is defined by the equation C,=AT* 
joules/cm* deg; for crystals of square cross section, R 
is replaced by 0.56d where d is the width of the crystal. 

Using specific heat data from Keesom and Pearlman" 
and Hill and Parkinson“ (see also review by 
Blackman"), which suggest that at very low tempera- 
ture 6s;=668°K and 6¢.~~300°K, together with our 


K(75°K) i 3.1 3. 85 


K(40°K) 
K(20°K) 
K(10°K) 
K(3°K) 


6.8 
12.0 
10.7 

1.3, 


6 


12H. B. G. Casimir, Physica 5, 495 (1938). 


1% R. W. Hill and D. H. Parkinson, Phil. Mag. 43, 309 (1952). 
18M. Blackman, Handbuch der Physik (Springer-Verlag, Berlin, 








1955), Vol. 7, p. 325. 


6. 

0. 

-] 13 P. H. Keesom and N. Pearlman, Phys. Rev. 85, 730 (1952). 
6. 





THERMAL CONDUCTIVITY 


data for K at 3°K, Casimir’s equation gives 


for Sil, d=1.8; mm, 
and 


for Ge3, d=1.2 mm. 


These values for d agree quite well with measured 
dimensions when we note that in the case of Ge3, the 
specimen is polycrystalline containing some 8 to 10 
crystals inclined slightly to the axis of the rod. As in 
most cases, the exponent of T is somewhat less than 3, 
probably because some specular reflection of phonons 
occurs at the boundaries.'® 

In Fig. 2 we have plotted the thermal conductivity 
of Ge3a and Sil as a function of reduced temperature 
T/@ together with data for bismuth and diamond for 
comparison ; the values of @ assumed for germanium and 
silicon are obtained from data for temperatures of the 
order of @. From the extensive work of Berman and 
his collaborators on dielectric crystals, and that of 
Wilks and others!” on solid helium, we expect that 
highly pure dielectric crystals should show a more 
rapid increase in conductivity as T falls below 9/10. 
Thus, unless the specimen has a large number of static 
imperfections, there should be a temperature region 
between about 0/10 and 6/20 where K « e*/*? until at 
lower temperatures imperfections begin to limit the 
conductivity. This is illustrated in diamond and even 
in bismuth where there is a small electronic thermal 
conductivity—no doubt more important than in 
germanium and silicon. Some recent experiments by 
Berman” on alkali halide crystals also illustrate this 
rapid rise in conductivity which is usually ascribed to 
the exponential decay in the frequency of umklapp 
process as T/@—-0. 

Another and possibly related feature is the magnitude 
of the thermal conductivity of germanium and silicon 
at temperatures above that of the maximum, when 
compared with other physical constants for these 
elements. 

The following expressions have been given for the 
thermal conductivity of simple crystals in the tempera- 
ture region (720), where anharmonic coupling of the 


16 Berman, Simon, and Ziman, Proc. Roy. Soc. (London) A220, 
171 (1953). 
17 F, J. Webb and J. Wilks, Phil. Mag. 44, 663 (1953). 


18 Webb, Wilkinson, and Wilks, 
a = | 546 ( 1952). 
. R. Wilkinson and J. Wilks, Proc. Phys. Soc. (London) 
At "30 (1951). 
»'We are most grateful to Dr. Berman for sending us his 
results before publication. 


Proc. Roy. Soc. (London) 


OF Ge AND Si 571 


lattice waves is the dominant cause of thermal 


resistance: 
K=~vCA o/3ayT, 


by Dugdale and MacDonald,” and 
K=128°MA #°/5h'’T, 


by Leibfried and Schlémann,” where 2 is the velocity of 
lattice waves, C is the specific heat per unit volume, 
Ao is the lattice constant, a is the cubic expansion 
coefficient, y is the Griineisen parameter (=a/xC), 
x is the compressibility, M is the atomic mass, and 
k and hk are Boltzmann’s and Planck’s constants. 

Initially it was noted that by assuming y=2, good 
agreement was obtained between the Leibfried- 
Schlémann formula and the results for Si and Ge at 
T~6/5. However, using the values for the expansion 
coefficient, a, and elastic constants given by Conwell” 
to deduce approximate values for v, we then calculated 
that y~0.76 for Si and Ge and both the above equations 
then give values for the thermal conductivity several 
times higher than the experimental figures. In contrast 
to the case for some of the alkali halides and also solid 
helium and solid argon, a similar discrepancy appears 
to occur for diamond so that either the theoretical 
expressions are poor approximations in the case of 
diamond-structure elements or possibly temperatures 
near 6/5 are too low for a satisfactory comparison to 
be made. 

In either case, we are still faced with the funda- 
mental question: why do high-purity crystalline 
materials such as germanium and silicon not show the 
same behavior at temperatures between 6/10 and 6/20, 
ie., on the immediate high-temperature side of the 
conductivity maximum, as dielectric crystals? The 
interesting measurements of Rosenberg® on germanium 
with introduced dislocations also suggest that physical 
impurities are not the major factor limiting the thermal 
conductivity at these temperatures. 

Indeed, if we can then disregard the possible effect 
of dislocations or of some internal mosaic structure, it 
appears strange that these elements, containing no more 
than probably 10'* charge carriers per cm*® and of 
very high chemical purity, should behave as they do 
unless the theoretical ideas of phonon-phonon inter- 
action as applied to dielectric solids are not valid here. 


os} S. Dugdale and D. K. C. MacDonald, Phys. Rev. 98,1751 
(195 
20 ‘Leibfried and E. Schlémann, Gott. Nachr. Ila, 71 (1954). 
% E. M. Conwell, Proc. Inst. Radio Engrs. 40, 1327 (1952). 
% G. K. White and S. B. Woods, Nature 177, 851 (1956). 
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Magnetic Properties of Some Orthoferrites and Cyanides at Low Temperatures 
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(Received April 25, 1956) 


The magnetization of some rare-earth orthoferrites and related compounds, and of some iron-group 
cyanides, has been investigated at temperatures between room temperature and 1.3°K. Some are ferro- 
magnetic, some antiferromagnetic, and some paramagnetic following the Curie-Weiss law. 

The compounds GdVO;, GdFeO;, and ErFeO; are apparently antiferromagnetic with Néel points of 7.5°, 
2.5°, and 4.5°K, respectively. Ordering of the Gd and Er ions at low temperatures is indicated. The com- 
pounds NdFeO;, SmFeO;, YFeO;, NdVO;, PrVO;, and SmVO; show a rapid rise in ferromagnetic moment 
as the temperature is lowered below about 15°K. GdTiO; is ferromagnetic with 0.54 Bohr magneton per 


molecule. 


Many of the cyanides of type A(BC,Ne) are ferromagnetic with magnetic moments of 1 to 4 Bohr mag- 


netons per molecule and Curie points of 3 to 50°K. 


A null method of measurement is used. Movement of a pendulum in a field gradient is detected with 
strain gauges and balanced with a coil. In the space containing the specimen and the balancing coil the 


gradient varies linearly with distance. 





INTRODUCTION 


HIS paper describes the magnetic properties of 
some compounds at temperatures down to 1.3°K. 

The compounds are of two general types. The first type 
can be represented by the formula GdFeQs, in which the 
Gd may be replaced by other rare earths or by yttrium; 
we have used Pr, Nd, Sm, Eu, and Er. The iron may be 
replaced by Cr, V, Ti, Co, or Sc. The rare earth ortho- 
ferrites of this kind were studied first by Forestier and 
Guiot-Guillain' who have found that many of them have 
a slight or “parasitic” ferromagnetism with a Curie 
point of several hundred degrees centigrade. Three of 
these compounds have been studied at temperatures 
below room temperature, by Pauthenet and others.’ 
The magnetic properties of single crystals of GdFeO; 
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Fic. 1. Schematic diagram of apparatus. Tapered pole faces 
cause movement of pendulum into plane of paper. Strain gauges 
(A,B) are on strip lying in plane of paper, 90° to position shown. 

1H. Forestier and G. Guiot-Guillain, Compt. rend. 230, 1844 
(1950). See also G. H. Jonker and J. H. Van Santen, Physica 16, 
337 (1950). 

2?R. Pauthenet and P. Blum, Compt. rend. 239, 33 (1954); 
Guiot-Guillain, Pauthenet, and Forestier, Compt. rend. 239, 1955 
(1954). 


have been reported by Gilleo.* The crystal structure of 
compounds of this type has been worked out by Geller,‘ 
who finds them to be orthorhombic, pseudo-perovskite 
in character. 

The second type of compound is represented by the 
formula Fe(FeCsNe), ferri-ferricyanide. In the com- 
pounds that we have examined the iron of the cation 
has been replaced by Mn, Co, Ni, Cu, or Zn, and the 
iron in the anion by Cr, Mn, or Co. All of these com- 


TasBLeE I. Analysis of ferricyanides, expressed as MaFesCeNe 
+ remainder (inert material). Ferromagnetic moments and Curie 
points. 








Percent 
remainder 


a, atoms b, atoms 


mB per 
of M of Fe 


CoNe 





0.99 
0.91 
1.03 
0.96 
1.05 


24.5 
30.7 
44.9 
28.8 
15.3 


3.03 
0.93 
2.78 
0.69 
0.08 








pounds contain the radical CsNe, and the magnetic 
moments that we have measured are referred to a for- 
mula containing one mole of CsNs. 

Although the rare-earth orthoferrites and related 
compounds of the first type usually have only a small 
magnetic moment of about 0.05 to 0.4 Bohr magneton/ 
molecule, some of the cyanides have magnetic moments 
of 3 to 4 magnetons/molecule. 

It is hoped that the investigation of a number of 
compounds containing a wide variety of ions will aid 
in understanding the nature of magnetic interactions in 
structures of these types. 


3M. A. Gilleo, Phys. Rev. 99, 1641 (1955); J. Chem. Phys. 24, 
1239 (1956). 

4S. Geller, Phys. Rev. 99, 1641 (1955) ; J. Chem. Phys. 24, 1236 
(1956); Acta Cryst. (to be published) and private communica- 
tion. See also F. Bertaut and F. Forrat, J. phys. radium 17, 129 
(1956). 
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ORTHOFERRITES AND CYANIDES AT 


METHOD OF MEASUREMENT 


The method of measurement is shown schematically 
in Fig. 1. The material is placed in the middle of a small 
“balancing” coil located at the end of a rather long 
pendulum which is hung in the cryostat from a flexible 
metal strip. Strain gauges are placed on either side of the 
strip so that any movement of the pendulum is trans- 
mitted to the gauges. The gauges are placed in two 
arms of a bridge and the motion of the pendulum is 
detected by measuring the bridge output. The pole- 
pieces of the electromagnet are tapered according to the 
method of Sucksmith® to produce a uniform horizontal 
gradient at right angles to the field so that the motion 
of the pendulum is in this direction. 

When the field is applied and a deflection occurs, a 
current is passed through the balancing coil until the 
pendulum comes to its original zero position as indicated 
by the detector of the bridge. The magnetic moment of 
the coil gives a proper measure of the moment of the 
specimen provided the gradient is constant or linear 
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Fic. 2. Results for SmFeO; for 3 field strengths. 


with distance over the volume of the coil and specimen. 
this is true in our magnet as shown by the insert in the 
figure. 

The constant of the balancing coil was determined by 
measuring a specimen of pure iron, and was in close 
agreement with that calculated from the geometry of 
the coil. Magnetic moments are expressed in cgs emu 
per mole. 

Measurements were ordinarily made between 77°K 
and 1.3°K, the temperature obtained with helium 
under reduced pressure. A small correction, proportional 
to the field strength, was normally applied for tempera- 
tures below about 20°K, based on measurements made 
with no specimen present. This has been traced to 
impurity in the copper wire. The amount of specimen 
used was usually one-half to one gram. 


PREPARATION OF MATERIALS 


Some of the rare-earth orthoferrites were prepared 
from the oxides by ceramic methods, others were ob- 


5 W. Sucksmith, Proc. Roy. Soc. (London) A170, 551 (1939). 


LOW TEMPERATURES 


SmFeO, 


9m, MAGNETIC MOMENT PER MOLE 


H IN OERSTEDS 


Fic. 3. Extrapolation to separate ferromagnetic from 
paramagnetic moment. 


tained in macrocrystalline form by J. P. Remeika by 
crystallization from molten PbO, and all were finely 
powdered and pressed. The ceramic materials were 
ball-milled, pressed, and fired at 800 to 1500°C in air or 
oxygen. The vanadites and titanites were prepared in a 
similar way but were fired in a helium atmosphere. 
Spectroscopic analysis showed that the purity of the 
metallic component of the rare-earth oxides was about 
99.9%, except for Gd,O; which contained over one 
percent’ of Sm:O;, and for Sm,O3 which contained 
several tenths percent of Gd.O; and Nd,O3. 

The cyanides containing the CsNe group were pre- 
pared by A. N. Holden and C. E. Miller by adding a 
solution of the potassium salt of the anion to a sulfate 
solution of the cation containing a stoichiometric excess 
of the latter. An article® reporting the discovery of their 
ferromagnetism is now in course of publication. The 
precipitates so obtained are generally uncertain in 
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Fic. 4. Ferromagnetic moment of SmFeO; increases 
rapidly at low temperatures. 


6 Holden, Matthias, Anderson, and Lewis (to be published). 
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Fic. 5. Results for NdVOs. 


constitution,’ and the compositions of cur specimens 
have not yet been established. Calculation of the mag- 
netic moment per molecule from our measurements was 
based on the formula A(BC,Ne), A and B being respec- 
tively, the cation and anion elements. This means 
that a given weight of ferro-ferricyanide, for example, is 
assumed to contain the same number of molecules as 
the same weight of ferriferrocyanide; according to our 
measurements the ferromagnetism of these two com- 
pounds is the same. 

At the present time only the ferricyanides have been 
analyzed chemically. These show considerable variation 
in the ratio of cation to CsNe, but a rather constant 
ratio Fe/CsN¢ of nearly one, in the specimens containing 
Mn, Co, Ni, Cu, and Zn. A certain amount of extrane- 
ous material (oxide, sulfate and potassium) is present 
and is indicated in Table I as “percent remainder.” The 
results may then be put in the form M,Fe,CsNe+inert 
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Fic. 6. Paramagnetic and ferromagnetic moment (slopes and 


intercepts) of NdVO; change markedly with temperature. Upper 
line by extrapolation. 


7 Weiser, Milligan, and Bates, J. Phys. Chem. 46, 99 (1942). 


WILLIAMS, AND WALSH 


material, and the moments calculated for this formula 
weight containing one CsNs. 

Further work must be done to establish the moments 
of the stoichiometric compounds. 


RARE-EARTH FERRITES AND RELATED 
COMPOUNDS 


The results of measurements are illustrated for 
SmFeO; in Fig. 2. Readings are ordinarily made at 
8000, 5700, and 2800 oersteds as shown. Figure 3 shows 
how the data so obtained are extrapolated for various 
temperatures to zero field; we assume that the ex- 
trapolated magnetization is the ferromagnetic moment 
and that the slope of the line represents the para- 
magnetic susceptibility. This analysis follows the work 
of the French! who have shown that the magnetization 
of these compounds can be represented by the formula 


om=os+x>pH, 


om being the total molecular moment, o; the ferro- 
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Fic. 7. Ferromagnetic moment of NdVO; passes 
through zero at 15°K. 


magnetic moment, and x, the molar paramagnetic 
susceptibility. When the ferromagnetic moment is 
plotted against temperature as in Fig. 4, we note 
a rather rapid rise of moment as the temperature falls 
below about 20°K. At the lowest temperatures the mo- 
ment may be as high as 0.3 or 0.4 Bohr magneton per 
molecule. At the temperatures of liquid nitrogen the 
moment drops to about 0.05 Bohr magneton per mole- 
cule. Presumably this decreases with increasing tem- 
perature to the Curie point in accordance with the 
measurements of the French. 

Measurements on another compound, NdVOQs;, and 
the extrapolations to zero field, are shown in Figs. 5 and 
6. In this compound we find that the ferromagnetic 
moment passes through zero at about 15°K and then 
rises again at higher temperatures (Fig. 7). A similar 
behavior has been noted by the French in GdFeO;.? 
This phenomenon has already been explained by Néel* 


8L. Néel, Ann. Physik 3, 137 (1948); Compt. rend. 239, 8 
(1954). 





ORTHOFERRITES AND CYANIDES AT LOW TEMPERATURES 


on the following basis: In a number of ferrites there are 
two sublattices of magnetic ions, one of which has a 
high magnetic moment and a low molecular field, the 
other of which has a low moment and a high molecular 
field, the two sublattices being held antiparallel to each 
other. As the temperature rises, the spontaneous 
magnetization in the two sublattices varies differently, 
so that the net moment will pass through zero at a 
virtual Curie point, and then at higher temperatures 
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Fic. 8. NdFeO; has large paramagnetic susceptibility, 
small superposed ferromagnetism. 
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Fic. 9. GdVO; has susceptibility peak at 7.5°K 
indicating antiferromagnetism. 


will reverse and finally approach zero again at the true 
Curie point. In the rare-earth orthoferrites virtual 
Curie points of this kind, and also additional virtual 
Curie points, are observed and are covered by the 
theory. 

The difference in behavior of NdVO; and NdFeO; is 
apparent when one compares Figs. 5 and 8; in the latter 
material there is relatively little ferromagnetism, but 
at liquid nitrogen temperatures some slight residual or 
parasitic ferromagnetism can be measured. This has 


Gd FeO; 
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Fic. 10. GdFeO; has indication of Néel point at 2.5°K. 


also been observed in NdFeO; by the French at higher 
temperatures. 

An interesting behavior is observed for GdVO; (Fig. 
9). The form of the curve indicates that the phenomena 
of antiferromagnetism occurs, with a Néel point of 
about 7.5°K. We have not been able to observe any 
superposed ferromagnetism in this case. The rise of the 
magnetic moment on cooling at the lowest temperatures 
should be noted. 

The data for GdFeO; (Fig. 10) give an indication of 
antiferromagnetism with a Néel point of about 2.5°K. 
Our ferromagnetic moments observed at 1.3 to 77°K 
differ definitely from some of those first reported? but 
agree with the more recent results of Gilleo.* In trying 
to explain these differences, two additional specimens 
were prepared with 10% excesses of Gd2O3, and of FeO; 
respectively, but in neither case could the observed 
changes account for the discrepancies. 
+. The maxima in the o vs T curves for GdVO; and 
GdFeO; (Figs. 9 and 10) at the lower field strengths 
(2800 oe) occur at 7.5° and 2.5°K, respectively, while 
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. 11. Results for ErFeOs, showing antiferromagnetism with 
susceptibility peak shifted or eradicated in high fields. 
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Fic. 12. Ferromagnetic component of EuFeO; is 
constant at low temperatures. 
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Fic. 13. YFeO; shows rapid rise of ferromagnetic 
component at low temperatures. 


in GdFeO; at the higher field strengths (8000 oe) they 
occur at a somewhat lower temperature. In ErFeO; 
(Fig. 11), the low-field maximum is at 4.5° and at 
higher fields the maximum is completely absent at the 
temperature used. These characteristics are similar to 
those observed in Co(NH,)2(SO,)2-6H,O by Garrett,’ 
and in detail in CuCl,-2H;0 by Poulis, van den Handel, 
Ubbink, and Gorter,!® and show that in ErFeO; the 
critical field for the transformation of antiparallel into 
parallel spins has been exceeded. Our results thus add 
three more materials for which the critical field can be 
investigated in the temperature range of 1.5° to 10°K. 
Also, data for GdScO; suggest a Néel point below 2°K. 


TABLE II. Ferromagnetic moments, mg, of some vanadites and 
orthoferrites at 1.3°K, in Bohr magnetons per molecule (of kind 
ABO;).* &’ is the temperature (°K) at which the moment reduces 
to about 0.05 Bohr magneton per molecule. 








Vanadites Orthoferrites 
Cation nB e nB 0’ 


0.23 70 0.21 >300 
0.05 see 0.05 cee 
0.17 15 0.42 40 
ae iss 0.05 =e 
0.05 0.27 25 











* Note also: LaCoOs, nz =0.10; GdTiOs, nz =0.54, 6 = =21°K, 


°C. G. B. Garrett, Proc. Phys. Soc. (London) A63, 1043 (1950) ; 
Proc. Roy. Soc. (London) A206, 242 (1951). 

%” Poulis, van den Handel, Ubbink, and Gorter, Phys. Rev. 82, 
552 (1951); Physica 18, 862 (1952). 


The low Néel points of these compounds suggest 
that the rare-earth ions become antiferromagnetically 
ordered at these temperatures. It has already been 
postulated* that the iron ions in the orthoferrites are 
so ordered at temperatures up to several hundred 
degrees centigrade. 

In contrast with most of the orthoferrites, EuFeO; is 
found to have a constant ferromagnetic moment per 
molecule down to the lowest temperatures (Fig. 12). 
The moment does not vary appreciably from room 
temperatures to 1.3°K. In this connection one recalls 
that the paramagnetic susceptibility of the Eu*+** ion 
is known to be constant at low temperatures" in 
accordance with the Van Vleck theory. 

In the compounds so far described, both metal ions 
have considerable magnetic moments. For this reason it 
was desirable to find the effect of yttrium, which has 
zero magnetic moment. Yttrium orthoferrite was ex- 
amined, with the results shown in Fig. 13. It is to be 
noted that we have here also a parasitic magnetic 
moment which again increases strongly as we go below 
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Fic. 14. Results for Fe(FeCsNe) show substantial ferromagnetism. 


5°K. It is known from the work of the French that this 
moment persists well above room temperature. The 
magnitude of the moment at these higher temperatures 
is about 0.05 Bohr magneton per molecule, the same in 
order of magnitude as the other (parasitic) ferromag- 
netic moments of the rare-earth orthoferrites. 

Table II is a summary of some of the results on the 
compounds of the orthoferrite type. 


CYANIDES 


Some results for Prussian green, ferri-ferricyanide, 
Fe(FeCsNe), are shown in Figs. 14 and 17(a). At the 
lowest temperatures the Bohr magneton number per 
molecule is almost 4. The Curie point is 22°. 

The Bohr magneton number of ferro-ferricyanide, 
Turnbull’s blue, is almost as large as that of ferri- 

uB. M. W. Trapnell and P. W. Selwood, Nature 169, 841 
(1952). 





ORTHOFERRITES AND CYANIDES AT LOW TEMPERATURES 
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Fic. 15. Ferromagnetic component of ferro-ferricyanide. 


ferricyanide but it has a Curie point of about 8°K (Fig. 
15). The same result is obtained when a ferric salt is 
added to a potassium ferrocyanide; thus Turnbull’s 
blue and Prussian blue seem to have identical ferro- 
magnetic behavior. Previous work’ has indicated that 
they have the same composition and structure. How- 
ever, as noted in Table IV below, the Curie constants of 
these materials are not the same. 

Results for mangano-manganicyanide are reported in 
Fig. 16. Here there is a point of irregularity at 10°K the 
nature of which is not known. Unlike the orthoferrites 
the cyanides do not appear to have a parasitic mag- 
netization. Results for some other compounds are given 
in Fig. 17, and a summary of all the cyanides investi- 
gated is shown in Table III. 

The most complete set of measurements is for the 
ferricyanides. Values of mz per unit of CsNe by analysis, 
and 6, are given in Table I. Comparison with Table ITI 
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Fic. 16. Results for mangano-manganicyanide. 


shows differences in values of mg, since all of the values 
of Table III are calculated assuming stoichiometirc 
composition of the sample used. 


CURIE-WEISS LAW 


The paramagnetic susceptibility x», was determined 
for some of the compounds. When a ferromagnetic 
moment was present, x, was taken at the slope of the 
o vs H line. Generally the 1/x, vs T line was straight 
over the region investigated, which was usually between 
the ferromagnetic Curie point (if any) and 75°K. The 
Curie constants, C, and the values of were derived from 
them (tets=2.834/C) are given in Tables IV and V. 
The accuracy is probably not better than a few percent. 
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Fic. 17. Ferromagnetism of several cyanides. 
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TABLE III. Ferromagnetic moment, mg, in Bohr magnetons per CN¢ group, and Curie points in °K. 
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Representative data for 1/x, vs T are shown for 
SmFeO;, GdScO;, GdTiO;, and NdTiO; in Fig. 18. 
Solid lines are used above the Curie point, if any, and 
dotted lines below. 


RISE AT LOW TEMPERATURES 


Many of the compounds of the GdFeO; type show an 
abnormally rapid rise of parasitic magnetization at low 
temperatures, usually below 15°K. Although the reason 
for this is not clear, the following suggestions is offered. 

It has been shown that the magnetization of very 
small ferromagnetic particles is subject to thermal 
fluctuations." Such particles are therefore difficult to 
saturate when the temperature is too high even though 
the temperature is well below the Curie point of a 
normal material. This amounts to a lowering of the 
Curie point for fine particles, or a change in the form of 
the curve representing the saturation magnetization 
versus temperature, from concave downwards to con- 
cave upwards, in a manner observed for small iron par- 
ticles.* The analogous phenomenon of the lowering 
of the temperature of maximum susceptibility with 
decreasing size in small particles of antiferromagnetic 
nickelous oxide has recently been reported." 

In the ideal orthorhombic pseudo-perovskite struc- 


TaBLE IV. Curie constants C, and effective Bohr magneton 
numbers pers, of ferrites, etc. expected numbers of spins in 
parentheses. 
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TiO;(1) 
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FeO3(5) 1.75 3.7 

CoO;(4) 0.57 2.1 











TasBLe V. Curie constants C, and effective Bohr magneton 
number pert, of cyanides. 
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LL. Néel, Compt. rend. 228, 664 (1949). 

13 A. Mayer and E. Vogt, Z. Naturforsch. 7a, 334 (1952). See 
Fig. 5. 

4 J. T. Richardson and W. O. Milligan, Bull. Am. Phys. Soc. 
Ser. II, 1, 87 (1956). 


ture‘ of the orthoferrites and vanadites, there are 
various distances between magnetic ions. This fact, and 
also the assumed disturbances caused by lattice im- 
perfections, could well cause these materials to behave 
like agglomerates of very fine particles in which there 
would be thermal fluctuations of magnetization. It 
must be admitted that this explanation cannot apply 
to EuFeO;, which shows a constancy of ferromagnetic 
moment down to 1.3°K. 

Using neutron diffraction, Erickson'® has found the 
spins in NiF: to be inclined at 10° to the tetragonal 
axis, and Stout and Mattarrese'® found a consequent 
weak ferromagnetism below the Néel temperature. 
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Fic. 18. Curie-Weiss lines for several compounds of orthoferrite 
type. Note change in slope for GdTiO; below ferromagnetic Curie 
point, 21°K. 


These results suggest that our observations of the rapid 
rise in parasitic ferromagnetism at low temperatures 
may be connected with a change in the angle of spin 
in the same temperature range. 
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Calculation of the Mean Debye Temperature of Cubic Crystals 


W. P. Binnie 
Physics Department, Purdue University, West Lafayette, Indiana 
(Received February 1, 1956) 


A rapid method of computing the mean Debye characteristic temperatures of anisotropic cubic crystals is 
described. The method employs the known relationships of the elastic moduli of single and polycrystals of the 
same material and gives Debye temperatures with an uncertainty of less than 1% when these values are 
compared with those calculated from more elaborate procedures. 





INTRODUCTION 


HE labor involved in the computation of the mean 
Debye characteristic temperature of an aniso- 
tropic cubic single crystal from the three independent 
moduli of elasticity, c;,, can be considerably reduced by 
averaging the moduli over all directions in the crystal 
rather than the velocities of propagation of plane elastic 
waves. Such an averaging, in effect, gives the two inde- 
pendent moduli which define the elastic behavior of a 
polycrystal of the same material. The crystal can then 
be considered as isotropic elastically and the Debye 
temperature calculated from the appropriate equation. 
In this manner, the Debye temperature can be obtained 
from the solution of three simple equations with an 
uncertainty of less than 1%. 


DESCRIPTION OF EQUATIONS 


Huber and Schmid! have provided involved expres- 
sions relating the moduli which determine the elastic 
behavior of a single and a multiple crystal, but we 
suggest that the simple equations of Voigt? and Reuss’ 
be employed, namely, 


2eut+3ee+Cs4 
C12+3¢44) (C11 4+2¢12) 


Pe) 





Voigt: §1= 


(¢u— 
(1 1 ig B04) 

Caa(3e11 + e12) + (€11— C12) (C11 +2012) : 
C12) (C11 +212) 


C12) 


$u4= 





Reuss: §1:= 


Séus(Cu— 
4eag+3(Cu— 


C12) 





$= 
Scss(Cu— 


where 8; are the moduli of compliance of the polycrystal. 
These separate expressions for the moduli of a poly- 
crystal given by Voigt and Reuss differ in their deriva- 
tion only in the manner in which the averaging of the 
single crystal moduli is made. Voigt considered that each 
randomly orientated crystallite of the polycrystal was 


1 A, Huber and E. Schmid, Helv. Phys. Acta 7, 620 (1934). | 

2 W. Voigt, Lehrbuch der Kristallphysik (B. G. Teubner, Leipzig, 
1910), p. 962. 

3 A. Reuss, Z. angew. Math. u. Mech. 9, 49 (1929). 


subjected to equal strains and he averaged the resultant 
stresses in all the crystallites to arrive at his equations. 
Reuss, on the other hand, set up equal stresses in each 
crystallite and found the average of the different strains 
or deformations present in all the crystallites. 

The Debye temperature characteristic of a poly- 
crystal, the elastic behavior of which is defined by 81 
and S44, is a weighted mean of the Debye temperatures 
associated with longitudinal and transverse elastic 
waves, ©; and @,, respectively. The latter are given by 


Or= (h/R)(3/4mr)*(1/V)4(1/p)*(A /844B)}, 
Or= (h/k) (3/4x)4(1/V)4(1/p)*(1/844)}, 
where V is the atomic volume, p the density, A = 481:— S44 
and B= 3811 — S44. 
The mean Debye temperature appropriate to the 
specific heat theory, @p, is then given by 
30p?= 0;3+ 20;°, 


so that by substitution 


{ i 
Op= 4.289% 10-(1/)1/0)}| —— I. 
544(2A!+ B!)! 


However, the mean Debye temperature most appro- 
priate to the temperature factor as applied to x-ray 
intensities, O 4, is given by 


30 u?= 0;7°+20-°, 
so that by substitution 
A } 
@w=5.15110- "AVM | — |. 
3u(2A+B) 


TABLE I. Calculation of Debye temperature in °K with Ci given 
in units of 10" dynes cm™ and 8, in units of 10-!* dynes! cm?.* 








Crystal cu cu F $11 8a 8p @d(S) 


K 0.0459 0.0263 31.41 85.92 92.1 91.2 
Cu 1,70 0.802 2,166 334 331 
Si 1.67 0.612 1.498 649 646 
KC! 0.370 3.938 9.934 237 235 











® The values of the moduli of elasticity, cy, for K, Cu, and KCl used in 
the calculations have been taken from tables compiled by C. Zener, Elas- 
ticity and Anelasticity of Metals (The University of Chicago Press, Chicago, 
1948), Chap. II and by K. Lonsdale, Acta Cryst. 1, 142 (1948). 
The values quoted for Si are those obtained by W. P. Binnie and A. M. 
Liebschutz from the measurement of the x-ray diffuse scattering from a Si 
oy crystal and presented at the Conference on Nuclear Engineering in 
1953. 
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This difference between the Debye temperatures, Op 
and @y, has been pointed out by Zener and Bilinsky* 
who show that @y is always the larger by a few 
percent. 

APPLICATION OF EQUATIONS 


For crystals with an anisotropic factor of less than 2, 
Reuss’ equations for 8, give Debye temperatures 
differing by less than 1% from the values obtained from 
the elaborate procedure recommended by Sutton.® 
When the anisotropic factor is greater than 2, the aver- 
age values of 8; and 84 given by both Voigt’s and 


4C. Zener and S. Bilinsky, Phys. Rev. 50, 101 (1936). 
5 P. M. Sutton, Phys. Rev. 99, 1826 (1955). 
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Reuss’ equations give better agreement than either 
alone, the Debye temperatures, at least for the metals 
where ¢11:—¢12< 2c44, lying between the values calculated 
by Sutton’s expressions and by Hopf and Lechner’s 
method as modified by Keesom and Pearlman.® 

Table I shows values of the Debye temperature, 0p, 
for a number of crystals of varying anisotropic factor, F, 
the Debye temperatures having been calculated from 
the average moduli of compliance as given by both 
Voigt’s and Reuss’ equations. The corresponding values 
obtained from Sutton’s method are given in the final 
column headed @p(S). 


6 N. Pearlman and P. H. Keesom, Phys. Rev. 88, 398 (1952). 
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Long-Time Components in the Emission of Luminescent Materials* 


Hartmut KALLMANN AND GRACE MARMOR SPRUCH 
Department of Physics, New York University, Washington Square, New York, New York 


(Received April 4, 1956) 


The decay of light emission in the time range from 150 microseconds to 20 milliseconds, caused by ex- 
citation by single high-energy electrons and alpha particles at room temperature, was studied for several 
different types of phosphors. The zinc cadmium sulfides investigated were found to exhibit emission under 
alpha particle excitation longer than can be accounted for by the bimolecular decay theory, indicating that 
traps are of importance even with this kind of excitation. Several alkali halides also emit a considerable part 
of their total light in this interval when excited by alpha particles. Of the organic phosphors studied, only 
diphenylacetelene showed measurable emission in this time range, and only when excited by alpha particles. 
A phosphor with a very large number of traps (Standard 7) had practically no emission in the time range 


investigated. 


1. INTRODUCTION 


HE influence of traps on the light emission of 
various phosphors from 2.5 milliseconds after the 
beginning of excitation to hours was discussed in a 
previous publication.' The shapes of the rise of fluores- 
cence curves presented there were due to the cooperative 
effects of the many electrons excited by high-energy 
radiation. Additional information on the light emission 
will be given here, in particular, on the amount of light 
emitted up to various times in the range from 150 micro- 
seconds to 20 milliseconds due to excitation by single 
high-energy electrons and alpha particles at room 
temperature. There have been many investigations’ of 


* This work was supported by the Signal Corps Engineering 
Laboratories, Evans Signal Laboratory, Belmar, New Jersey. 

1H. Kallmann and G. M. Spruch, Phys. Rev. 103, 94 (1956). 

2H. W. Leverenz, An Introduction to Luminescence of Solids 
(John Wiley & Sons, Inc., New York, 1950), p. 263 ff; see P. 
Pringsheim, Fluorescence and Phosphorescence (Interscience Pub- 
lishers, Inc., New York, 1949) for an extensive bibliography. Some 
of the more recent papers are: J. Bonanomi and J. Rossel, Helv. 
Phys. Acta 25, 725 (1952); I. Broser and C. Reuber, Z. Natur- 
forsch. 9a, 689 (1954) ba; R. Cook and K. A. Mahmoud, Proc. 
Phys. Soc. (London) B67, 817 (1954); C. R. Emigh and L. R. 
Megill, Phys. Rev. 93, 1190 (1954); Williams, Usiskin, and 
Dekker, Phys. Rev. 92, 1398 (1953); F. B. Harrison, Nucleonics 
12, 24 (1954); J. A. Jackson and F. B. Harrison, Phys. Rev. 89, 
322 (1953). 


long-time emission induced by high-energy particles 
and quanta, cathode rays, and light. It is difficult to 
correlate the results of the latter two with the present 
results where high-energy particles were used to excite 
the phosphors, because such particles produce an 
appreciable excitation in a very short interval of time 
and within a relatively small area.' 


2. EXPERIMENTAL PROCEDURE 
(a) Excitation 


Since the intensity of the light emission due to a 
single fast electron is low, particularly several hundred 
microseconds after excitation, excitation was furnished 
by a burst of high-energy electrons, about 1500 in 
number, in a time interval of about 150 microseconds 
(or about 100 alpha particles in the same interval). 
The observed emission was equivalent to that of the 
sum of 1500 (or 100) single particles, since other 
measurements! showed that with these numbers there is 
little overlap of the areas excited by different particles 
when the sample is de-excited prior to excitation. This 
excitation by a burst instead of by a single particle 
introduces an uncertainty of +75 microseconds in the 
emission time. 





EMISSION OF LUMINESCENT MATERIALS 


A double rotating wheel shutter provided approxi- 
mately three bursts of high-energy particles per sec- 
ond, each of about 150 microseconds duration. It con- 
sisted of a fast wheel rotating at a speed of about 2500 
rpm, with two rectangular openings on its circumference 
0.5 cm by 1 cm, 180° apart, and a slow wheel of the 
same diameter, concentric with the first, rotating at a 
speed of about 180 rpm, and with a rectangular opening 
0.65 cm by 1 cm on its circumference. The speed of the 
second wheel could be varied by means of gears and a 
friction drive. The fast wheel determined the duration 
of the bursts from a source of high-energy particles 
placed behind the wheels, while the slow wheel deter- 
mined the frequency of the bursts. 


(b) Materials Investigated 


Several different types of phosphors were selected for 
study in order to learn what differences might exist in 
their behavior. Where it was necessary, the phosphors 
were de-excited before each measurement. This was 
described previously,! as were their chemical composi- 
tions. The zinc cadmium sulfides, strontium sulfide, 
and the uranyl salts were in powder form, deposited in 
a thin layer onto a Lucite backing. Several alkali 
halides and the organic phosphors anthracene, stilbene, 
naphthalene, and diphenylacetylene were studied as 
crystals. An anthracene flake and a stilbene melt were 
also investigated. 


(c) Detection 


The light was detected by a 1P21 photomultiplier 
housed in a light-tight brass chamber which also con- 
tained the phosphor. The high-energy particles entered 
the chamber through a thin aluminum window of the 
same dimensions as the opening on the fast wheel. The 
photomultiplier output was connected to an oscillo- 
scope via an electrometer tube circuit whose time 
constant could be varied, and which was generally 
much longer than the duration of the burst. The 
oscilloscope traces were photographed. 

The trace from a fast phosphor such as anthracene 
(decay time~10~* sec) showed an initial rise corre- 
sponding to the emission during excitation, followed 
by a decay of the voltage due entirely to the circuit. 
The maximum of this trace occurred at the time excita- 
tion terminated, /, even for the longest circuit time 
constant. A phosphor with long-time emission produced 
a trace whose initial rise was similar to that of the fast 
phosphor, but the rise continued after excitation had 
terminated, so that the maximum of the pulse occurred 
at tm>to. As the time constant of the circuit was made 
shorter, the maximum on the trace appeared at shorter 
times as well as being smaller in height, because for the 
shorter time constants of the circuit, charge leaked off 
the condensers during the time that charge from the 
photomultiplier was still arriving. 





Fic. 1. Schematic 
diagram of photo- 
multiplier output cir- 
cuit. 











(d) Method of Determining the Light Emission 
as a Function of Time 


The light emission was obtained as a function of time 
by measuring the maximum amplitude of the oscillo- 
scope trace and the time at which it occurred. If the 
shape of the light decay curve is known to be exponen- 
tial, its time constant can be determined from the 
heights of the maxima of the voltage pulses observed 
for different circuit time constants.’ If the shape of the 
decay curve is not known, it is also necessary to observe 
the time at which the voltage maxima occur as a func- 
tion of the time constant of the circuit. 

With the circuit as shown in Fig. 1, one has 


1 t 
v=isR=-f is(’)dt’, (1) 
Cu 


1 t 
—isR+— f io(t') dt’ +i3R=0. (2) 
Cr 


It is desirable to express the photomultiplier current 
i in terms of izR=V since this is what is measured. At 
tm, the time at which the voltage pulse reaches its 
maximum value, dV /dt=0. Straightforward differentia- 
tion and combination of the above equations with the 
current relations leads to 


fa C 1 tm 
$(t,)= Va(—+—+- )+ f i3(t)dl. (3) 
R, R RC, RC 


As long as tm/R:C; is very much smaller than unity, 
the integral term can be neglected in comparison to the 
first term in (3). Since this was generally the case, to a 
sufficient degree of accuracy one remains with 


i (mV m(1/Ri+1/R+C/R.C;). (4) 


Equation (4) gives i at the time ¢,. The quantities /, 
and V,, are measured. By varying R (R,; and R were 
always equal), i is obtained as a function of ¢. 

Instead of using the maximum voltage and the time 
when it occurred to determine i, one could have meas- 
ured i directly, by employing a circuit with a short 
time constant.t Then the current would have consisted 
of single small pulses close to the base line of the oscillo- 
scope. In the present method, because of the long time 
constant of the'circuit, the measured voltage was always 
far above the base line. In addition, because the inte- 

3 Broser, Kallmann, and Reuber, Z. Naturforsch. 5a, 79 (1950) ; 


Bittman, Furst, and Kallmann, Phys. Rev. 87, 83 (1952). 
4j. Bonanomi and J. Rossel, Helv. Phys. Acta 25, 725 (1952). 
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TABLE I. Light emission in various time intervals. 








Emission up to various times ¢ (in microseconds) following termination of 
excitation in percent of emission during excitation? 
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® These phosphors are characterized more completely in reference 1. 
> to denotes the termination of excitation in microseconds. 


* tmi is the time of occurrence in microseconds of the maximum voltage with the shortest circuit time constant. 
4 The accuracy of the absolute values in the table is not as great as the number of significant figures would imply. The differences between successive 


values for a single substance are meaningful, however. 


grated intensity was measured, the quantities involved 
were much larger than if 7 had been measured directly 
at different times. 

The amount of light emitted in the various time 
intervals after the termination of excitation at to com- 
pared to that emitted up to ¢ is obtained as follows. 
The amount of light emitted up to é/ is proportional to 


to to 1 1 V to V to 
f icoat= f V(—+=) at 2r— ma 
0 0 R, R R R 


when tr, (5) 
where r= RC/2, and that emitted from é to a time ¢ is 
proportional to fio'i(¢’)di’, where i(¢’) is obtained from 
the various values of V,, and /,, using Eq. (4). 


(e) Determination of the Duration of Excitation 


The time at which excitation ceased, 4, was deter- 
mined from the speed of the fast wheel while the slow 
wheel remained fixed with its opening between the 
source and phosphor. The pulses generated by the 
openings on the fast wheel were made to form a sta- 
tionary pattern on the oscilloscope screen, the sweep 
speed adjustment giving the time for a given number of 
revolutions. A speed measurement was taken at the 
beginning and end of each run, since the speed of the 
wheel did not remain completely constant. 

With a fast phosphor the value of é obtained in the 
manner described above could be checked, for in that 
case ty) equalled /,,:, the time of occurrence of the maxi- 
mum voltage with the shortest circuit time constant, 
and t,; was easily obtained from the photographic trace. 
The average difference between the values of é deter- 


mined from the two methods was 11%, the maximum 
difference 23%. 

The determination of / constituted the greatest 
source of error in the determination of the amount of 
light emitted in the different time intervals compared 
to that emitted up to é. The error is greatest in the first 
interval after to, however, for an error in the determina- 
tion of t affects both the size of the interval up to to 
and the size of the first interval after é, and thus the 
error is compounded. 


(f) Spread of the Experimental Points 


For the lower circuit resistances (10° and 10° ohms) 
the camera was left open for three minutes, permitting 
about 500 pulses to be photographed on a single frame. 
The height and position in time of the maximum was 
measured, giving a single point for each resistance. 
With the higher resistances noise sometimes caused the 
base line to fluctuate. In those cases the oscilloscope 
screen was observed by eye and only the largest pulses 
were photographed, each on a single frame, about 
fifteen during a period of about three minutes, for each 
resistance. The lowest point on the curve, that corre- 
sponding to the 10%-ohm resistance, was the most 
difficult to obtain. The maximum was broadest for that 
resistance, introducing uncertainty in the time when the 
maximum occurred. Roughly 1500 electrons impinge 
upon the phosphor and impart 5X10" ev to it in a 
single burst (assuming a ZnS sample 25 mg/cm? thick). 
In the first few hundred microseconds only about 1% 
of this energy is emitted as light,! and only about 10% 
of this latter quantity is emitted in the interval from 2 
to 5 milliseconds. Thus 10‘ photons are emitted during 
this period, only 10° of which reach the photomultiplier 
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cathode. For a photoelectric conversion efficiency of 
10%, only 100 primary electrons are produced. With a 
lower efficiency, corresponding to phosphor emission in 
the region of the spectrum where the photomultiplier is 
less sensitive, even fewer electrons are produced. Thus 
large fluctuations in the time when the maximum 
occurs are to be expected for the lowest point on the 
decay curve. 


3. RESULTS 
(a) General Remarks 


The results are given in Table I. The values given 
represent the light emitted between & and the times 
indicated in percent of the light emitted up to ¢. For 
almost all the zinc cadmium sulfides studied, the decay 
of phosphorescence under alpha-particle excitation was 
faster than under electron excitation, as was expected, 
but was slower than would be predicted by the bi- 
molecular decay process usually assumed for these 
phosphors. That is, the amount of light emitted within 
one millisecond after the termination of excitation is an 
astonishingly large fraction of the emission during ex- 
citation, and is not very much smaller than the corre- 
sponding quantity with electron excitation. If one 
assumes that most of the electrons excited by alpha 
particles are in the conduction band and not in traps, 
one would expect a faster decrease in light emission. 
The total amount of light emitted up to the time /, 
JSo'Idt’ should decay as {nq—[6*(1/6*ny+t) F'} ac- 
cording to a bimolecular decay theory. For reasonable 
values of 6*,5 the radiation recombination coefficient, 
and my, the number of activators per unit volume 
occupied by positive charges, the light emission should 
be negligible after several microseconds, if most of the 
electrons are in the conduction band. That this is not 
the case, and the fact that the ratio of the light emitted 
from f% up to one or two milliseconds to that emitted 
up to fo is not too much smaller than for electrons, in 
dicates that for alpha-particle excitation as well as for 
electron excitation traps are of importance, and that 
there is a large number of shallow traps from which 
electrons are released after a rather short time. These 
extend the emission excited by alpha particles. It may 
be noted that in the interval from termination of ex- 
citation to milliseconds the actual emission is much 
larger for alpha particles than for electrons for the same 
amount of absorbed energy, though the emission in this 
region relative to that during excitation is smaller for 
alpha particles. The amount of light induced in the 
first 100 microseconds by high-energy electrons is only 
ten percent or less of the total light emitted, whereas the 
light induced in this time by alpha particles is fifty 
percent or more of the total.! The results of Broser and 
Reuber® confirm the bimolecular decay theory up to 

5 I. Broser and C. Reuber, Z. Naturforsch. 9a, 689 (1954), give 


B*no™3 X10; See also H. Kallmann and B. Kramer, Phys. Rev. 
87, 91 (1952). 
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about one microsecond for ZnCdS phosphors. The re- 
sults of the present investigation show that there is 
additional emission which extends up to milliseconds. 
Though the intensity of the emission is weak, the total 
emission in this range is comparable to that in the first 
100 microseconds, but it is different for different 
phosphors of this type. Observation of the light emitted 
by one alpha particle has further indicated that the 
emission in the first microsecond is comparable to or 
less than that in the next 100 microseconds. 

Another feature which emerged from the investiga- 
tion was that only one of the organic phosphors, di- 
phenylacetylene, exhibited measurable emission after 
the termination of excitation. Thus no emission curves 
could be obtained for anthracene, naphthalene, and 
stilbene, in any form, whether excited by alpha par- 
ticles or by electrons. For these substances practically 
all the light had been emitted by the time the opening 
on the wheel had passed,® and the maximum voltage 
always occurred at the time excitation terminated, fo, 
with the maximum voltage the same for the 10°, 107, 
and 108 ohm resistances. Only for the 10°-ohm resistance 
was the maximum voltage smaller, for then the circuit 
time constant was of the same order as é, and some 
charge leaked off the condenser during excitation. 


(b) Results for Individual Phosphors 


For diphenylacetylene the situation is quite different 
from that of the other organic phosphors. Here, while 
the behavior under electron excitation is the same as 
for the other organic phosphors, under alpha-particle 
excitation there is a long-time emission which is de- 
cidedly outside the limits of experimental error. Almost 
ten percent of the light emitted during excitation is 
emitted in the 300 microseconds following the termina- 
tion of excitation, with a few more percent being emitted 
in the next 1000 microseconds. One cannot state at this 
point to what process this emission must be attributed. 

Most of the alkali halides investigated exhibited 
more long-time emission than the zinc cadmium sulfides. 
Figure 2 shows decay curves for KBr(T1). These give 
evidence of a large number of relatively shallow traps. 
Even for alpha-particle excitation more than one 
hundred percent of the light emitted during excitation 
is emitted in the 2000 microseconds subsequent to 
excitation. The maximum on the voltage pulse with 
the smallest circuit resistance occurred well beyond 
termination of excitation, at 290 microseconds for 
alpha-particle excitation, and at 700 microseconds for 
electron excitation. NaCl(AgCl 5%) and CsBr(T]l) ex- 
hibited considerable emission in the time range studied 
for both types of excitation. CsI, however, both un- 
activated and thallium-activated, showed no measurable 


6 The long-time emission reported by Jackson and Harrison,? 
and by Bittman, Furst, and Kallmann’ extended only up. to 
microseconds, and was very low in intensity. 
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Fic. 2. Decay of light emission in KBr(TI); curve A: after 
high-energy electron excitation; curve B: after alpha-particle 
excitation. 


emission after excitation. This was also the case with 
CaWO,. 

For ZnCdS phosphors excited by alpha particles, the 
maximum voltage for the smallest time constant of the 
circuit always coincided with the termination of excita- 
tion; with electron excitation it occurred after the ter- 
mination of excitation only for ZnS D. For this phosphor 
the rise of fluorescence curve! exhibited a very sharp 
increase after the onset of excitation, indicating the 
presence of electrons trapped for short times. Thus the 
delayed position of the maximum is consistent with the 
measurements on the rise of fluorescence, but it is 
surprising that there is not more long-time emission 
under alpha-particle excitation. 

The light decay curves for the uranyl salts under 
both electron and alpha-particle excitation could be 
approximated by single exponentials. For uranyl ace- 
tate, though electron excitation terminated at 180 
microseconds, the maximum on the pulse did not appear 
until 290 microseconds, indicating considerable emis- 
sion during this period. Almost forty percent of the light 
emitted during excitation is emitted in the 300 micro- 
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seconds following excitation. By 1000 microseconds 
after excitation the intensity is down to one percent of 
the maximum. Potassium uranyl sulfate exhibited 
longer emission, measurable up to 2500 microseconds. 
There was no evidence of traps. We assume that the 
observed long-time emission is intrinsic to the base 
material. The fact that there was less long-time emis- 
sion for alpha particle than for electron excitation may 
be the result of the strong quenching which occurs in 
the material as a consequence of the high density of 
excitation produced by alpha particles (the light effi- 
ciency is much smaller for alpha particles than for 
electrons). 

The decay for the Standard 7 phosphor is almost 
instantaneous. One can state that for alpha-particle 
excitation the intensity drops to less than one percent 
of maximum within 100 microseconds after excitation. 
Yet there was evidence of some long-time emission in 
that the voltage maximum for the longest circuit time 
constant fell at about 2800 microseconds under alpha- 
particle excitation. The decay with electron excitation 
was slightly more noticeable. Within 250 microseconds 
after the termination of excitation only about five 
percent of the light emitted during excitation is emitted. 
Since the rise of fluorescence curve! for Standard 7 in- 
dicated that this substance possesses a tremendous 
number of traps, and yet the decay curve has only a 
very weak tail, two conclusions can be drawn: the 
number of traps from which electrons are emitted after 
a short time must be relatively small, and the mecha- 
nism for light emission in this substance must be quite 
different from that of the zinc cadmium sulfides. In the 
alkaline earth phosphors it is most likely the excitation 
energy, rather than the separate positive and negative 
charges, which either encounters a trap or is emitted 
as light. If these two processes occur with equal proba- 
bility, then half of the excitation energy is used for 
light emission and half for trapping, which would 
account for the fact that the intensity at the onset of 
electron excitation is roughly half of the stationary 
intensity.' A somewhat analogous situation seems to 
hold for the organic crystals. Photoconductivity meas- 
urements have indicated that in the organic phosphors 
there are as many traps as in the zinc cadmium sulfides, 
yet the probability of trapping is negligibly small 
compared to that of light emission. 
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Annihilation of Positrons in Superconducting Lead* 


S. M. SHAFROTH AND J. A. Marcus 
Physics Department, Northwestern University, Evanston, Illinois 
(Received November 30, 1955) 


A search was made for changes in the two-quantum annihilation rate when positrons are annihilated in 
superconducting lead compared to normal lead. The change of state was brought about either by turning off 
or on a magnetic field or by varying the temperature of the sample. The ratio of the two-photon coincidence 
rate in normal lead to that in superconducting lead was found to be 1.0011+-0.0016 in the magnetic field 
experiment and 1.0003+0.0011 in the temperature-varying experiment. 





1. INTRODUCTION 


RESDEN' suggested that the character of positron 

annihilation radiation might be altered when the 
metal in which the annihilations were occurring changed 
from its normal state to its superconducting state. In 
the latter case, he indicated that the lifetimes of all 
positrons might be longer and more three-quantum 
radiation migh be present. Millett? investigated the 
lifetime in lead and found that some positrons have a 
mean life of (3.5+-0.5) X 10~® sec when the lead becomes 
superconducting. Stump and Talley*® investigated the 
lifetime effect in lead and tin. They found a slight in- 
crease in lifetime for superconducting lead, but no 
change for tin. Graham, Paul, and Henshaw‘ also 
investigated the lifetime effect in lead, vanadium and 
liquid helium. They found no change in lifetime for lead 
or vanadium in excess of their experimental error of 
2X10 sec for these substances above and below the 
superconducting transition temperatures. In liquid 
helium they found a “strong” component with mean 
life r= (2.740.3)X10- sec, which may explain why 
other observers have reported a long lifetime in super- 
conducting lead. In the present work, a preliminary 
report® of which has already appeared, a search was 
made for changes in the ratio of two- to three-quantum 
annihilation rates when lead was changed from normal 
to superconducting. 


2. EXPERIMENTAL PROCEDURE AND RESULTS 


The technique for measuring this ratio which was 
similar to Pond’s® consisted of measuring the two- 
quantum coincidence rate resulting from positron 
annihilations in normal lead compared to the rate in 
superconducting lead. If a decrease in the two-quantum 
rate is found, it should be accompanied by a correspond- 
ing increase in the three-quantum rate, and vice versa. 


*This work was supported in part by the Northwestern 
University Graduate School Fund. 

1M. Dresden, Phys. Rev. 93, 1413 (1954). 

2W. E. Millett, Phys. Rev. 94, 809(A) (1954). 

3 R. Stump and H. E. Talley, Phys. Rev. 96, 904 (1954). 

4 Graham, Paul, and Henshaw, Bull. Am. Phys. Soc. Ser. II, 1, 
68 (1956). 

5S. M. Shafroth and J. A. Marcus, Phys. Rev. 99, 664(A) 
(1955). 

6 T. A. Pond, Phys. Rev. 93, 478 (1954). 


Electronic drifts were compensated for by frequent 
changing from one state to the other. Two scintillation 
counters in a colinear geometry were connected in 
coincidence. A Na” source was enclosed between two 
thin lead disks, and placed midway between the two 
counters, as shown in Fig. 1. The source was made by 
running 1 millicurie of Na”Cl, obtained from Oak 
Ridge, through an ion exchange column’ to get as high 
a specific activity as possible and then evaporating it 
onto a thin (4 mg/cm?) aluminum disk. Another disk 
was glued to the first by means of collodion so that the 
active salt was completely contained. The rate of two- 
quantum annihilation in the covered source was esti- 
mated by measuring its rate in the bare source* and 
adding to it the two-quantum annihilation rate due to 
positrons scattered back into the source by the lead. 
The saturation backscattering coefficient for positrons 
on lead with 24 geometry is 0.51. We assumed that all 
backscattered positrons annihilate in the source. This 
leads to a value of about 0.7 for the fraction of the 
positrons annihilating in the source when surrounded 
by the lead disks. The lead disks were made to change 
from the normal to the superconducting state by two 
different procedures. 


Procedure A 


In the first procedure, the temperature of the disks 
was held constant at 4.2°K and an external magnetic 
field was turned off or on to produce or destroy the 
superconducting state. The source and 0.008-in.-thick 
lead disks were supported from the bottom of a metal 
Dewar which contained liquid helium (Fig. 1). A thin- 
wall copper radiation shield in the Dewar vacuum space 
was maintained at liquid nitrogen temperature. This 
served to reduce the rate of helium evaporation without 
the increase in scattering of gamma rays which would 
have resulted from the use of a shielding nitrogen 
Dewar. Even though considerable precautions were 


7 We are greatly indebted to Dr. Henry Newman of the Chem- 
istry Department for having performed this operation. 

8 In order to compare the bare-source rate with the covered- 
source rate, a correction (amounting to about 20% in the coin- 
cidence rate) for absorption of the gammas by the various in- 
tervening materials which are present in the covered-source 
experiments was applied. 

°H. H. Seliger, Phys. Rev. 88, 408 (1952). 
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taken to shield the counters from the fringing field of 
the electromagnet, it produced small changes in the 
counting rates of the order of 0.1%. The correction for 
this effect was measured at room temperature. The 
scintillation counters consisted of Larco Plastiflour B 
crystals 2 in. X 1} in. in diameter, RCA 5819 phototubes, 
and Hewlett-Packard wide-band amplifiers. The coin- 
cidence circuit was a modification of one described 
by Fischer and Marshall.” The resolving time of the 
apparatus was about 2 10~* second. This reduced the 
accidental rate to well below 10% of the total rate at 
the shortest counter-to-source distance. Table I shows 
the results of runs at two counter-to-source distances 
using this method. Using the same Dewar and electro- 
magnet, the superconductivity of the lead was checked 
by suspending the disks from a torsion balance and 
observing the magnetic moment. Below the critical 
field (which for lead at 4.2°K is 550 gauss), the usual 
superconducting behavior was observed, i.e., the disks 
behaved like perfect diamagnets; and upon exceeding 
the critical field, the disks lost all magnetic properties 
as they should have if they were no longer super- 
conductors. However, on turning off the electromagnet, 
fairly large frozen-in magnetic moments were observed, 
and associated with these moments were fields large 
enough to exceed the critical field in certain regions of 
the sample. Thus, even with the field off, not all of the 
sample was superconducting. It was estimated that 
probably more than half the volume returned to the 


0 J. Fischer and J. Marshall, Rev. Sci. Instr. 23, 417 (1952). 
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superconducting state. However, to ascertain exactly 
what fraction was superconducting would have been a 
problem of considerable difficulty and it was felt that 
a new approach would be more fruitful. 


Procedure B 


The second method for changing from the super- 
conducting to the normal state consisted in raising the 
temperature above the transition temperature by means 
of a heater. This was done as shown in Fig. 2. A heater 
in the form of a 50-ohm, 0.1-watt carbon resistor was 
mounted on a copper strip above the lead disks and 
source. Below the source and disks which were spectro- 
scopically pure lead 0.006 in. thick," and mounted on 
the same strip, was another 50-ohm, 0.1-watt carbon 
resistor which was used to measure the temperature. 
The mounting strip was attached to a $-in. thin-wall 
brass can which was suspended from the top of the 
Dewars by a stainless steel tube. Helium gas at a pres- 
sure of a few millimeters served to establish thermal 
equilibrium between the lead and the helium bath. 

The detailed procedure was to count double coin- 


1 These disks are slightly thinner than the maximum range in 
lead of the 0.54-Mev positron group from Na” and they are con- 
siderably thinner than the maximum range of the 1.83-Mev 
positron group. However, only about 0.1% of the former are trans- 
mitted and the latter group is only 0.06% as strong as the former 

roup. [See P. M. Endt and J. C. Kluyker, Revs. Modern Phys. 
56, 100 (1954).] Thus the background associated with these 
transmitted positrons makes a negligible contribution compared 
to the annihilation in the source background. 
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TaBLE I. Ratio of the two-photon coincidence rate in normal lead 
to the rate in superconducting lead. 








Total number 
Distance from of coincidences 


crystal to source counted Ratio 


Procedure 
Count alternately 


A __ with field of 750 
gauss on and off 





10in.or17in.  36.6X10%*  1.0011>+0.0016¢ 


Count alternately 
B_ with sample at 
8.0°K and 4.2°K 


24 in, 36.8 X10 1.00034 +.0.001 1¢ 








* About the same number of coincidences were counted to measure the 
correction for the influence of the magnetic field on the counters. 
> Corrected for influence of magnetic field on the counters, for annihila- 
tion in the source, and for accidentals, 
¢ Standard deviation (statistical). 
4 Corrected for annihilation in the source and for accidentals. 
\ 


cidences for five minutes at 4.2°K, then to raise the tem- 
perature to 8.0°K, and as soon as thermal equilibrium 
had been reached, which was about thirty seconds, to 
take another five minute count of doubles. The pro- 
cedure was repeated until all the helium had evaporated 
(about 4 hours). Table I also shows the results of this 
experiment. The scintillation counters were 2-in. X 13-in. 
diameter thallium-activated sodium iodide cylinders 
mounted on DuMont 6292 photomultiplier tubes. A 
Garwin™ type coincidence circuit was used. The re- 
solving time of the apparatus was about 210-7 sec. 
In this arrangement the accidental counts were about 
6% of the total counts. 

In order to check on the equipment, we repeated 
Pond’s experiments with aluminum and polystyrene. 
The ratio of the two-quantum annihilation rate for 
positrons undergoing annihilation in aluminum com- 
pared to polystyrene was found to be 1.0046+0.0011 
after correcting for annihilation in the source and back- 
scattering from the polystyrene, and assuming that the 
collinear two-gamma annihilation probability is the 
same for positrons being annihilated in the source as for 
positrons being annihilated in the aluminum. This 
result is in reasonable agreement with Pond’s measured 
value of 1.0055++0.0008 for this ratio. We were unable 
to obtain reproducible results without a lead collimator. 
However, one of the main advantages of the collimator 
is to make the apparatus less sensitive to slight dis- 
placements of the source. In neither procedure A nor B 
was there any necessity to change the position of the 
source, as is the case in the Pond experiment, so it was 
felt that the collimator was not necessary for the low- 
temperature experiments. 


DISCUSSION 


The purpose of our experiment was to search for 
evidence for the existence of orthopositronium in super- 
conducting lead. The negative result which we obtained 
by procedure B is consistent with no ortho-positronium 
being formed when positrons stop in superconducting 
lead but by itself does not prove that none is formed. 


12R. L. Garwin, Rev. Sci. Instr. 21, 569 (1950). 
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Fic. 2, Apparatus for changing the state of the lead sample from 
superconducting to normal by varying the temperature. 


Our negative result is in agreement with Graham, Paul, 
and Henshaw,‘ and Green and Madansky,” who find 
no lifetime change, and with Stump" who finds no 
change in the angular correlation from normal to super- 
conducting lead. The sensitivity of the method as a 
means for detecting ortho-positronium is discussed in 
the appendix. 
APPENDIX 


If one assumes that (a) positrons stopping in super- 
conducting lead form ortho-positronium, but positrons 
stopping in normal lead do not; (b) annihilation 
probabilities for other processes such as direct three- 
quantum annihilation, etc., are unaffected by the state 
of the lead; (c) the backscattering coefficient is un- 
affected by the state of the lead; (d) the probability 
that a positron annihilates by two-quantum emis- 
sion is the same regardless of whether it annihilates 
in the source or in normal state lead; and (e) A2>Az;, 
then fA3/A2e= (N2/S2)—1, where f is the fraction of the 
positrons stopping in superconducting lead which form 
ortho-positronium, 3 is the three-gamma decay rate of 
ortho-positronium in superconducting lead, A» is the 
two-gamma decay rate associated with ortho to para 
conversion for positrons stopping in superconducting 
lead, N2 is the two-gamma coincidence rate due to 
positrons stopping in normal lead, and S; is the two- 
gamma coincidence rate for positrons stopping in super- 
conducting lead. Thus with a statistical error of 0.0011 
as we had in procedure B, the quantity fA3/A2 must be 
greater than 0.0011 for us to observe an effect. This 
means, for example, that if 30% of the positrons formed 


18 B, Green and L. Madansky, Phys. Rev. 102, 1014 (1956). 
4 R. Stump, Phys. Rev. 100, 1256(A) (1955). 
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ortho-positronium in superconducting lead'® and if its 
three-quantum decay rate were the same in super- 
conducting lead as in vacuum (1/A;=1.4X10~-’ sec), 
then the ortho-positronium must have a mean life 


15In most substances which show a long-lifetime component, 
about 30% of the positrons are responsible for it. [See R. E. Bell 
and R. L. Graham, Phys. Rev. 90, 644 (1953).] 
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(r~1/X2) greater than 5X10~" sec in order for us to 
observe an effect. 
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For most purposes, the wave functions of a crystal with an 
electron trapped at an impurity are approximated by the product 
of two functions, one involving the lattice coordinates and the 
other the position of the electron. The electronic function may be 
determined for the equilibrium position of the lattice (static ap- 
proximation) or one may assume that the electronic wave function 
continuously adjusts itself to the instantaneous position of the 
lattice (adiabatic approximation). The author relates the wave 
functions to Hamiltonian operators which do not have some of the 
most common operational properties. A comparison of the two 
approximations is made using the variational principle. The static 


1. INTRODUCTION 


GREAT many papers have appeared concerning 

electronic transitions which involve more than one 
phonon. The problem resolves itself into three parts. 
First, one must know what perturbation causes the 
transition; this requires a detailed knowledge of the 
electron-nuclear wave functions used. It is at this phase 
that one distinguishes between multiphonon and single- 
phonon processes. Second, we need to know the number 
of vibrational modes which enter into the transition; 
this depends on the energy distributions of the electrons 
and phonons. Finally, one must sum up the various 
individual probabilities. 

In recent years progress has been made in the third 
phase of the problem! by assuming the validity of cer- 
tain electron-nuclear wave functions. The calculations 
of Kubo! and Vasileff' use the so-called Born-Oppen- 
heimer, or adiabatic approximation, which is presumably 
based on a paper of Born and Oppenheimer.’ A search of 
the literature revealed, however, that the exact ap- 
proximation first appeared in 1940.* The word “exact” 

1K. Huang and A. Rhys, Proc. Roy. Soc. (London) A204, 406 
(1950); R. Kubo, Phys. Rev. 86, 929 (1952); M. Lax, J. Chem. 
Phys. 20, 1752 (1952) ; R. C. O’Rourke, Phys. Rev. 91, 265 (1953) ; 
H. D. Vasileff, Phys. Rev. 96, 603 (1954), 97, 891 (1955). See also 
the work of S. I. Pekar Uspekhi Fiz. Nauk. 50, 197 (1953) 
(English translation by M. D. Friedman of W. Concord, Massa- 
shusetts) and references therein. 

2M. Born and J. R. Oppenheimer, Ann. Physik 84, 457 (1927). 


3F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 470. 


underestimates the kinetic energy and overestimates the potential 
energy, while the second does just the reverse. Although the 
formal treatment is quite general and includes all the effects for 
harmonic vibrations, the actual terms were evaluated for a simple 
model. The calculations show that for extremely shallow traps the 
static approximation may be slightly superior, while for deep traps 
the adiabatic approach should be used. For traps of depths less 
than 0.1 ev the methods are essentially equivalent; in any actual 
calculations, other approximations must be made and they are of 
greater importance than the slight difference between either of 
these approaches. 


is of utmost importance since one must know (in 
principle at least) precisely what wave functions are 
being used to carry through a multiphonon calculation. 
On the other hand, O’Rourke,' Frenkel, Moglich and 
Rompe‘; and Goodman, Lawson, and Schiff‘ used a 
second approach, originally formulated by Born and 
Oppenheimer.® The most appropriate name for the 
second approximation seems to be “static.”’** 

There seems to be some feeling that the adiabatic ap- 
proximation is “exact” (see Lax), and certainly superior 
to the static. With the possible exception of the book of 
Born and Huang,’ the author has found nothing in the 


4 J. Frenkel, Phys. Rev. 37, 17 and 1276 (1931) ; F. Moglich and 
R. W. Rompe, Z. Physik 115, 707 (1940) ; and Goodman, Lawson, 
and Schiff, Phys. Rev. 71, 191 (1947). 

5 Strictly speaking, one need not assume that O’Rourke used the 
static approximation. In the notation to be developed, one need 
only assume that (¢n/(R)|M|¢n(R)) is not a function of the 
nuclear coordinates. M is the electric moment operator for the 
system. This is not quite as restrictive as the static approximation. 
The above assumption is referred to as the Condon approximation. 
As will become evident shortly, the static approximation always 
leads to Condon’s; the adiabatic may also in very special cases. 

6 Other names have been used in place of static, namely “har- 
monic” by Born and Huang’ and “Hartree” by Lax.® One should 
not in any way relate this problem with the usual many-electron 
ones, where another Hartree approximation appears (reference 3, 
p. 234). The term “adiabatic” can have more than one meaning; 
the one used here agrees with Kubo, Vasileff, and Huang and 
Rhys. It does not agree, however, with the one used by Born and 
Huang. 

7™M. Born and K. H. Huang, Dynamical Theory of Crystal 
Lattices (Oxford University Press, Oxford, 1954), p. 166. 

8M. Lax, Photoconductivity Conference (John Wiley and Sons, 
Inc., New York, 1956). 
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literature to justify this feeling. Frenkel? in 1932 showed 
clearly that the adiabatic approach is only an alternate 
approximation which need not be superior. 

One object of this paper is to place the approximations 
in juxtaposition, so as to focus attention on the two 
ways to handle the problems involving electrons and 
nuclear wave functions. Then a short analysis of the 
properties of the wave functions and the associated 
Hamiltonian operators is made. The treatment is then 
redeveloped for an impurity center; it shows in a 
general manner, why the equilibrium positions and the 
vibrational frequencies are affected by electronic transi- 
tions.'°:"! In the following sections, the variation principle 
is applied to show when the adiabatic approximation is 

‘superior. These calculations are general, although a 
simplified model is used to obtain numerical results. The 
author does not believe this to be more extreme than the 
oft-quoted calculations of Pelzer and Wigner.” Finally, 
attempts are made to estimate the order of magnitude 
of the shifts in the equilibrium positions and in the 
frequencies. 


2. STATEMENT OF THE PROBLEM 


In this section, we shall write down in juxtaposition 
the two types of solutions generally used in these 
problems. Next, some of the properties of the operators 
and eigenfunctions will be explored. 


A. General Solution 


In a solid, one is allowed to disregard the six external 
coordinates; this greatly simplifies the problem in com- 
parison to the rotating molecule.” Further, the problem 
will be simplified by disregarding the spins. Hence, the 
complete Hamiltonian H, for the monatomic solid of Vo 
atoms with nuclear mass M, is 


H=T.+T+V(R), 


where 7, is the kinetic energy operator for the electrons, 
T is the kinetic energy operator for the nuclei, V is the 
total potential energy, and R stands for all the positions 
of the nuclei. The components of R are X,(k) 
(a=1,2,3;k=1, 2, ---No). Thus, 


—h* —h? re 
fen LF PP Pannen 
2M & 2M «,k 0X,?(k) 


(2.1) 


(2.1a) 


h being Planck’s constant over 27. V depends on R and 
the position of the electrons. The dependence of the 


9 J. Frenkel, Z. Physik U.S.S.R. 1, 99 (1932). 

On occasion, these shifts are assumed to be “phenomeno- 
logical” (O’Rourke)! or derived from specialized Hamiltonians 
which indicate that one type of shift is independent of the other." 
This conclusion is not supported by our calculations. 

4 K. Huang, “Phenomenological equation of motion for simple 
ionic lattices,” British Electrical and Allied Industries Research 
Assoc. Leatherhead Surrey, England, reference L/T 239, 1950 
(unpublished). 

12H. Pelzer and E. Wigner, Z. physik. Chem. 15B, 445 (1932). 

8 Reference 7, p. 172. 
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latter is not explicitly stated, for reasons which should 
become clear as we develop the paper. 

In general, one cannot solve directly for the wave 
function V associated with H. One may assume that the 
complete wave function is of the form 


Wv=) ae ANnvPnXnv- (2.2) 


Here, ¢nXnv is a solution of a modified Hamiltonian Ho, 
and H is defined so that (Ho+H1) onxXnv=H Onxnv. The 
a’sare so determined that Vy is an eigenfunction of (2.1). 
In practice v stands for a set of eigenfunctions related to 
the vibrational energy, €,, of the nuclei, while stands 
for a set related to the electronic eigenvalues, en. V isa 
quantum number associated with the eigenvalue Ey of 
the whole system. Hy) can be formulated an infinite 
number of ways leading to different €,, €, and dyn». In 
principle, as long as the ¢nXnv form a complete set in the 
coordinate space of all the electrons and nuclei, any 
formulation will give correct W’s. 

To define the approximations actually used it will be 
convenient to define two auxiliary operators: First, 


he(R)=T.+V(R). (2.3) 


We require the eigenvalues, e,(R) and eigenfunctions 
¢n(R), of h, for a fixed value of the nuclear coordinates, 
R. 

The second operator is 


h(R,)=T+} [— ——| 
a,8.t LOX g(R)AX 9(k’) deen 


KAXa(k)AX 5(k’). 


(2.4) 
R,, is the fixed value of the nuclear coordinates, where 
0€,/OXa(k)=0 (2.4a) 


for every a and k. Further, AX,(k)=Xa(k)—Xa°(h). 
[X.°(k) is a component of R,. | 

To complete the notation to be used throughout this 
paper, we also define 


(Qn’ | O| n= f e0*Oeutr, (2.5) 


where the integration is over all positions of the 
electrons, and 


{Xn’v’ | O | = f xwe* OxndR. (2.6) 


O is any operator. It will be omitted when O= 1. 
For the static approximation : 


Ho(S)=h.(Rn)+hy(Rn), (2.7a) 


ae 
(2.7b) 


H,(S)=V(R)—V(Rn)—3 


FD nny 
KAXa(R)AXg(K’). 
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The eigenfunction in this case is assumed to be in the 
form ¢n(Rn)xXnv- On the other hand, in the adiabatic 
approximation : 


Hy(A ) Pn (R)x nw = Xnvlte(R) ¢n(R)+ ¢n(R) T Xue; 
—h? 


H A tae 2V n 
1(A) @ux Mee Ke 


(2.8a) 


‘VixnotXnvVi7~nl; (2.8b) 
ie., this approximation assumes that for Ho, ¢,(R) 
permutes with 7. The corresponding eigenfunctions are 
on(R)Xn0- 

Terms in (AX)* are neglected. An elegant method of 
arriving at (2.7) has been given many years ago by Born 
and Oppenheimer.’ This treatment is reproduced in a 
simpler form by Born and Huang’ who have also found a 
systematic way to obtain the adiabatic approximation. 
Their x’s in the adiabatic case, however, contain higher 
order anharmonic terms and therefore are not equivalent 
to (2.8a) and (2.8b). 

To obtain the eigenvalues of (2.8a), we may proceed 
as follows: 


H(A )PnXnv= ¢n(R)Len(R)+T ]xnw 
i ¢n(R)Len(Rn) +e Ixnv 
= Cen(Rn)+€nv lon(R)xnv; 


where (2.4) and (2.4a) have been used. The eigenvalues 
of (2.7) and (2.8) are identical for 


H(S) ¢n(Ra)Xn0= Len(Rn)+€nvleon(Rn)Xxnv- 


(2.9) 


(2.10) 


B. Properties of the Hamiltonians 


The method of splitting H into parts is based on 
physical intuition and the fact that the nuclear mass is 
much heavier than the electron mass. Mathematically, 
the splitting has an unfortunate aspect, since some of 
the nicest mathematical properties do not hold for the 
Ho's. Ho(S) does not define an orthogonal set of func- 
tions while H)(A) and H,(A) do not lead to a Sturm: 
Lionville equation since, in general, they are not 
Hermitian. This in no way is a violation of some 
quantum mechanical principle because Ho(A) is not 
associated to a real variable. Since the usual proof 
of the method of the variation of parameters assumes 
Hermitian operators, it does not apply to Ho(A). What 
restriction this puts on the problem of finding ¢ and x 
the author is not ready to state. We shall now derive 
some of the properties of these operators. 

1. The static eigenfunctions ¢,(R»)xn» do not form 
an orthogonal set. 

¢n’(Ry’) is not an eigenfunction of h.(R»). gn (Rn), 
however, is a function of the coordinates of the electrons 
and can be expanded in terms of ¢,(R,); thus, 


On’ (Ra) => Ken (Rn’) | ¢i(R,))¢i(R,). (2.1 1) 
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Only in very special cases would one expect that 
(gn'(Rn’)| Gn(Rn))=0 for every n’(nx¥n’). Hence, in 
general the ¢,(R,)’s do not form an orthogonal set. 

2. The adiabatic eigenfunctions form an orthonormal 
set for 


{( en (R)xn'e’| ¢n(R)Xnv)} 
- {Xn'e( Gn’ (R) | Pn (R))xne} 


={xXn'0"|Snn’| Xnv} =SnnSov’, (2.12) 


where 6 is the Kronecker delta. 


3. {(gn’ (R)xn'v’ | A, (A) | On(R)Xnv)} 
= {(on*(R)xnv* | H(A ) | Gn’ *(R)xn'v'*)} . 


This is not the same as stating that H,(A) is Hermitian, 
for we are here greatly restricting the functions on which 
H,(A) operates. Since T is Hermitian, in general (2.13) 
will hold, if 7— H(A) is Hermitian with respect to the 
eigenfunctions of Hp(A). The proof is divided into two 
parts: When n¥n’, 


{(en (R)xn'»"| T-—H, (A) | ¢n(R)xnv)} 
po {(¢n’ (R)xn'e! ¢n(R)hy (Rn)xnv)} 
i €nv{ (Pn (R)Xn'v’| Pn (R)Xnv)} =0, (2.14) 
where we have used the fact that 


{xno on(R)| f(R)| en(R))xnv} =0 
for n¥n’. f is not a function of the electronic coordi- 
nates. When n=n’, 

{(en(R)xnv’| Gn(R)TXne)} 
—{(en*(R)xnv*| on*(R)TXnv'*)} 
= (€nv— Env’) {Xnv’ | Xnv} =O. 


(2.13) 


(2.15) 


We have added and subtracted {(¢n(R)xnw’| €n(R) 
—é€n(R»)| on(R)xnv)} to go from the first to second step. 

This property assures one that laws of detail balance 
will hold for both approximations. The probability of 
emitting m phonons during a downward electron jump 
equals the probability of absorbing » phonons during an 
upward jump. Of course, this statement does not include 
effects due to the Boltzmann temperature factor. 

4. It can be shown that" 


O€n -( i) OV 
re Pa LaXa(k) Inn 


C. Impurity Center 


The foregoing calculations will now be applied to an 
impurity center. Consider the case where we have one 
electron trapped at an imperfection. Here, T, consists 
of one term while V can be split into two parts. The first 
part, Vi, consists of the potential energy between the 


ex(Ry) (2.16) 


4 See reference 7, p. 189; also R. P. Feynman, Phys. Rev. 56, 
340 (1939). 
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atoms.'® For a simple ionic crystal this part of V includes 
the Coulomb and the repulsive (Born-Mayer) terms as 
well as the higher order terms, such as the Van der Waal 
forces. In a pure homopolar crystal, such as diamond or 
germanium, it will be composed of the potential which is 
related to the position of the atoms. V2 includes the part 
which is related to the position of the electron. When an 
electron is very near an atom, it is no longer correct to 
average over the position of the bound electrons; these 
corrections, however, will be neglected. 
We may thus rewrite (2.1) in the form: 
H= (—h?/2m)V?+T+Vi(R)+V2(R,r), (2.17) 


eo 
td gf 
«Bk k LOX a (R)OX 3(k’) 


The appearance of ¢, in (2.19) and (2.20) is of con- 
siderable importance. ¢, affects the equilibrium position 
through (2.19), and the atomic frequency through 
(2.20). In general, there is no theoretical justification for 
considering these effects separately, although cases may 
occur where one type is more important than the other. 
This separation, however, occurs in several of the 
published treatments. 

The adiabatic approximation is obtained from (2.18) 
and (2.20) except that ¢, is evaluated at R, not R,, i.e., 
the wave function is ¢n(R)xXnv- 


3. EIGENVALUE SPACE—CRITERION FOR 
BEST APPROXIMATION 


For illustrative purposes we consider the hydrogen 
atom where for simplicity the eigenstates will be defined 
only by m and /. We may describe any state by a 
“distribution” in quantum number space—that is, n 
and / are plotted along the x and y axis and dwni(n,l) of 
Eq. (2.2) along the z axis. If only one ay,, is different 
from zero, V would be an eigenstate of Hp as well as H. 
The above idea may be expanded by imagining a space 
where all the v’s and n’s are coordinates. The eigen- 
functions Vy are distributions. As long as the y’s and 
x’s form a complete set, any selection is permissible ; and 
one may go from one approximation to another by a 
transformation from one eigenvalue coordinate system 
to another. 

Any actual state in the solid will be represented as a 
“wave packet” in the above eigenvalue space. If the 
y’s and x’s were selected so that H,=0, the value of the 
a’s would be independent of time. We are assuming, as 
is done in Eq. (2.1), that the system does not interact 
with its environment. Unfortunately, when the x’s are 
pure harmonic functions and the ¢’s pure electronic 

18 The word “atom” will include the ionized state as well as the 
neutral state. The splitting of the potential is not a necessary ste 
in the derivation. In a subsequent paper, the author will start with 


Eq. (2.1) and by using the technique of Born and Oppenheimer 
arrive at (2.17). 


(ent v»| 
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where r is the position of the electron while here R is 
related to the atoms. 

The static approximation is obtained as follows: 

1. ¢» is a solution of the equation 


[(—h?/2m)V?+ V2(Ra,r) o— €n(Rn) ]en(Rn) =0. (2. 18) 


2. R, is determined from the condition 


a 
—[en(R)+Vi(R)]f =0. (2.19 
bet (R)+Vi( yi} (2.19) 


Rn 


3. The nuclear motion (in this case ionic or atomic) 
is governed by the equation 


AX (BAX H)~ ee} ae. (2.20) 


Rn 
functions, 1,0. Then ayn» varies with time, indicating 
that some electronic energy is transformed into vibra- 
tional energy, or vice versa. For many problems, 
mathematical simplicity requires one to assume that an 
initial Gyn» equals one, and since the ¢y’s are nor- 
malized, all the other a’s are zero. Further, from the 
work of Born and Fock,'* one may assume that the time 
dependent perturbation theory can be used only when 
the rates of change are slow. 

Since, at present, no way is known to fulfill this re- 
quirement, one may make the assumption that the 
better y’s and x’s are selected, the more closely will Vy 
be represented by a single product, and the smaller will 
H, be. Hence, the variational principle suggests that the 
choice between two approximations can be made by 
calculating, 


{(OnXnv | H}| PnXnv)} ; 


the more negative being superior. Unfortunately, this 
criterion only states which of two is superior. It does not 
justify the use of the perturbation method nor the use of 
a single product. In this paper we shall neglect these 
last important points. 

Born and Huang arrived at these approximations by a 
method which suggests that the adiabatic is always 
superior if nonharmonic terms are included. This occurs 
because the adiabatic approximation includes additional 
terms in their expansion. The author feels that the 
criterion suggested is superior than simply including 
additional terms without a careful study of the con- 
vergence. 

One may present a physical argument to show that 
the adiabatic approximation is not necessarily superior. 
¢n(R) at all times gives the minimum value of ¢,; to 
achieve this, however, the electron has to acquire a 


16M. Born and V. Fock, Z. Physik 51, 165 (1928). See also P. 
Guttinger, Z. Physik 73, 169 (1931); R. C. Tolman, Principles of 
Statistical Mechanics (Oxford University Press, Oxford, 1938), p. 
395 ff., or L. I. Schiff, Quantum Mechanics (McGraw-Hill Book 
Company, Inc., New York, 1949), p. 207 ff. 
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Rk,” 


Fic. 1. Plot of V; and Vi+e, against X,. Note the shift in 
the minimum. 


slightly additional kinetic energy of readjustment. In 
the static appreach the electron does not adjust itself to 
the position of the nuclei, hence acquires additional 
potential energy. The question as to what is larger de- 
pends on the depth of the potential well and the 
amplitude of the vibrations, which are determined pri- 
marily by V;. We shall make detailed calculations on a 
simple model in Sec. 5. 


4. COMPARISON OF THE TWO APPROXIMATIONS 


In this section, we shall calculate the integral 
{(¢x|H| ¢x)} for both approximations, using the im- 
perfection model. The criterion suggested in 3 can 
then be applied. 


A. Static Approximation 


Using (2.17) (but denoting the kinetic energy of the 
electron by T, and omitting the argument R, of ¢) and 
the eigenfunction associated with static approximation, 
we obtain 


H,= {(OnXnv | H| PnXnv)} 


= ff etettr+ T+ Vit V2(R,r) | 


X PnXnvdrdR. (4.1) 


Now adding and subtracting 
. 0 (€n+ V;) 
* bt, W LAX 4 (ROX 4(k’) 


AX, (k)AX,(k’) 
Rn 


to the operator, it follows that: 
H,= {xnv(Gn| T e+ Vi(R,)+ V2(R,) Pn)Xnv} 
+(GnlXnv | Me | Xnv} On) 


(en +Vi) 
+( euf x AVi,+AV2-4 > |— : al 
«Bk k’ LOX (ROX (R’) Irn 


KAX a (R)AX 6(R’) |x nv | es), (4.2) 


AV;= V«(R)- V(R,). (4.3) 
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In view of (2.19), the last term of (4.2) can be written 
as: 


f 22x ne2AV 2d Rdr— f Xne[ Aen +AVi—AVi dR. (4.4) 


Using the properties of the Hermite function, i.e., 
{xnv| AX a(h) | xno} =0, 


we may write expression (4.4) in terms of two factors, 
namely: 


* aX ea(Ra)| Va(R)| ea(Re)) 
a, B, ke J OX _(k)dXa(k’) i 
X{Xnv|AXa(k)AX 6 (k’)|xnv} (4.6) 
a (en+V;) eV; 
Ls Se ~ @Xa(b)OX0(k’) q 
X {xne|AXa(k)AX (R’) xno} 


(4.5) 





nt 
Si= 3 


and 


Se= 





(4.7) 


First, let us consider the meaning of S2. We consider 
an Einstein model of a solid and pick one term in the 
sum; namely, 


3(en+Vi) Vi 
es eos aX .2(k) ). Meeray | 
X{xXnv | AX a?(R) | xno}. 


The first part is just the average potential energy of the 
ion along X 4(k), for d?(€n+V1)/OX .?(k) equals 44M p,”. 
Since the average square of the displacement is 
3(2v+1)/y (where y=2xMv,/h),!” the first term of 
(4.8) equals }(20+-1)hv,. To evaluate the second part of 
Se, we refer to Fig. 1, where €,+V, and V; are plotted 
against X.(k). It follows that 


8V1/9X 2(k)=4°MY, 


where » is the frequency when the imperfection is 
ionized. Actually, in (4.8), 0?V:/0X.?(k) is evaluated at 
R, determined by (2.19), not from 0V;/dX.(k)=0. 
Since this shift is very small, it will be disregarded. 
Hence, the second term of (4.8) is }(20+1)hv*/v, and, 
to a good approximation, 


Sg=}(20+1)hvi, 


5= (v,—v)/v. (4.11) 


Above the Debye temperature, the average value of this 
expression becomes 


S2= ($hv+kT)é, (4.12) 


17 This statement can be checked by referring to the develop- 
ment by H. Margenau and G. M. Murphy, The Mathematics of 
Physics and co ter (D. Van Nostrand Company, Inc., New 
York, 1943), pp. 122 and 342. In the notation of that book, Eq. 
(11-41), Ens AX at(E) [xae) = SV(x) X¢dx=}(20+1)/y. We have 
replaced their 8 by y. 


(4.8) 


(4.9) 


(4.10) 
where 
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where J is the temperature and & in this equation is 
Boltzmann’s constant. 

On the other hand, S, contains the additional po- 
tential energy which arises because ¢,(R,) does not 
follow the motion of the nuclei. 

Substituting (2.18), (2.20), (4.6), and (4.7) into (4.2), 


He=€n(Rn)+Vi(Ra)+e+Si—S2. (4.13) 
Now consider the adiabatic approximation. Here 
Ha={(¢nxn0| Te+T+Vi(R)+V2(R)| Onxne)} 
= {Xn0| €n(R)+Vi(R) | xno} +£Xnv | T|Xn0} 


—¥ J fen" rxaet() 


X[2V gn: VixnotxXneV i On _ldrdR. (4.14) 


Further, 
Ha=e€n(Rn)+Vi (Re)+ f xe [THs > 


a,B,k,k’ 


( 0?(Ent+ V;) 


tnt a ET eee Ne 
arn) (aXe Ih 


hn 
7p he xo f estritendr aR 
k 


5 i 
ye ve frwtvixe| fenttvent lar (4.15) 
k 


If gp is real and normalized, { ¢n*Vi¢ndr=0; hence, 
the last term in (4.15) drops out. Finally, one obtains 
the desired expression, 


H= En (R,)+ Vi(R,)+e+D, 


D= { [xu f en*Tenirlor 


Equations (4.13) and (4.16) are exact for harmonic 
vibrations, so one needs only to evaluate D and the S’s, 
to use the suggested criterion. This will be done in the 
next section for a very simple model. 


(4.16) 
where 


(4.17) 


5. SIMPLIFIED MODEL OF AN IMPURITY CENTER 
A. Evaluation of the S and D 


We shall use a “hard hydrogenic impurity” to 
evaluate the S and D. This crude model has been used 


TaBLe I. Values of S; for various v’s. 








(AZ) nA 
0.058 


(AZ?) py 











TABLE II. Values of S; for various binding energies. 








Si 
qg (v =0) 


0.22 
0.0022 
0.000022 


Si 
(v =1) 
0.66 


0.0066 
0.000066 





1 
1.36 0.316 
0.1 








on several previous occasions. Indeed, Pelzer and 
Wigner” based their often-referred-to calculations on it. 
Of course more elaborate calculations would be desirable. 

We assume that the impurity is a foreign nucleus 
whose effective charge is ge (q will be varied so as to 
change the binding energy of the center) and whose 
mass is 30 M, (M,, is the proton mass). Further, the 
impurity is assumed to vibrate along the Z axis about a 
rest position at Z=0. The rest positions of the sur- 
rounding ions are determined from (2.19). They appear 
implicitly in the value of g. 

Consider first the static approximation. The nor- 
malized wave function of an electron in the ground state 
is 

q 
¢1(Rn,r) =———- exp{ -—7}, 
ma°)? a 


(5.1) 
where a=h?/me’, the Bohr radius, and r is measured 
from R,. Substituting into (4.6) 

Si = $ {Xnv | (AZ)? | Xnv} 


oe? 
x(— feo ar}, (5.2) 
02? 


where dr, is an element of volume in r space. Substi- 
tuting z, for z—Z, we obtain 


yazan | J f- 


—e'g 


[a?+y?+ (s—Z)*}! 


S;=—- 


—2 
xexp| ~ Tt yt (+2) 2nr’? sna 
ao 


Z=0 
2 eg! 

=-—{O2n 
3 a? 


=65q4AZ)w. (5.3) 


In the final expression, S; is in ev, while AZ is in 
angstroms. 

One may obtain the results given in Table I for S; by 
using an average square displacement. For our model, 
vn=5X 10" sec and y= 148 A~*. The binding energy of 
the center is given by €,= 13.6¢" ev. Hence, the relation 
between S, and €, is as shown in Table II. 

The author believes that one is justified in setting 
S:=0 for the reason that the s’s of Eq. (4.8) are small 
and of both signs. The wave function (5.1) is too crude 
an approximation to show this. We shall shortly return 
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to this problem in an attempt to justify this statement. 
Hence, S; of Table II gives the difference between 


H, and én(Ra) +eo+ Vi(R,). 
We now turn to the adiabatic approximation. To 
evaluate D of Eq. (4.17), Eq. (5.1) is replaced by 


gi= 
(wao°) ; 


To | beth ani}. a) 


It continuously adjusts itself to the position of the ion. 
Substituting into (4.17): 
M Tay? 


D= f XnvdZ [—" 
e 


xX— exp 
02? 


f eo| tet ary 


het e+o-2, (5.5) 
a 


By the proper selection of dr, one may evaluate the 
expression by elementary means, and one obtains 


D=}(€/as)(m/M)g=8.3X10-%g ev. (5.6) 


It may seem a little surprising that D is independent of 
v, the quantum state of the vibration energy. This 
seems to arise because we are using a hard hydrogenic 
impurity, and thus (¢,(R)|V,?| ¢(R)) is independent 
of R. 

In Fig. 2, we have plotted D and S; against g or €n. 
We shall discuss the curves in the conclusion of the 


paper. 
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Fic. 2. Plot of logioS: and logioD against logg. 
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Fic. 3. Plot of (g:| Vs| ¢:) and (d2/8R%k)(¢:| Vs| ¢1) against Ry 
for an ionic crystal. The lower curve indicates that 5 changes signs 
for small q’s. 


B. Equilibrium Position and Frequency Shifts 
for Ionic Crystals 


An attempt will now be made to estimate the shifts in 
the equilibrium positions and in the frequency caused 
by the trapping of an electron at an imperfection. The 
calculations will be limited to ionic crystals. 

Consider a negative ion located at a distance R;, from 
the center. It is convenient to subdivide V» further into 
V;, the potential caused by this ion, and V4, the 
potential resulting from all the other ions. Using (2.16), 
we may write 


OV; OV; 
rs Vi)=—+ ¢i|——— e) 
OR, 


OR, OR; 
OV, : 
+o tot e1). (5.7) 
OR, 


Since only radial displacements are going to be con- 
sidered, X.(k) is replaced by R;. The last term is zero, 
since V, is independent of R,. The first term should be 
evaluated when the surrounding ions are at their equi- 
librium positions; hence, it depends on ¢, and varies 
with the state of the electron. To obtain an order of 
magnitude value, we shall ignore this variation. If the 
dependence of ¢ on R;, is also neglected, we obtain the 
following relation for the equilibrium position of the 
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kth ion: 


7) OV; 
Staltiiv=-(—) . 8) 
OR k OR Rk 
The left-hand term is evaluated at the rest position in 
the trapped state. 

Equation (5.1) reduces the evaluation of (¢n| V3] ¢n) 
to an electrostatic problem of calculating the potential 
at a point in a nonuniformly charged sphere. The 
calculations give 


(¢1| Val ¢1)= (ge?/a0) f (gR/a0) 


for our model, where 


(5.9) 


1 
f(e)=-[1— (1+p)e*?]. (5.9a) 


p 


Using a very simple Einstein ion model, where one of the 
ion’s vibrational modes is radial, we obtain 


Vi:=4Mo*(AR;)*+ const. (5.10) 


AR; is the radial displacement from the equilibrium 
position for the ionized state. It follows from (5.8) that 
the shift in the equilibrium position, r,, is 


of 
2 + 16 Tg, 


Mo? a,? dp Op 


in angstroms. The value of f() does not depend critically 
on very small displacements; hence, it can be evaluated 
at the equilibrium position of either the trapped or 
ionized states. 
Next, we would like to evaluate 6 of Eq. (4.11). From 
Eq. (2.20): 
PV; 
4°?M = 
OR? 


(5.12) 


FY) 
4n*v?M =——(Vite,). 
dR? 


k 


(5.13) 


Now 0’e,,/0R,? is composed of two effects. One arises 
because the &th ions move relative to the center, while 
the second occurs because the electron wave function 
changes with changes in R,. Accurate estimates of 
0*¢,/9R,2 thus require detailed calculations. As a crude 
estimate, we shall set 


Oren 
OR? 


a 
=——{¢1| Vs| ¢1), (5.14) 


OR? 


TABLE III. Values of 6 for ions surrounding a center. 








Ion No. of ions 6 zs 


100 6 —0.068 —0.410 
12 +0.047 +0.560 
111 8 —0.032 —0.257 
200 6 +0.023 +0.139 
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and make no allowances for changes of ¢; with R. 
Hence, 


9 


4x? M[v?(1+6)?— v ]=—“¢1|V3|¢1), (5.15) 
OR? 
or for small 6, 
1 e° 
(——— ; {91| Vs| ¢1) 
8r'vM AR? 
e oe 0" f 
=—_—_—¢— = 15.8¢°@—. (5.16) 
8r’v?May> dp? Op? 
In Fig. 3, we have plotted (¢:|V3|¢1) and (?/dR,2) 
X(¢i|V3| ¢1) against R, for a negative ion. Equation 
(5.16) and Fig. 3 indicate that for large q’s, 6 is always 
positive but may have either sign for smaller g’s and 
R’s. Figure 4 gives 6 as a function of g for several values 
of R,. 

Returning to Eq. (4.12) and assuming that only the 
radial modes vary, the following equation is obtained 
for So: 

So= (thy +kT)> x 5x, 


where & is summed over all the ions. In Table III, we 
give 6 and > 6 as a function of R, for g=0.316. 
Equation (5.16) applies to a negative-ion and a 
trapped electron. The table assumes that an electron is 
trapped at a negative-ion vacancy (F-center); hence, 
the ions in the sites 100 are positive. This is the reason 
for the negative sign. The last column is the product of 
the number of ions times the 6’s. The sum of all the 6’s 
shown is +0.032. If we include all the 280 positive and 
negative ions within a radius of 4/(17), the sum is 


(5.17) 
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Fic. 4. Plots of frequency shift against binding energy for 
various R;. The curve marked R=1 is for the nearest neighbor. 
The curve marked R=2 is for the 200 ion; there are 32 ions within 
this distance. For simplicity 5 has been assumed to be positive for 
large binding regardless of the sign of the ion. 
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Fic. 5. Plots of displacements of ions during trapping against 
binding energy for various Ry. The notation and sign convention 
is the same as in Fig. 4. The relative displacement is the displace- 
—_ in distances of nearest neighbors which was assumed to be 
2.8 A. 
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—0.086. For a NaCl lattice, the number of positive ions 
within the radius happens to equal the number of 
negative ions.'* The calculations seem to indicate that 
the sum over an equal number of positive and negative 
ions is about +0.05. 

The sums would have the opposite sign if the electron 
were attached to a divalent ion at a positive-ion site. 
This gives a value of +0.001 ev for S2, which is smaller 
than S, for the same value of g. We have set $4» +kT 
=0.025 ev. 

For g=0.1, the sum over the same set of ions is 
+0.013, giving a value of +0.0003 ev. If one neglects 
kT in (5.16) (low temperature) and sets }hy=0.01, the 
value is 0.00013 ev, which is larger than the corre- 
sponding S; even for n=2. This seems to reflect the 
oversimplified method used to obtain the results. The 
contributions of the nearer ions to the sum of 6 is most 
important and they depend on the second derivative of 
the electronic distribution. Thus, changes in ¢, will 
greatly effect 6 and S». We also note that a term was 
omitted in order to obtain Eq. (5.14). The author 
suspects that correct calculations will always give 
H,> én+, and that S; will always be the leading term. 

These incomplete arguments are the justification for 
omitting S, and for relying on Fig. 2, which most 
probably indicates a trend, although its details are not 
to be taken seriously. 

In Fig. 5 we have plotted r, against q for several 
values of R;. The values seem to be larger by a factor of 
about two when compared with similar calculations 


18 There are two sets of 24 ions at a radius of 4/(17) from the 
center, namely, the 410 and the 322 set. The above statement is 
true only if one set is omitted. 
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Fic. 6. Plot of (¢:| Vs| gi) and}(d*/AR,2)(¢1! Vs! ¢1) against Ry 
for a non-ionic crystal. The lower curve again indicates that the 
3’s change signs for small q’s. 


made by Mott and Littleton,! Williams,"® or Markham 
and Seitz.” This is not surprising since no allowance is 
made for the readjustment of *the surrounding lattice. 
While Fig. 5 gives an estimate of the displacements, its 
reliability is not greater than a factor of two or three. 

The estimation of r;, 6, and S» for a non-ionic crystal 
seems more difficult. The electronic field polarizes the 
atom, and one might suspect that (¢,| V3! ¢,) would be 
proportional to the square of the field due to the electron 
cloud. Hence, in Fig. 6 we have plotted the square of 
this field and its second derivative against R;. The s’s 
are again of both signs. Since the s’s are much smaller 
(although D and S; are not) one is probably justified 
again in neglecting S2. 


6. CONCLUSION 


We may summarize this paper with the following 
conclusions: 

1. The wave function chosen for the electrons in a 
solid determine the perturbation potential to be used. 
Although in principle this can be done in an infinite 
number of ways, only two types of approximations, the 
“adiabatic” and “static,’”’ have been used extensively in 
the past. There seems to be nothing in the literature to 
justify the assumption that one approximation is 
“exact.” 

2. Equations (2.7b) and (2.8b) are the expressions 
which enter into a perturbation scheme for the inter- 

WN. F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 


(1938); F. E. Williams, J: Phys. Chem. 57, 780 (1953); J. J. 
Markham and F. Seitz, Phys. Rev. 74, 1014 (1948). 
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action of electrons and phonons. Note that the last term 
of (2.7b) usually does not appear. 

3. The adiabatic approximation overestimates the 
kinetic energy, while static approach overestimates the 
potential energy. 

4. Electron transitions affect the equilibrium posi- 
tions of the ions and the frequency of the normal modes. 
One cannot, in general, justify the consideration of these 
effects independently. 

5. The splitting of the Hamiltonian leads to several 
mathematical difficulties. The static approximation 
gives non-orthogonal wave functions while the adiabatic 
gives non-Hermitian operators. 

6. The adiabatic approach is superior for deeper 
traps. A rough estimate indicates that it should be used 
when the binding energy is greater than 0.1 ev. 
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7. For very shallow traps the static approach may be 
superior at low temperatures. Actually, the difference 
between the two for depths of about 0.1 ev or less is so 
small that there is little choice, and other approxima- 
tions made in a calculation will be of greater importance. 
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Radio-Frequency Spectra of Li°Cl by the Molecular Beam Electric 
Resonance Method* 
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Transitions between the hyperfine structure levels of the rotational state of Li®Cl with J =1 were studied 
by the molecular beam electric resonance method. The electric quadrupole interaction constant, (egQ)ci, 
and the spin-rotation interaction constant, cc1, of the chlorine nucleus, and the product of the square of 
the molecular dipole moment, u?, and moment of inertia, A, were determined in several different vibrational 
states. These constants, and the ratios derived from them are: 
for Li®Cl 
(egQ/h)oi (ke/sec) 
c/her (ke/sec) 

p@A (X 107 cgs) 
for Li®Cl*"- 
(eqgQ/h) cr (kc/sec) 
c/he, (ke/sec) 
u?A (X10 cgs) 


(egQ) o1*8/ (eqQ) o18"” 1.2694+0.0013 1.2714+0.0025 
uA (Li®Cl87) /y2A (Li®Cl*) 1.00788+0.00027 1.0081-++0.001 


The random errors in w?A are given in the foregoing. The systematic error was +1.110~7® cgs. 

The vibrational constant, w,, was found to be 536+-60 cm™ from a study of line intensities. The magnetic 
field at the chlorine nucleus, Hr, was calculated to be 4.96+-0.23 gauss from cc for Li®Cl®* in the zeroth 
vibrational state. u, and the internuclear distance, r, were found from beam deflection data to be 5.9+1.3 
Debye units 2.4-++0.4 A, respectively. 

A static electric field was used to study the Stark effect. When the static field was weak or absent, line 
frequencies were found to depend on the magnitude of the radio-frequency field used to produce transitions. 
This effect is termed “radio-frequency Stark effect.” A theory for this effect was developed and accounts 
for the observations. 


v=3 
—4250+11 


v=2 
—3873.0+1.8 
2.19+0.21 
1909.3+0.6 


v=1 
—3479.341.7 
2.22+0.20 
1840.26+0.40 


o=0 
—3071.72+0.61 
2.07+0.10 tee 
1774.26+0.28 1980.6+0.9 
—2736.6+5.4 
1.60+0.34 
1854.9+0.6 


—2419.9+2.4 
1.88-+0.30 
1788.24+0.40 


1924.7+0.7 


INTRODUCTION 


ADIO-FREQUENCY spectra of Li®Cl** and Li®Cl*’ 
were studied by the molecular beam electric reson- 
ance method.'* Transitions were induced between the 


electric hyperfine structure levels of the rotational 
state with J=1 by an oscillating field applied in the 
region between two inhomogeneous fields which selected 
the initial and final states to be observed. Stark effect 
was produced by a static electric field superimposed on 
the oscillating field. 

Two nuclear-molecular interactions, the electric 
quadrupole interaction and the spin-rotation interaction 
of the Cl nuclei, were required to explain the observed 
spectra. The product of the square of the molecular 


*This work was supported in part by the Office of Naval 
Research. Reproduction in whole or in part is permitted for any 
purpose of the United States Government. 

+ Present address: General Electric Research Laboratory, 
Schenectady, New York. 

1H. K. Hughes, Phys. Rev. 72, 614 (1947). 

2 J. W. Trischka, Phys. Rev. 74, 718 (1948). 

3 Lee, Fabricand, Carlson, and Rabi, Phys. Rev. 91, 1395 (1953). 
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Fic. 1. Schematic diagram of the apparatus. 


dipole moment and the moment of inertia was deter- 
mined from spectra observed with a large static field. 
The interaction constants were determined for several 
different vibrational states. The absolute variation of 
the chlorme quadrupole interaction with vibration was 
the largest yet observed in any alkali chloride. Because 
of this variation, spectra of each vibrational state of 
each isotopic species could be observed separately 
even at zero static field. 

When the static field was small or absent, shifts in line 
frequencies were observed which in all cases depended 
quadratically on the radio-frequency field strength. 
This effect will be referred to as “radio-frequency 
Stark effect” because the effect on the observed spectra 
was similar to that produced by a static field. Similar 
effects have been observed in microwave spectra‘ but 
have not been previously reported in electric resonance 
experiments. The theory used to explain earlier electric 
resonance experiments®* does not predict any de- 
pendence of transition frequencies on radio-frequency 
field strength. Since the present results could not be 
accounted for as an apparatus defect, the theory was 
re-examined. A new theory, developed below, agrees 
with the results used to explain the microwave observa- 
tions and accounts for the present observations. 


APPARATUS AND BEAM INTENSITIES 


Figure 1 is a schematic diagram of the electric 
resonance apparatus. The details and dimensions of the 
different parts have been described before.” In opera- 


tion, a beam of LiCl molecules from the heated oven 
passed through the first inhomogeneous field, A, the 
collimator slit, the C-field, and the second inhomo- 
geneous field, B, to a hot wire detector. The detector 
dissociated the molecules and produced Li ions. About 
60% of the Li® ions could be directed by a gun through 
the mass spectrometer. Ion currents from the mass 


*C. H. Townes and F. R. Merritt, Phys. Rev. 72, 1266 (1947). 
5H. C. Torrey, Phys. Rev. 59, 293 (1941). 

® V. Hughes and L. Grabner, Phys. Rev. 79, 819 (1950). 

™R. G. Luce and J. W. Trischka, J. Chem. Phys. 21, 105 (1953). 
8 J. C. Swartz and J. W. Trischka, Phys. Rev. 88, 1085 (1952). 
*R. Braunstein and J. W. Trischka, Phys. Rev. 98, 1092 (1955). 
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Fic. 2. Schematic diagram of the C-field electrode configurations 
and fields with the x and o connections. 


spectrometer were measured either with an electrometer 
amplifier” or with a secondary emission multiplier 
which was added to the apparatus for the present experi- 
ments. The multiplier was based on the Allen" design, 
used heat-activated brass dynodes, and gave a multi- 
plication of 2.1105 for 5-kv Li ions. No drop in multi- 
plication was found after the dynodes were exposed to 
the atmosphere for more than 400 hours. Details of the 
construction and performance of the multiplier have 
been given previously by one of the authors.” The ion 
currents could be measured with the multiplier much 
more rapidly, and for currents of 10- amp or less, with 
much better signal-to-noise ratio than with the elec- 
trometer amplifier. 

The beam was deflected in the inhomogeneous fields 
because of the interaction between the field gradient 
and the average dipole moment induced by the field. 
The deflections depended on the rotational quantum 
number, J, the space quantization, specified by the 
component of J in the field direction, m,, and the field 
strength. For the present experiments, the inhomo- 
geneous fields were adjusted so that molecules in the 
state J=1, m;=1 in the A-field, [hereafter abbreviated 
(1,1)4], were deflected in the B-field to reach the 
detector if they were in the state (1,0) 2; thus transitions 
produced in the C-field were observed as increases in 
the beam strength at the detector. When resonances 

1D. B. Pennick, Rev. Sci. Instr. 6, 115 (1935). 


1 J. S. Allen, Rev. Sci. Instr. 18, 739 (1947). 
2D). T. F. Marple, Rev. Sci. Instr. 26, 1205 (1955). 
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were studied, a knife edge was arranged to obstruct 
the direct path between the oven and the detector. 
The knife-edge prevented molecules which were only 
slightly deflected (those in high J states) from reaching 
the detector. Buffer fields were used to make the change 
in field strength between the inhomogeneous fields and 
the relatively weak C-field less abrupt. They helped to 
preserve the space quantization through the interfield 
regions. 

The ion current measured with the knife-edge re- 
moved and no fields applied gave a measure of the total 
beam intensity. This current was 6X10-" amp at an 
oven temperature of 805°K and 1X10" amp at 740°K. 
A typical value was 2X 10-" amp and the other observed 
ion currents given below have been adjusted to corre- 
spond to this value. 

When the knife edge was inserted but no fields were 
applied, scattered molecules reached the detector. This 
scattered beam gave an ion current of 3X10~'* amp. 
When the A- and B-fields were applied, the beam 
strength at the detector increased even though no radio- 
frequency field was applied in the C-field. This increase 
will be called the residual beam. At zero static C-field 
a:typical residual beam gave an ion current of 4X 10-" 
amp, and was one tenth as large with the C-field at 
200 v/cm or greater. 

With the A- and B-fields adjusted to study (1,1)4- 
(1,0) g transitions as described above, the change in the 
ion current from the detector produced when the 
strength of a buffer field was reduced to zero gave a 
useful check on operating conditions during a run. 
With the C-field at 200 v/cm or larger, a typical 
“refocused beam” was 4X10- amp, about 10% as 
great as the ion current expected if all the (1,1), 
molecules made a transition to the (1,0)z state. 

The most intense spectral lines gave an ion current 
change of 1X10- amp, and were observed with a 
signal-to-noise ratio of about 50 against a steady back- 
ground of 1X10-'° amp. The least intense lines gave 
an ion current change of about 5X10~” amp and a 
signal-to-noise ratio of about 4. 

Two different connections of the C-field electrodes 
were used and are shown in Fig. 2. The static field dis- 


tribution was the same in both connections, but the 
strengths of the radio-frequency field parallel and 
perpendicular to the static field, the x and o components, 
respectively, depended on the connection. In the x 
connection, the oscillating field had no o component 
except near the ends of the C-field, and the field 
strength in the central region could be calculated 
easily from the electrode spacing and applied voltage. 
Both mw and o components were present when the ¢ 
connection was used, and the strength of both com- 
ponents in the central region was needed for the 
analysis of the radio-frequency Stark effect observations. 
To obtain these field strengths, a “grid” of potentials 
at different points in the field was calculated by a 
relaxation method." To shorten these calculations, the 
approximate configuration shown in Fig. 3 was used 
instead of the dimensions in Fig. 2. The equipotential 
lines, shown in Fig. 3, were obtained by interpolation 
between the calculated points. The measured position 
of the beam in the field is also shown in Fig. 3. The 
intensities of the + and o components at the beam 
position are shown in Fig. 4 as a function of the dis- 
tance above and below the center of the beam. 


THEORY 


The theory will be developed in two parts. First, the 
important features of the predicted Li®Cl spectra as 
they appear with static fields of different strengths 
will be developed from the general expressions for the 
energy levels and selection rules given by Hughes and 
Grabner,*® Bardeen and Townes," and Fano.!® Second, 
a theoryrof the radio-frequency Stark effect will be 
developed in general and applied to specific cases. 

The complete Hamiltonian*“ includes the inter- 
action of the molecular electric dipole moment, u, with 
the electric field, the nuclear electric quadrupole inter- 
actions of the Li and Cl nuclei, characterized by the 
interaction constants (egQ)1i and (eqQ)ci, respectively, 
and the spin-rotation interactions, (cI-J), of the two 


%V. E. Cosslett, /ntroduction to Electron Optics (Clarendon 
Press, Oxford, 1946), p. 22. 

44 J. Bardeen and C. H. Townes, Phys. Rev. 73, 97 (1948). 

16 U. Fano, J. Research Natl. Bur. Standards 40, 215 (1948). 
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Fic. 4. Radio-frequency fields at the beam position 
with the o connection of the electrodes. 


nuclei, characterized by the constants ¢,; and cc. The 
nuclear magnetic dipole-dipole interaction is also in- 
cluded, and is characterized by the interaction constant 
gigan’/r*, where gige is the product of the nuclear 
gyromagnetic ratios, uy is one nuclear magneton, and 
r is the internuclear distance. 

Estimates of the Li interaction constants could be 
made from past observations. The magnitude of 
(eqgQ)1i7,'6 was used with the ratio Qri*/Qxi7,!” to 
calculate (egQ)1i*/h=4.24 kc/sec. The width of the Li® 
central resonance in the Li®Cl magnetic resonance 
spectrum'* was treated as entirely due to the Li spin- 
rotation interaction and analyzed with the methods 
given by Nierenberg and Ramsey” to give cyi/h=0.19 
kc/sec. With r=1.97 A. gigoun*®/rh=0.23 kc/sec 
for Cl**. 

The energy levels in the absence of a static field were 
calculated with the methods and matrix elements 
developed by Bardeen and Townes." The ratio (egQ)ci/ 
(egQ)1i is so large that the splittings due to the Li 
interactions could be calculated separately from those 
due to Cl. All of the line frequency calculations given 
below refer to transitions from the state (1,1)4 to the 
state (1,0),. At zero field, spectra may be observed 
only by the two-quantum process.® In the present ex- 
periments, the two quanta were of the same frequency 
so that the observed lines appeared at exactly half the 
frequencies given by the theory outlined above. These 
are called “half-frequency” lines. When the Li and 

16 Logan, Coté, and Kusch, Phys. Rev. 86, 267 (1952). 

17N. A. Schuster and G. E. Pake, Phys. Rev. 81, 157 (1951). 

18 P. Kusch, Phys. Rev. 75, 887 (1949). 

#9 W. A. Nierenberg and N. F. Ramsey, Phys. Rev. 72, 1075 


(1947). 
* FE. S. Rittner, J. Chem. Phys. 19, 1030 (1951). 
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magnetic dipole-dipole interactions were neglected, 
application of the selection rules and observability 
criterion® showed that three lines should appear if 
(eqQ)ci is negative and that the low-frequency line 
should be absent if (egQ)c is positive. If all the inter- 
actions are included, each line is split up into a group 
of closely spaced lines. Within each group, the predicted 
lines are so closely and symmetrically spaced that no 
resolved structure and no shift in the mean frequency 
of the lines is greater than the experimental error in 
the measurements unless the lines farthest from the 
mean position are much more intense than the others. 
As this is not very likely, the Li and magnetic dipole- 
dipole interactions have been ignored in the analysis 
of the spectra. A more refined calculation could be made 
if the strength of individual lines in a group could be 
reliably calculated. Since these strengths depend on the 
distribution of the nonadiabatic transitions in the inter- 
field regions, the intensity calculation could not be 
made without knowledge of the field strengths in the 
interfield regions, which are not known. 

If (egQ)ci changes appreciably with vibrational state, 
groups of two, or three, lines will appear [depending on 
the sign of (egQ)ci], where each group is produced by 
molecules in a different vibrational state. The intensity 
of corresponding lines in these groups is proportional 
to the population of the vibrational states in the beam. 

In all the weak field observations, the static field was 
so large that the Stark effect was much bigger than the 
splittings due to the Li or magnetic dipole-dipole inter- 
actions. With the estimated interaction constants given 
above, and the matrix elements calculated in a suitable 
representation,® it was found that these interactions 
could also be neglected at weak fields. 

The spectra predicted by the weak-field approxima- 
tion® and selection rules when only the Cl interactions 
and Stark effect are included are shown in Fig. 5 for the 
case (egQ)ci<Oand cz;>0. Both full- and half-frequency 
lines may be observed at weak field, and the selection 
rules for transitions produced by the * component of 
the oscillating field differ from those for the ¢ com- 
ponent or for the two-quantum combinations. The 
different cases are included in Fig. 5, and it will be 
noted that the Stark effect is different in the various 
cases. 

At strong fields, the energy level splittings due to the 
static field are much greater than those due to any 
internal interactions in the molecule. The strong-field 
approximation® may then be used, and when only the 
Cl interactions are included this theory predicts six 
lines* spaced symmetrically about a center frequency. 
The separation of the six lines depends only on (egQ)c, 


*1'V. Hughes and L. Grabner, reference 6. The following errors 
have been found: Fig. 2 (p. 820), line 4 does not appear at strong 
fields; Fig. 3 (p. 821), line 4 does not appear at strong fields; 
Fig. 8 (p. 824), Stark line does not appear in (2,0-2,2) ange 
The outermost lines do not appear in (2,1-2,2) spectra. None of 
these errors affects the conclusions in their paper. 
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and cc, and the center frequency is determined by 
u’A, where A is the moment of inertia of the molecule. 

At intermediate fields, the perturbations in the 
energy caused by the static field are the same order of 
magnitude as the splittings due to the internal inter- 
actions. The energy levels were calculated with Fano’s!® 
methods, modified to include the matrix elements of 
the Cl spin-rotation interaction. Energy levels calcu- 
lated with this theory are correct at all fields, and the 
weak field selection rules apply at all intermediate 
fields. The spectrum for each isotopic species and 
vibrational state consists of seven lines, and the 
position of one line with respect to the others depends 
directly on the sign of (egQ)ci. Thus the sign of (egQ)ci 
may be determined entirely from the line frequencies 
in an intermediate field spectrum. This determination is 
entirely independent of the observability criterion which 
may be violated under zero or weak field conditions 
because of the nonadiabatic transitions in the inter- 
field regions. 

For the purposes of the present experiment it is also 
useful to distinguish a strong-intermediate field region. 
Here the strong-field selection rules apply and the 
qualitative features of the spectrum are the same as 
with a strong field. The energy levels are not given with 
sufficient accuracy by the strong-field approximation, 
and the intermediate-field theory must be used. How- 
ever, the line separations depend only very slightly on 
the field strength and the center frequency only very 
slightly on the internal interactions. This case will be 
needed later in the analysis of the observations. 

Since w7A, (egQ)ci and cc; change with vibrational 
state several groups of six or seven lines are expected 
at strong and intermediate fields, respectively. The 
intensities of corresponding members of these groups 
should be proportional to the population of the vibra- 
tional states in the beam. 

Some qualitative features of the radio-frequency 
Stark effect have already been discussed in the intro- 
duction. A detailed outline of a theory for this effect 
developed by one of us (DTFM) is given below. 

The time-dependent Schrédinger equation is taken as 


H (t)y= th (ap/9dt), (1) 


and the true wave function is expanded as 


V=)>oa(n,t)u(n,t) exo| —i/h f Bima | (2) 


where the functions u(n,t) are determined from 
H (t)u(n,t) = E(n,t)u(n,t). (3) 
Equation (2) is substituted into (1). It may be shown”: 
21. I. Schiff, Quantwm Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), first edition, pp. 207-208. 


*D. Bohm, Quantum Theory (Prentice-Hall Inc., New York, 
1951), first edition, pp. 498-499. 
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Fic. 5. Predicted weak-field spectrum. 


that the equations for the a(m) then are 


a(n) oH ; 
i mat — *) exe| — f ova(tha} (4) 
n horn al to 


Wken=LE(k,t)— E(n,t) |/h. 
Following Schiff,“ H(t) and a(m) are expressed as 
H (t)=Ho+Ad' (2), 
where AH’ (t)« Ho, 
a(n)=Dd‘a(n), (5) 


‘ 


a(k)= 


where 


and are substituted into (4). When equal powers of 


are equated, 
a(n)=c, 


As ht a(n) / dH'(!)) 
oe “2 horn \ at ") 


xexp| —i f ora(ta | (6) 


If it is assumed that a(n) = 1 at ¢=¢o, when the perturba- 
tion is applied, then for a short time afterwards (6) is, 
for s=0, 


“i 0H’ (t) ig pal? 
a(k)° =——¢ k ") exp -if wrn(t’)dt’ |. (7) 
horn ot to 





Equation (7) is now integrated to obtain the a(k)“, the 
first approximations to the true expansion coefficients 
a(k). 

Two cases are of particular interest to the electric 
resonance experiments with LiCl. In the first case, it is 
assumed that the molecule is a rigidly rotating dipole 
and that one nucleus has an electric quadrupole inter- 
action. In the expressions which follow, Ea. is the static 
electric field, Ey: is the radio-frequency field with 
angular frequency w, Hg and Eg are the Hamiltonian 
and energy for the quadrupole interaction, E(/) is the 
rotational energy, and d(F,m,p) are coefficients given by 


4 See reference 22, p. 190. 
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Hughes and Grabner* for the Stark effects due to a weak 
static field. With 


h? 


H(t) oxy tie u- (Eact Ev coswt), (8) 


solutions to (3) are obtained with time-independent 
perturbation theory. Ey. and E,, are assumed to be 
small enough that the weak field representation 
and approximations may be used. The second-order 
“energy” is 


E(J,I,F mp,t) = E(J)+ E9(F) 
+d(F,mr) (Eact Ext coswt)*, (9) 


and the first-order wave functions are”® 


u(J,I,F mp) = > c(F mp; mz ,m) 


mI ,my 
X(J,mz)P(I,mr)+¢(Eac)?(J+1, my) 


+h(E,s)®(J+1, mz) coswt, (10) 
where g(E4.) and k(£,:)«1. The transition probabili- 
ties to be discussed do not involve changes in J, so for 
simplicity E(J) will be dropped from expressions for 
energy differences. As the third member in (9) is smaller 
than the second by a factor of the order of 10? or more, 
the approximation 


E(J',1,F’ ,mp:,t) rin E(J,I,F ,mr,t) 
SEQ(F’)—Eg(F) (11) 


can be used in the denominator of (7). The orders of 
magnitude of (J',],F’,mp-|0H'(t)/dt|J,I,Fmp) will 
now be examined. The + component of the radio- 
frequency field leads to matrix elements which signify 
changes in F without changes in mp, and only such 
elements will be considered as all the observed transi- 
tions were of this type. Two types of time dependence 
are found. If the first and second members of (10) are 
considered in the initial and final states terms with 
sinwt time dependence are produced (type 1), while 
when the first and third members are used in the initial 
and final states, respectively, terms with sinw/ cosw 
time dependence arise (type 2). The exponential term 
in (7) becomes 


_ 1 


exp| —| ea) — Eq(F))t+ ((F’,mr:)—d(F mp)) 


sin2wt ‘ 
* 4w )II | (12) 


All the sinw/ terms in (12) are expanded with the aid of 


2Eack£rt Sinwt t 
x [met pene ze(- 
w@ 


*6 The coefficients c(F mp ; m;,m,) are discussed in E. U. Condon 
and G. H. Shortley, Theory of Atomic Spectra (Cambridge Uni- 
versity Press, Cambridge, 1951), first edition, pp. 73-78. 
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the relation*® 


exp[ix sint ]= - J ,(x) exp[int]. (13) 


The expression for (12) then contains two in- 
finite series of Bessel functions with arguments 
[EacEr{d(F’,mr’)—d(F,my)} wo and [Ee {d(F’,mp-) 
—d(F,mr)} |/4w. These arguments are always of the 
order of 10 or less in the present experiments, so 
each series may be replaced by one. The simplified form 
of the exponential (12), the approximate denominator 
(11), and the two types of time dependence of 
(| 0H’ (t)/dt|) are now used to form a(J,I,F’,mp-)™, as 
given by integration of (7). The frequencies for which 
the denominator of the expansion coefficient vanish are 
interpreted as resonance frequencies. Since these de- 
nominators are real and the numerators are nonvanish- 
ing, these resonance frequencies are the same as the 
resonances in |a(J,I,F’,mr-)“|? which is proportional 
to the transition probability’ from the F,mr to the 
F’ mp state. If the type 1 time dependence is used, 
the denominator of the integral of (7) vanishes when 


1 
w= +{ rar) —EQ(F) 


E.? 
+(4(F" mr) ~aFsm)) ( Bat+—) | (14) 


Except for the contribution of the radio-frequency 
field, this is the same as the result of Hughes and 
Grabner.*® The frequency shift due to Ey is 


| d(F’ mp-) —d(F,mp) Ey? 
Av= ; |=. 


(15) 





If the type 2 time dependence is used, the resonant 
denominator vanishes when 


w= + fh Eo(F’)—Eo(F) 
+{d(F’,mp:)—d(F mr)} (Ea +4Ert) J. (16) 


These resonances are at exactly one half of the fre- 
quency of those given by (14). The frequency shift in 
the doubled half-frequency is also given by (15). 
Except for this radio-frequency shift, “half-frequency” 
resonances were predicted by Hughes and Grabner,*® 
and were studied extensively in the present experiment. 
Also in agreement with Hughes and Grabner, it can be 
seen from (10) that since the type 1 time dependence 
of (| dH’ (t)/dt|) vanishes, the full frequency transitions 
are forbidden when E,,= 0. 

In the second case of interest to the LiCl electric 
resonance experiments the perturbation due to Eas is 
considered much larger than Eg which is neglected. 

6 H. Jeffries and B. S. Jeffries, Methods of Mathematical Physics 
(Cambridge University Press, Cambridge, 1950), second edition, 


p. 589. 
*7 Reference 22, p. 192. 
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Both the x and o components of the radio-frequency 
field are important and are included separately. The 
strong field representation is used and (3) is solved?’ to 
find u(J,m,,t) with first-order time-independent per- 
turbation theory, while E(J,my,,t) is found with second- 
order theory. It is first assumed that Eg. is much 
greater than E,;. In this case, a good approximation for 
the denominator of (7) is 


E(J',my t)— E(J,my,t)~{b(J my) —b(J,ms)} Eaé. (17) 


The sinw/ terms in the exponential in (7) are again 
expanded with (13). The arguments of all the Bessel 
functions are all much less than one so that each 
series is equal to one. The largest term in (| 0H’ (t)/dt! ) 
connects states with m;,=m,+1 and has type 1 time 
dependence. When the simplified exponential is used 
with (17) and the type 1 time dependence to form (7) 
and the integration is performed the denominator of 
the result is found to be zero when 


1 
Cie le inal i a 
(Exte’ + Erte”) 
x (tue+ — 7 — ). (18) 


Except for the frequency shift due to Ey, 
b(J, my+1)—b(J my) | f Ext? + Erte? 
as erent a ete 
1 


this transition frequency is the same as that predicted 
by the strong-field theory of Hughes and Grabner. 

If Ey is considered small enough that (18) is still a 
fairly good approximation for the denominator of (7), 
but somewhat larger than in the previous case, terms in 
(| 0H’ (t)/dt|) with type 2 time dependence and with 
my: = my+1 or my+2 must be included. The arguments 
of the Bessel functions obtained when the exponential 
in (7) is expanded are still considered small enough 
that each series may be replaced by one. Combining 
(18), the simplified exponential, and the type 2 time 
dependence, the denominator obtained when (7) is 
integrated vanishes when 


La 
w= 7% 7 oa my+1)—b(J,m;)} 
1 
(Evte?+ Evte?) 
x [Bac ites ) — “| (20) 


These resonances are at exactly one half the frequency 
given by (18) and the frequency shift in the doubled 
half-frequency is given by (19). Except for the radio- 
frequency shift, such resonances were first predicted 
and observed by Hughes and Grabner. 


28 Matrix elements needed to form E(J,mj;,t) and u(J,my,t) 
are given in reference 1. 
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Similar methods may be used to obtain the results 
given by Townes and Merritt.‘ The molecule is 
assumed to be a rotating dipole which moves in high- 
and low-frequency fields with strengths Ey and EF, 
and angular frequencies wy and wz, respectively. Ey 
and E, are assumed to be in the same direction. 
Rotational transitions are produced by Ey. The 
quantity wy is of the order of 10‘ Mc/sec while wy is of 
the order of 1 Mc/sec or less. (3) is solved with the 
strong-field theory, and a good approximation for the 
denominator of (7) is 


E(J' my) — ES ,ms )S=EJ+1)—-EV), (21) 
if terms smaller than this by the order of 10° are 
neglected. (J-+1, m,| 0H’ (t)/dt| J,mz) is proportional to 
pwHEy sinwyt when terms smaller by 104 are neglected. 
Two cases are discussed by Townes and Merritt. In 
the first case, wz is considered so small that the time 
available for absorption or radiation in the gas, (f—fo), 
is much less than 1/w,;, and the approximations 
sin[ wz (t—to) ]~wz1(t—to) (22) 
and 
cos[ wz (t—to) |~cos2wzto, (23) 
may be used to simplify the exponential in (7). The 
sinwyt terms are expanded by means of (13), and the 
arguments of all the Bessel functions are of the order of 
10~* or less so that each series is equal to one. When (7) 
is formed and integrated with these approximations, 
the denominator vanishes when 


1 
wn= | E(J+1)—E(J)—[o(J +1, ms) —b(J,my) J 


h 


Ey’ 
x (+ + E;? cos? (out) ) ; (24) 
2 


If Eg is so weak that it does not observably change the 
resonance frequencies, the frequency shift due to Ez is 


b J i. —b Js 
i | Se hee cos*(wzto), (25) 


h 


the result given by Townes and Merritt. 

In the second case, (t—¢o) is greater than or about 
equal to 1/w, and (23) is a poor approximation. Both 
the sinw;f and sinwyt terms in the exponential in (7) are 
expanded with (13). In addition to Bessel functions 
with very small arguments, a series with the argument 
{b(J+1, mz)—b(J,mz)}Ex?/4hw, is found. As this 
argument may be of the order of one or larger, this 
series must be retained. When (7) is formed with 
these approximations and integrated, the denominator 
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vanishes when 


1 
on= | BU+1)~E)+ 100+, mz) —b(J,mz) | 
Ey £E:? 
x(4+= 
B ance 
If, as before, shifts due to Ey are unobservably small, 


the frequency shift due to E;, is 


b(J+1, my) —b(J,mz) E;? 
v= | : | +-2n, 


| + 2m, (26) 





(27) 


the result given by Townes and Merritt. 

The relative intensities of resonances corresponding 
to different values are expected to be proportional to 
the ratios of |a(J+1, m,;)|* for different m values. Thus 
if the fields are held fixed, the relative intensities 
will be proportional to the ratios of J,?{b(J+1, mz) 
—b(J,mz)}Ex?/4hw, for different m values, a result 
stated by Townes and Merritt. 

The main difference between the general method used 
above and the earlier calculations of the resonance 
frequencies is that in the earlier theory, approximate 
solutions to (1) and expansion coefficients analogous to 
(4) are based on solutions to the time-independent 
Schrédinger equation instead of (3). The interpretation 
of (4) in terms of the transition probability is believed 
to be justified because (3) and the time-independent 
Schrédinger equation describe the molecular motion 
equally well before the molecules enter the C-field, 
and because in both theories (1) is taken as the only 
true equation while the molecules are in the C-field. 

Autler and Townes” have recently and independently 
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Fic. 6. A4 required to refocus several different states, as a 
function of Ag. Curves are predicted refocusing conditions. 
Points are observed refocusing conditions. 


*S. H. Autler and C. H. Townes, Phys. Rev. 100, 703 (1955). 
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developed a theory for the radio-frequency field effects 
by much more general methods. The present results 
may be derived from this general theory ; however, they 
have not obtained the results of specific interest to the 
present experiments. 


RADIO-FREQUENCY STARK EFFECT IN PREVIOUS 
ELECTRIC RESONANCE EXPERIMENTS 


It is necessary to show that the theory developed 
for the radio-frequency Stark effect is consistent with 
the absence of such effects in previous experiments. In 
all these experiments except those of Braunstein and 
Trischka,® the ¢ connection of the C-field electrodes was 
used. It is impossible to calculate the radio-frequency 
field in these cases because the position of the beam in 
the C-field is not given. 

However, in Braunstein and Trischka’s experiment 
the beam position was the same as in the present work, 
so that the radio-frequency field could be calculated 
from the voltage with the results given in Fig. 4. The 
radio-frequency Stark effect was estimated for all their 
observations.” Refined calculations were impossible 
because the variation of the line strengths with radio- 
frequency field were not studied in the strong field 
observations with the 7 connection, and the intensities 
of the individual weak field lines cannot be reliably 
determined. However, when the most reasonable 
guesses were made, the predicted radio-frequency 
Stark effects were all less than or about equal to the 
experimental errors. Thus the absence of observed 
radio-frequency Stark effect in these experiments is not 
inconsistent with the theory. 


IDENTIFICATION OF STATES 


Complete consistency with all the predicted lines 
was the best proof that the observed lines were correctly 
identified. However, in the earlier stages of the study it 
was helpful to identify the initial and final strong field 
states of individual lines by a study of the line intensities 
as a function of the deflecting field strengths. This was 
done by a new method which will now be described. 

The relations between the field parameter, \= 244 E/ 
h®, and the force on a molecule in an inhomogeneous 
field have been given by Luce and Trischka’ for different 
(J,m ;) states. From these results and the geometry of 
the apparatus, it was possible to calculate the pairs of 
d values that would cause molecules in given (J,m,) 
states in each field to be deflected to the detector wire. 
These pairs are plotted to give the curves shown in 
Fig. 6. Each curve is the locus of \4 and \g values at 
which a line with the initial and final (J,m,) states 
for the curve should be observable. 

When a line was identified with the help of these 
curves, the oscillating and static components of the 


* This includes the unpublished weak field observations in 
R. Braunstein, Ph.D. thesis, Department of Physics, A om ya 
University, Syracuse, New York, January, 1954 (unpublished). 
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C-field were held fixed. With the B-field held fixed, the 
A-field was varied and the line intensity was observed 
to pass through a maximum. The line intensity was 
remeasured at different B-field strengths. When the 
correct value of 4A was selected, the field strengths 
which gave maximum intensity coincided with one of 
the calculated curves. The quantity uA was found to be 
3.0X10-** cgs units by this method. The probable 
error due to imperfect calibration of the fields and 
errors in the apparatus alignment is +30%. 

Lines produced with (2,2) 4—(2,0) g, (2,2) 4-(2,1)3 and 
(3,3)4-(3,0)5 as the states in the A- and B-fields, 
respectively were also studied to test the method and 
are included in Fig. 6. The identification of these lines 
was confirmed by the agreement between the observed 
and predicted frequencies. 

When spectra for the determination of the interaction 
constants were studied, the A- and B-fields were ad- 
justed to 6500 and 6800 v, respectively. These gave 
Aa=2.9 and Ag=3.0, and gave the best signal-to-noise 
ratio in the spectra because the force in the B-field 
was maximized. 


OBSERVED SPECTRA 


Spectra were observed at zero static field and at 
(weak) field strengths of 7.660 and 15.32 v/cm. In 
these observations, the static field was held fixed and 
the detector current change produced when the radio- 
frequency field was turned on or off was measured at 
frequencies spaced one-half kc/sec apart for the half- 
frequency lines and one kc/sec apart for the full- 
frequency lines. The individual lines were well resolved 
in almost all cases. The half-width of the full-frequency 
lines was about 9} kc/sec, about double the width of 
the half-frequency lines. As the line broadening due to 
the C-field inhomogeneity was negligible, the theoretical 
half-width® was 1.07/r, where 7+ is the time of flight 
through the C-field for molecules with the most probable 
velocity. For an oven temperature of 805°K and an 
effective field length of 8 cm, the calculated half-width 
was 7.6 kc/sec, about 1.9 kc/sec less than the observed 
half-width. 

Three lines, one from each group shown in Fig. 5, 
were observed for each isotopic species and vibrational 
state. In the following discussions, it is convenient to 
classify the lines by the Cl isotopic species and vibra- 
tional state of the molecules which underwent a transi- 
tion. Thus the three strongest lines, assigned to Li®Cl** 
in the zeroth vibrational state, will be referred to as 
35-0 lines. At zero static field only half-frequency lines 
could be observed and the 35-0 lines were studied 
extensively. At 7.660 v/cm, the full-frequency lines of 
all isotopic species were studied, and at 15.32 v/cm 
both full- and half-frequency 35-0 lines were studied. 

The 35-0 lines were observed with several different 
radio-frequency field strengths and both C-field con- 


31 The (3,3) 4-(3,0) 2 line was observed as a full-frequency line, 
(single-quantum transition), with a weak static C-field. 
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Fic. 7. Frequency-insensitive background and radio-frequency 
Stark effect in the highest frequency 35-0 line observed as a 
half-frequency line at zero static field. Curve a: V,¢=7.05 v, 
b: Vee=8.8 v, c: Vegll.2v, d: Vrp=13.9 v, e: Ver=15.5v. x 
connection of the C-field electrodes. 


nections shown in Fig. 2, at zero field and with both 
weak fields. Radio-frequency voltages were measured 
with a meter similar to the Hewlett-Packard model 
410-A calibrated in the laboratory by comparison with 
three other radio-frequency voltmeters. 

The static field strengths were calculated from the 
electrode separation, 0.65268 cm, and the applied volt- 
age. The voltage was measured with a Leeds and 
Northrup model K-1 potentiometer used with an 
Eppley Standard Cell calibrated by the National 
Bureau of Standards, and a Leeds and Northrup volt- 
box. Frequency measurements were made with a 
General Radio Company model 616-D frequency 
meter calibrated against commercial broadcasting 
stations. 

Figure 7 shows several observations made at zero 
static field on the line which will later be identified as 
the highest frequency half-frequency 35-0 line. At 
large radio-frequency fields, the line appears to rise 
above a frequency-insensitive background. Other ob- 
servations showed that the background extended at 
least 200 kc/sec above or below the line center fre- 
quency and, except for other sharp lines, had uniform 
intensity. Such backgrounds were never observed in 
strong-intermediate field measurements. 

One possible explanation of this background is found 
in the variation of the residual beam with C-field 
strength. The residual beam was much smaller than the 
refocused beam when the static field was 220 v/cm or 
larger, but increased slowly and then more rapidly as 
the field was decreased, until at zero field it was about 
equal to the refocused beam. Because of this non- 
linearity, the average beam should increase when the 
radio-frequency field was turned on. Estimates of the 
detector current change produced by this process 
showed that it was the same as the observed background 





DE ers 




















iF 


only maximum and 
minimum errors are 
shown 











—— 








YA 


i¢) 50 100 150 
square of rf voltage, Vrf 


Fic. 8. Linear relationship between the observed line-center 
frequency and the square of the radio-frequency voltage, (radio- 
frequency Stark effect), for the highest frequency 35-0 line as 
observed at zero static field as a half-frequency line, with the x 
connection of the C-field electrodes. 
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within the large errors in the observations of the C-field 
—residual beam relationship. 

Because of the reduced beam, the noise in the detector 
current was smaller for the large-field measurements 
than for those at zero or weak fields and hence the 
weakest lines, produced by molecules in higher vibra- 
tional states, could only be observed with large fields. 
Measurements with a large field were also necessary 
to determine yA. 

Preliminary observations, with the static field such 
that the strong-field approximation could be used for 
the analysis, gave lines more than four times as broad 
as the weak field lines. This broadening, caused by the 
C-field inhomogeneity, would have reduced the ac- 
curacy of (egQ)ci or cc: values calculated from these 
data, and, as a compromise, observations were made 
at a strong-intermediate field strength of about 384 
v/cm, which gave lines with about 10.3 kc/sec half- 
width. 

At 384 v/cm, a group of six lines of approximately 
equal intensity was found for each isotopic species and 
vibrational state, in agreement with the prediction 
obtained with the strong field selection rules. For these 
measurements the oscillator frequency was held fixed, 
while the static field strength was varied in small steps 
so that eight to ten points were observed between the 
half-maxima of each line. The oscillator was kept in 
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continuous zero beat with a harmonic from the calibra- 
tion crystal oscillator in a General Radio Company, 
model 620-A frequency meter. The crystal frequency 
was frequently checked against radio station WWV. 
All the measurements were made with the static field 
adjusted to cause the lines to fall as nearly at 384 v/cm 
as permitted by the spacing of the calibration oscillator 
harmonics. 

It was also desirable to make measurements with a 
smaller field because the frequency of the seventh line, 
predicted by the intermediate-field theory, could be 
used to determine the sign of (egQ)c: directly. When 
the 35-0 lines were studied with a static field of 231 
v/cm, the seventh line was found with intensity 45% 
as great as the other six. 


ANALYSIS OF THE SPECTRA 


As the first step in the identification of the isotopic 
species and vibrational states of the zero- and weak- 
field lines, the three most intense lines were assigned 
to Li®Cl** in the zeroth vibrational state. Similar groups 
of three lines of lower intensity were assigned to the 
higher vibrational states of Li®Cl*® and to Li®Cl*’ in 
different vibrational states. This assignment could be 
made entirely from the assumption that the population 
of vibrational states followed the Boltzmann distribu- 
tion, and to satisfy the known ratio of (eqQ)ci* to 
(eg?) ci.” The presence of three lines for each isotopic 
species indicated that (egQ)ci was negative. 

Figure 5 shows that if both mw and o transitions 
occurred simultaneously, as might be expected with the 
o connection of the electrodes, groups of two closely 
spaced lines should have appeared in the weak field 
spectra of each isotopic species and vibrational state. 
With an approximate value of u*A obtained from the 
analysis of the strong-intermediate field data with the 
strong-field approximation, it was shown that the 
individual lines in these groups should have been well 
resolved in the observations at 15.32 v/cm. However, 
the magnitude and sign of the observed Stark effect, as 
well as the absence of groups of two lines, showed that 
the observed lines were z transitions, and that no o 
transitions occurred. Their absence is explained by the 
relative weakness of the « component obtained with 
the « connection; Fig. 4 shows that the 7 component 
was two to six times as large as the o component. 

Figure 7 shows the frequency shift caused when 
different radio-frequency fields were used to produce 
the highest frequency 35-0 line at zero static field as 
a half-frequency line. In Fig. 8, the center frequencies 
of these lines are plotted against the square of the radio- 
frequency voltage, V,;. All the observed line center 
frequencies fall on a straight line on this graph. Similar 
relations were found for all the other zero and weak 
field lines. Thus, in qualitative agreement with (15), 


% Wang, Townes, Schawlow, and Holden, Phys. Rev. 86, 809 
(1952). 
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the radio-frequency field dependence of the line center 
frequencies, v, could be represented by 


v=votnV re, 


where vo is the line center frequency in the absence of 
a radio-frequency field, and 7 is a constant which is 
different for each line. The constants v» and , given in 
Table I, were calculated by a weighted least-squares 
method® for all the Li®Cl** lines observed at zero or 
weak static fields with both C-field connections and 
different radio-frequency fields. The systematic pro- 
cedure used to estimate the weights took account of the 
change in the refocused beam during the observation 
of a line, the size of the background of transitions if 
present, the signal-to-noise ratio, and the resolution of 
the line. The errors in vo and 7 were determined from 
the errors in the line center frequencies.“ The probable 
errors in lines of unit weight were estimated by com- 
parison of repeated measurements ‘of a line and from 
the errors in the frequency measurements to be +0.7 
kc/sec for the full-frequency lines and +0.4 kc/sec for 
the half-frequency lines. 

All of the observed shifts might be accounted for if 
part of the radio-frequency voltage was rectified at 
some point in the C-field wiring and appeared as an 
“extra” static field. To test this hypothesis, the highest 
frequency 35-0 line was studied with a 7.660-v/cm 
static field applied with the polarity reversed. With 
reversed polarity any rectified voltage would reduce 
rather than increase the static field and modify the 
frequency shift due to the radio-frequency field. The 
vo and 7» values found from these observations are in- 
included in Table I. They agree well with those obtained 
with the “direct” connection, which shows that any 
rectified voltage was too small to be observed. This 
result was confirmed by observation of the voltage 
on the C-field electrodes with an oscillograph, and the 
upper limit of the rectified voltage was estimated to be 
+5% of Ver. 

Equation (15) was used to calculate the theoretical 
values of » given in Table I. The intermediate-field 
theory was used to calculate the Stark effect, as the 
weak-field approximation was found to be inaccurate 
for the largest radio-frequency fields used in the ob- 
servations. The ratio V ,;/E,; was needed for these calcu- 
lations, but with the « connection it could not be esti- 
mated very reliably because of the variation of the 
field over the beam height. In these cases an “effective” 
ratio was estimated from observations of the variation 
of the line intensities with radio-frequency field made 
with the 7 connection, and the field distribution shown 
in Fig. 4. 

Table I shows that the theoretical and experimental 


(26) 


3% A. G. Worthing and J. Geffner, Treatment of Experimental 
Data (John Wiley and Sons, Inc., New York, 1943), p. 243, 
Eqs. (21), (22), and (23). 

u H. Bacon, Am. J. Phys. 21, 428 (1953), especially Eqs. (59) 
and (61). 
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TABLE I. Line-center frequencies at zero radio-frequency field 
and radio-frequency Stark effect coefficients calculated from 
observations of the three 35-0 lines with zero and weak static 
fields.* 








n (obs) 
(ke/sec-v*) 
X10? 


Field 
connec- % 
tion (ke/sec) 


Exstatic =0.0 v/cm? 
606.08+1.31 —5.03+1.68 
773.28+0.92 —2.79+2.2 

1378.52+0.52 6.18-+0.35 


Extatic™ 7.660 v/cm 
604,60+0.71 —14 +1.1 
772.72+40.89 0.4 +1.9 

1380.37+0.46 2.00+0.42 
1380.42+0.75 2.38+0.63 
1380.89+0.71 5.58+0.54 


n (calc) 
(ke/sec-v?) 
X10? 





Estatic= 15.32 v/cm 
601.21+0.37 0.8 +1.2 <2 
769.3 +1.0 


g 1384.52+0.42 1.18+0.37 <2 








* », is the line-center frequency in the absence of radio-frequency field 
calculated from the observations with (26). » is the radio-frequency Stark 
effect coefficient calculated from the observations with (26) and from the 
theory with (15). 

b The observed values of »), and observed and calculated values of », 
have been multiplied by two for these half-frequency observations. 

¢ Polarity of static field reversed. 


values of » agree within the experimental error, except 
for the highest frequency 35-0 line observed at zero 
static field. Agreement is secured in this case as well 
if the radio-frequency voltmeter calibration error, 
+3%, is included in the observed 7 value. Because of 
the uncertainty in the calculated values, the agreement 
between the calculated and observed 7 values with the 
@ connection is much less significant than with the « 
connection. 

The radio-frequency Stark effect was studied experi- 
mentally only in the 35-0 lines. Because of the un- 
certainties in a direct calculation of the radio-frequency 
field from the applied voltage with the o connection, 
lines in higher vibrational states were corrected for this 
effect with » values determined from the 35-0 data as 
modified to take into account the changes in w?A with 
vibrational state and isotopic species. The u?A values 
were obtained from an approximate analysis of the 
strong-intermediate field data with the strong-field 
theory. 

After correction for the radio-frequency Stark effect, 
the Stark effects caused by the static field were calcu- 
lated from the u?A values and static field strengths 
with the weak field theory, and subtracted from 
the observed frequencies to obtain the line frequen- 
cies in the absence of all fields. The field-corrected 
frequencies of all the zero- and weak-field lines are 
given in Table II. (egQ)ci and cc: values were calcu- 
lated from these frequencies by a least-squares method 
to secure the best agreement between the three lines 
for each isotopic species and vibrational state, and the 
two constants. In this calculation, each line frequency 
was weighted according to its probable error, with the 
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TABLE II. Observed and calculated line-center frequencies of 
the zero- and weak-field lines, corrected for radio-frequency and 
static-field Stark effects. 








Line-center frequencies (kc/sec) 
Observed Calculated* 


Static field=0.0 v/cm 
606.08+1.31> 
773.28+0.92> 

1378.52+-0.52> 


Static field = 7.660 v/cm 
605.86+0.71 
773.66+0.89 

1379.11+0.46 
1379.16+0.75°¢ 
1379.63+0.71> 


687.06+0.83 
875.4 +1.1 
1562.72+0.82 


476.49+0.89 
1086.2 +1.0 
unresolved 


765.2 +1.2 
973.7 +1.2 
973.0 +1.2 
1739.9 +1.1 


540.31+0.85 

540.79+0.90 

686.4 +3.6 
1228.9 +2.9 


Static field = 15.32 v/cm 
606.25+0.37 as above 
773.08+1.0 for 
1379.48+-0.42 35-0 


Cl isotope and 
vib state 





606.08 
773.12 
1379.21 


35-0 
35-0 
35-0 


687.13 
875.53 
1562.66 


35-1; 37-1 
35-1 
35-1 


476.48 
1086.19 
607.7 


37-0 
37-0 


765.8 
973.7 
973.7 
1739.5 


540.6 
540.6 
687.7 
1228.3 


35-2 
35-2 
35-2 
35-2 


37-1 
37-1 
35-1; 37-1 
37-1 


35-0 
35-0 
35-0 








* Line-center frequencies calculated with interaction constants deter- 
mined from zero- and weak-field observations. 

> connection of the C-field electrodes. All other data were obtained 
with the o connection. 

© Reversed static field polarity. 


errors in the corrections for radio-frequency Stark effect 
included. The errors in the interaction constants were 
calculated by the methods and equations in reference 34. 
The assignment of isotopic species and vibrational 
states to the lines in the strong-intermediate field 
spectrum is given in Table III. The methods used to 
identify the isotopic species and vibrational states of 
the lines were the same as for the weak-field spectra. 
Past observations with the present apparatus have 
shown that when a given line is observed repeatedly 
with a fixed oscillator frequency, slightly different 
C-field voltages are required for the line center. The 
cause of this C-field “drift” has not been found. The 
maximum variation in field in all the present observa- 
tions was 5 parts in 10‘, although in a period of two to 
three hours the variation was always less than 2 parts 
in 10. To reduce the error in the determination of 
frequency differences, the lowest frequency 35-0 line 
was selected as a reference line, and measurements of 
all the other lines were preceded and followed by ob- 
servations of this reference line. A series of observations 
of the reference line made after voltage had been applied 


MARPLE AND J. 


W. TRISCHKA 


to the C-field electrodes and voltbox for eight hours or 
more were judged to be the most reliable and the 
average field for these observations disagreed by less 
than 1 part in 10° with the average for all the reference 
line measurements. For the analysis, the average field 
for the most reliable measurements was selected as a 
standard field and the differences between the standard 
field and the fields observed for the reference lines 
were used to correct all the lines for C-field drift. 

Several observations of the reference line were made 
with the polarity of the C-field reversed. The reasons 
for a difference in the field required to produce a line 
with reversed and direct polarity have been discussed 
before.*:* The average observed difference in field was 
0.056 v/cm, and half of this difference was added to the 
field strength of each direct-polarity observation to 
correct for the residual potentials in the wiring and 
C-field electrodes. 

Values of (egQ)ci and y?A were calculated from the 
corrected observations by a method of successive 
approximations that used both the strong- and the 
intermediate-field theories. As the first step, the 
frequency that each observed line would have at the 
standard field was calculated with the strong-field 
theory and an approximate y»*A. Comparison with the 
intermediate-field theory showed that the final error 
introduced by use of the strong-field theory for this 
adjustment was less than one-quarter of the experi- 
mental error in all cases. Next, line frequencies were 
predicted for the standard field with the intermediate- 
field theory, with approximate (egQ)ci and yA values, 
and with the cc; value obtained from the weak field 
spectra. These frequencies were compared with the 
adjusted corrected observed frequencies. Guided by 
the strong field theory, new (egQ)ci and yw?A values 
were selected, the adjustments to the standard field 
were remade, and the readjusted corrected observed 
frequencies were compared with the frequencies pre- 
dicted by the intermediate field theory with the im- 
proved constants. When this procedure had been 
repeated until the observed and predicted frequencies 
agreed to within eight kc/sec or less, the strong-field 
theory was used to correct the last approximation and 
obtain the final constants. As a check on this last step, 
the final constants for Li®Cl** in the zeroth vibrational 
state were resubstituted into the intermediate-field 
theory and the predicted frequencies were found to 
agree with the adjusted corrected observed 35-0 line 
frequencies within the experimental error. The adjusted 
corrected frequencies of all the strong-intermediate 
field lines are given in Table III. 

No attempt was made to calculate cc; values from 
the strong-intermediate field data. The cc; values de- 
termined from the weak-field data were inserted in 
the equations at the start of the calculations and were 
not changed. 

Slight modifications in the procedure outlined above 
were needed in the analysis of the 35-3 and 37-2 ob- 
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servations. A ¢c; value for Li®C}* in the third vibrational 
state was not available from the weak-field observa- 
tions because the lines were too weak. Since no system- 
atic variation in this constant was observed in the first 
two vibrational states, the value for Li®C]** in the zeroth 
state was used in the analysis. Since only one 37-2 line 
was observed, it was necessary to assume values for 
both (egQ)ci and ¢c; to calculate uA from this line. 
The ratio (egQ)ci**/(eqQ)ci*" is approximately equal to 
the ratio of the change in (egQ)ci** from the zeroth to 
the first vibrational state to the corresponding change 
in (egQ)ci", and it is expected that a similar relation 
would hold between the first and second vibrational 
states. The weak-field interaction constants for Li®Cl*’ 
in the first vibrational state were used with this as- 
sumption to give (egQ)ci7=—3046.6 kc/sec in the 
second vibrational state. The error in this value, +8.8 
kc/sec, is taken as the sum of the errors in (egQ)ci* in 
the first vibrational state and the change in (eqQ)ci* 
from the first to the second state. The calculated 


TABLE III. Observed and calculated line-center frequencies of 
the strong-intermediate field lines. The observed values have 
been corrected and adjusted.* 








Line-center frequencies (kc/sec) 
Observed Calculated¢ 


11 003.04 11 003.0 


11 390.1 11 390.2 
11 617.4 11 616.4 
11 616.5 11 616.4 
12 106.2 12 106.3 
12 325.2 12 324.9 
12 719.9 12 719.5 
12 719.3 12 719.5 


Cl isotope, vib state, 
and line number> 


35-0-1 


35-0-2 
35-0-3 
35-0-3 
35-0-4 
35-0-5 
35-0-6 
35-0-6 


35-1-1 
35-1-6 





11 335.0 
13 279.5 


11 688.5 
13 854.7 


12 065.5 
12 064.2 
12 912.0 
12 911.7 
14 438.8 
14 440.0 
14 446.6 


11 270.1 
11 271.2 
12 311.8 
12 624.2 


11 630.1 
11 974.6 
12 613.4 
13 159.9 


13 710.4 
13 710.2 


automatic 
agreement 


automatic 
agreement 


12 064.8 
12 064.8 
12 913.0 
12 913.0 
14 439.4 
14 439.4 
14 439.4 


11 270.8 
11 270.8 
12 311.6 
12 624.3 


11 630.3 
11 974.6 
12 612.2 
13 159.3 


35-2-1 
35-2-6 


35-3-1 
35-3-1 
35-3-3 
35-3-3 
35-3-6 
35-3-6 
35-3-6 


37-0-1 
37-0-1 
37-0-5 
37-0-6 


37-1-1 
37-1-2 
37-14 
37-1-6 
37-2-6 automatic 
agreement 








® The observed values have been corrected for C-field drift and residual 
emf's, and have been adjusted to the standard field, 383.65 v/cm. 

b Numbering of lines as given in reference 6 for (1, 1-1, 0) spectrum at 
strong fields. 

¢ Calculated with interaction constants determined from strong-inter- 
mediate field observations. 

4 Reference line. 


TABLE IV, Probable errors in the observed strong- 
intermediate field lines given in Table IIT. 








Probable error 


Source of error (ke/sec) 





(a) Probable random errors 


+0.3 
+0.5 


+0.9 
+0.15 


Wavemeter and oscillator frequency calibration 
Reference line error due to C-field drift 
Uncertainty in reference line due to noise and 
limited number of data points 
C-field static voltage setting 
Uncertainties in line centers due to noise and 
limited number of data points; isotopic species 
and vibrational states of lines given below: 
35-0 
35-1; 37-0 
35-2; 37-1 
35-3; 37-2 


(b) Probable systematic errors 


Voltbox calibration (2 parts in 104 in voltage) 

Standard cell calibration (1 part in 10‘ in voltage) 

Potentiometer calibration (1 part in 10‘ in voltage) 

C-field drift ; uncertainty in true line center field 
strength 














(eqQ)ci*" value and the weak-field cc; value for Li6Cl*7 
in the zeroth vibrational state were used with the 
methods described above to obtain y7A. 

So far, the second-order perturbation theory results 
have been used to analyze the Stark effect. The addi- 
tional term introduced by the fourth order theory! is 
proportional to u*A*(Egtatic)*, and may be found experi- 
mentally from the deviation of the Stark effect from 
quadratic field dependence. With the maximum field 
strength available in the present apparatus, the devia- 
tion was too small to give y‘A® reliably for LiCl, and 
hence u and A were not obtained separately from the 
spectra. A correction of 3.595X 10!” u*A*, where uw and 
A are in cgs units, should be added to the results 
obtained with the second order theory and given in 
Table V. The static field strength was inserted into the 
fourth order theory to obtain this correction. Estimated 
values”® of u and A show that the correction is about 
4 parts in 10+. 

An experimental study showed that in the strong- 
intermediate field observations the radio-frequency 
Stark effect, if present, was much smaller than the ex- 
perimental errors. Calculations made with (19) con- 
firmed this observation. 

The random errors in the strong-intermediate field 
observations are given in Table IV(a) expressed in terms 
of equivalent frequency errors in the lines. The equiva- 
lent error introduced from the error in the weak-field 
Cc. values was less than +0.2kc/sec at most, and 
hence negligible. For calculation of the random errors 
in (egQ)ci and cc, the total errors in the lines were 
taken as the square root of the sum of the squares of 
the errors given in Table IV(a), and it was assumed that 
the most widely separated lines determined the con- 
stants entirely. The errors in the interaction constants 
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TABLE V. Nuclear-molecular interaction constants, u*A values, and ratios derived from the constants, for Li®Cl. 








Constant v=0 


v=1 v=2 v=3 





for Li®Cl* 
(eqQ/h)cr (ke/sec) 
(c/h)ci (kc/sec) 
wA (X 107 cgs)* 


for Li®Cl}*” 


(egQ/h) cr (kc/sec) 
(c/h)o (kc/sec) 
uA (X 1078 cgs)* 


(exP)ee/ (a0 )oe 
‘A (Li8C}#") Me ( (LisCl}*) 


—3071.722-0.61 
2.07+0.10 
1774.26+0.28 


—2419.9 +2.4 
1.88+0.30 
1788.24+0.40 


1.2694 +0.0013 
1.00788+-0.00027 


—3479.3 +1.7 


— 3873.0 +1.8 
2.19+0.21 
1909.3 +0.6 


—4250.0+11 


2.22+0.20 vee 
1980.6-+0.9 


1840.26+0.40 


—2736.6 +5.4 


1.60+0.34 


1854.9 +0.6 1924.7 +0.7 


1.2714+0.0025 
1.0081+0.001 








* The random errors in w*A are given in the table, The systematic error was +1.1 X10~"* cgs. 


were then calculated from the line errors with the 
strong-field theory. In the case of Li®C]*’ in the second 
vibrational state, the error introduced from the calcu- 
lated (egQ)c: value was included. 

The systematic errors in the strong-intermediate field 
data are given in Table IV(b). The major error comes 
from the C-field drift, which is arbitrarily taken to be 
the maximum variation found in all the observations 
of the reference line. The strong-field theory was used 
to calculate the systematic error in u?A as +1.110~"* 
cgs. This theory shows that no systematic error in 
(eqgQ)ci is introduced from systematic errors in the lines. 

The sign of (egQ)ci, already shown to be negative 
by the weak field observations, was confirmed by the 
intermediate field observations. The final values of 
(egQ)ci, ¢c: and uA for Li®C}* in the zeroth vibrational 
state used with the intermediate-field theory to calcu- 
late the spectrum at 231 v/cm. The calculated lines 
agreed, within the experimental error, with the seven 
most intense observed lines. 


FINAL RESULTS AND DISCUSSION 


The final values of (egQ)ci, cc. and w?A are given 
in Table V. The weak and strong-intermediate field 
determinations of (egQ)ci agreed within the experi- 
mental error in all cases. The final values are means 
of the two determinations weighted by the reciprocals 
of their errors.** The final values of cc, and yw?A are 
the values obtained from the zero- and weak-field 
data, and from the strong-intermediate field data, 
respectively. 

The sign of (egQ)c: in Li®Cl is the same as in KCl and 
TIC], but is opposite to that found in RbC1.*** 
Townes and Dailey*® have shown that if the chlorine 
is covalently bonded, (egQ)ci should be —110 Mc/sec, 
and conclude from the small observed values that 
alkali-chlorine bonds are primarily ionic. With the 


, Eq. (24). 


5 Reference 33, p. 190 
86 Lee, Carlson, Fabricand, and Rabi, Phys. Rev. 85, 607 (1952). 
7 Carlson, Lee, Fabricand, and Rabi, Phys. Rev. 85, 784 (1952). 
3. W. Trischka and R. Braunstein, Phys. Rev. 96, 968 (1954). 
® C. H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 (1949). 


assumption that the bond is completely ionic, Inglis” 
has developed a model to predict the sign of (egQ) in 
alkali-halides. This model predicts that (egQ)ci should 
have a negative sign in all the alkali chlorides, and the 
present observations agree with this prediction. A 
theoretical value of the internuclear distance” and the 
Cl quadrupole moment were used with the Inglis model 
to calculate (egQ)ci in LiCl. The calculated value, 
— 350 kc/sec, is about one ninth as large as the ob- 
served values, which suggests that this model is over- 
simplified. 

The observed (egQ)ci values for Li®Cl** can be repre- 
sented by the equation 


(eqQ) = eq°Q+ (eq"Q)1 (03) + (€9°Q)2(0 +3)’, 


where eg°Q= — 2873.2 kc/sec, (eq’*Q)1= — 386.6 kc/sec, 
and (eg*Q)2=—5.25 kc/sec. In this expression eg°Q is 
the quadrupole interaction constant in the absence of 
rotation or vibration. The present observations are 
the first for which it has been necessary to assume 
a nonlinear variation of (egQ) with vibration. The 
linear approximation has been used for the analysis 
of magnetic resonance data.*' Duchesne® has suggested 
that variations in halogen interaction constants with 
vibration are due primarily to changes in the small 
fraction of covalent character of the alkali-halogen 
bonds, and assumes that the covalent character in- 
creases with internuclear distance. (eg*Q), is then 
predicted to be negative, which agrees with all the 
alkali-chloride observations. 

The ratios (egQ)ci**/(egQ)ci are given in Table V 
for the first three vibrational states. All of the ratios 
agree with the much more precise determinations made 
by Wang et al.* 

The spin-rotation interaction has been interpreted 
as an interaction of the nuclear magnetic moment with 
a magnetic field at the nucleus parallel to the axis of 


D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

“1H. J. Zeiger and D. I. Bolef, Phys. Rev. 85, 788 (1952). 

#2 J. Duchesne, J. Chem. Phys. 20, 1804 (1952). 

* Wang, Townes, Schawlow, and Holden, Phys. Rev. 86, 809 
(1952). 
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molecular rotation. The magnetic field at the Cl 
nucleus, Hr was calculated for each vibrational state 
and isotopic species from the measured ¢c; values and 
the Cl nuclear magnetic moments. All the values agreed 
within the experimental error. The maximum variation 
of Hr between the zeroth and third vibrational states 
consistent with the cc; values is +18%. For Li®Cl* in 
the zeroth vibrational state, He=4.96+0.23 gauss. 
This value is 54% as great as the value found for 
Li*F'*.“ This is the first determination of an Hp ratio 
for two molecules with the same alkali nucleus. Wick* 
and Foley** have discussed possible origins of Hr and 
the influence of electronic structure on its magnitude. 
Both theories predict that He should be proportional 
to 1/A, among other factors. The ratio A (Li®F'*) / 
A (Li®Cl**), calculated*’? as 0.51, agrees well with the 
observed H, ratio. 

The value of uA obtained from the state identification 
study was used with the value of u?A for Li®Cl* in the 
zeroth vibrational state to calculate .=5.9 Debye units 
and r=2.4A. The probable errors in these results are 
+1.3 Debye units and +0.4A, respectively. The 
value of w is 18% greater than that calculated by 
Rittner,”” but agrees within the experimental error, 
while the value of r is 21% greater and disagrees 
slightly with his value. 

The ratios y?A (Li®Cl**) /y?A (Li®Cl*”) are given in 
Table V for the zeroth, first, and second vibrational 
states. All of these ratios agree with the ratio of the 
reduced masses. 

Figure 9 shows the linear relation between the 
vibrational quantum number and the logarithm of the 
relative intensities of the highest frequency lines in the 
strong-intermediate field Li®Cl** spectrum. The vibra- 
tional constant, w., was calculated from the slope of 
this line and the oven temperature, 805°K, to be 536 
+60 cm. The error is based on the estimated error 

“ J. C. Swartz and J. W. Trischka, Phys. Rev. 88, 1085 (1952). 

45 G. C. Wick, Phys. Rev. 73, 51 (1948). 

46H. J. Foley, Phys. Rev. 72, 504 (1947). 

47 The internuclear distance given in reference 9 was used for 


LiF, and the theoretical value given in reference 20 was used for 
LiCl 
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Fic. 9. Linear relationship between the logarithm of the relative 
intensities of the highest frequency lines in the strong-intermediate 
field spectra of Li®C}**, and the vibrational quantum number. The 
slope of this curve gives w,. 


in the oven temperature measurement. The observed 
value is 32% less than the value calculated by Rittner.” 
For Lil, the experimental value is 31% less than the 
theoretical value, and in this case Rittner has suggested 
that the discrepancy is caused by the failure of the 
polarized-ion model. 
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Perturbation Calculation of the Inelastic Scattering of Electrons by Hydrogen Atoms* 
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A perturbation calculation has been made of the inelastic scattering of fast electrons by hydrogen atoms 
to the 2S and 2P states, using for the perturbation only the interaction between the incident electron and 
the bound electron. The results are then compared, to leading order terms in the energy, with calculations 
by the more customary perturbation scheme. For direct scattering, the results for forward scattering ampli- 
tudes are identical using either procedure. The angular distribution and energy dependence are different. 
For exchange scattering, the symmetric and asymmetric perturbations give different results both in the 
forward direction and at angles other than zero. However, in the former scheme exchange scattering is 
negligible compared to the direct scattering. The calculations for direct scattering are shown to be simplified 
by using a somewhat different perturbation scheme (method of altered states). 





1. INTRODUCTION 


ECENTLY a comparison has been made between 
the results obtained for the elastic scattering of 
electrons by hydrogen atoms at high energies using two 
different Born approximations: (1) the interaction be- 
tween the electrons is taken as the perturbation (sym- 
metric perturbation),! and (2) the interaction between 
the electrons and the atom is the perturbation (asym- 
metric perturbation).?* However, the difference be- 
tween these results was found to be too small for a 
decisive experiment to be possible. In this paper we 
have undertaken a similar theoretical comparison of 
the results obtained by the two schemes for inelastic 
scattering to the m=2 state of the hydrogen atom. As 
anticipated, the difference in these results is much 
larger, and an experimental measurement of differential 
scattering cross section is possible in principle and could 
determine which perturbation procedure is more 
accurate. 

In Sec. 2, we give the integrals which must be 
evaluated. In Secs. 3 and 5, we discuss the direct and 
exchange scattering to the 2S state. Sections 6 and 7 
are devoted to the scattering to the 2P state. Section 4 
is concerned with a simplified method, which we call 
the method of altered states for evaluating the direct 
scattering cross sections. 


2. FORMULATION OF THE PROBLEM 


The notation and system of units is the same as in 
those used in I. However, since we now have two pos- 
sible final states, we shall denote the direct- and ex- 


* The research reported in this article was done at the Institute 
of Mathematical Sciences, New York University under the spon- 
sorship of the Geophysics Research Directorate, Air Force Cam- 
bridge Research Center, and in part at the Physics Department, 
College of Engineering, New York University, under sponsorship 
of the Office of Naval Research. 

+ Present address: General Electric Company, Schenectady, 
New York. 

1N. F. Mott and H. S. W. Massey, The Theory of Atomic Colli- 
sions (Oxford University Press, New York, 1949), second edition, 
Chap. VIII, Sec. 2. 

7¢ Borowitz, Phys. Rev. 96, 1523 (1954), hereafter referred to 


as I. 
8 FE. Corinaldesi and L. Trainor, Nuovo cimento 9, 940 (1952). 


change-scattered amplitudes by f and g, respectively, 
for 2S scattering, and by f’ and g’ for 2P scattering. 

The scattered amplitudes for 2S scattering are 
given by4 


= ee i(ky)—k 
foe ——~- f exp[i(ke—ks):11] 


Ls 
empl —Bra](2—n)(--— ) arr, (2.1) 


v2 
f= mor f exp[iko-1ri—ik,: re | 


ey | 
Xexp —tnetrsJ(o—n)(--—)dndrn (2.2) 
T, Tie 
and 
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Xexp[—$re ](2—r2) iF (—m,1, 1(Rori— ko: m1)— 


T12 


X iF (—m,1, i(Ratot+k,: To) )drid72, (2.3) 


v2 
ar exp[iko: r,—ik,- t2] expl— (3r1+12) ] 


1 
x (2—1;)— iF \(—,1, i(Rori— ko- 1) 


Ti2 


X iF i(— 12,1, i(Rarot+kn-t2))dridre, (2.4) 


where ko and k,, are the propagation vectors of the 
electrons in the initial and final states, and 


n\= 1/iko, Nno= 1/tkn. 


The ,F; are confluent hypergeometric functions.’ The 
magnitude of k, is obtained for given ko, from conserva- 
tion of energy 

ke— k a= 4° 


(2.5) 


* We have taken the normalization of the continuum Coulomb 
functions as 1 since that is their limit for k > «, which is the only 


case we Ss. 
5 Reference 1, Chap. III. 
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INELASTIC SCATTERING OF ELECTRONS 


For the case of 2P scattering, there are three 2P 
states corresponding to the values m=0, +1, where m 
is the magnetic quantum number. Only the states 
corresponding to the value m=0 need be considered 
because for m=-+1 the scattered amplitude is zero. 
The direct and exchange scattered amplitudes for 2P 
scattering are then given by 


v2 
fi=—— f expLi(ko— ky) 41] 


ee. 
Xexp[ —3re |re cos( ~ -—)drdrs, (2.6) 


YT, Tie 
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YT, Ti2 
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3. DIRECT 2S SCATTERING 


We consider now the evaluation of the integral (2.3) 
for f,. Expanding 1/rj2 in a series of Legendre poly- 
nomials® and integrating with respect to drs, we obtain 


2v2 aI v2 aI 
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where 

1 
=f exp[iq: ri] expl—Ani ]- 
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(3.2) 
a= 1/iko, 


and q=ky—k,. The integral J has been evaluated by 


6 L. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1949), first edition, p. 173. 


Nordsieck?: 
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Soot) 
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XF(1—ias, ide,1,x), (3.3) 


where 
a=}(¢+)?), B=k,-q—aXk,, 
v= ko-q+iako—a, 5=koknt+ko-k,—8, 
ab— By 
t= —, 
a(y+6) 


(3.4) 


(3.5) 


and F is the hypergeometric function of its argument. 

The quantity x in (3.5) will generally be of order of 
magnitude unity in our calculations. It will be con- 
venient, therefore, to define a new variable 


y=1—x=y(at+8)/a(y+9), 


which will generally be small compared to unity. Using 
(3.4), we may express the quantity y in the form 


y=[(ko— kn)? +A? ]/ (G+). (3.7) 


Inspection of (3.7) shows y is generally of order 1/k,? 
except when 6, the angle between kp and k,, is close to 
zero. The case 6=0 will be considered separately. 

The hypergeometric functions F of the variable «x 
can now be expressed in terms of hypergeometric 
functions of the variable y.* We shall be only interested 
in the approximate form of the hypergeometric function 
for large ko. Noting that a;~1/ko, a1—a2~1/hko', T(z) 
~1/z for small z, we obtain 


(3.6) 


a, a 
F= -“r+( it Iny—ia, ny ) Ps (3.8) 


where 6=a,—42. Since the argument y is small, the 
hypergeometric functions on the right-hand side of 
(3.8) may be expanded by means of the standard series 
for the hypergeometric function.’ Equation (3.8) then 
becomes, if we retain only leading order terms in k, 


F=1—a,axy— 142 Iny— ayazy Iny—ayazy” 


+3(aia2)y* Iny. (3.9) 


We see that the leading order terms in 0F/0\ and 
0°F/d? come from the first term in Iny; hence we may 
write (3.9) in the approximate form 


F=1—iay Iny. (3.10) 
We now evaluate the first and second derivatives of 
F with respect to \. The calculation shows that the 


terms involving the derivatives of the coefficient of F 


7A. Nordsieck, Phys. Rev. 93, 785 (1954). 

SE. J. Whittaker and G. N. Watson, A Course of Modern 
Analysis (Cambridge University Press, Cambridge, 1946), fourth 
edition, p. 281. 

® See reference 8, p. 281. 
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are small compared to the derivatives of F. Neglecting 
these terms, we obtain" for f,: 


; 32vV2iko(1—cosd) (q?-+9/2) 
s—C ’ 
81x (¢+9/4)? 


where c= 2x/a exp[ — 1a; ](a/y)***(y+6/y)-*. For high 
energies 





2x 4a 
a (g+9/4) 
gG2ke(1 aa cos@) = (2ko sin}6)*, 


so that f, has the limiting form 


~(—) 
at” holy ’ 
with u=sin?(36). 


The scattering amplitude for 2S scattering f. has 
been evaluated by Corinaldesi and Trainor,’ who give 


fm 8v2 -(—) 
* (¢+9/4)? 8\ kets] 


This differs from f, in both energy and angular 
dependence. 


(3.12) 


(3.13) 


Small Scattering Angles 


The calculation of the scattering amplitude for small 
scattering angle @ requires an additional analysis be- 
cause the orders of magnitude of the various terms in- 
volved change. This is most easily done by specializing 
(3.3) to the case 6=0. The principal contribution to the 
scattered amplitude comes from the terms in I involving 
the derivatives of 27/a. For x=0, the function F=1 
and the coefficients other than 27/a are approximately 
equal to unity. The scattered amplitude may therefore 
be obtained from the approximate form of (3.3): 


2r 4r 4r 


[=—= mY 


pert ey 


Substituting the values of 6//d\ and 0*J/d? into (3.1) 
yields 


(3.14) 


8v2 512v2 
~ (¢+9/4)* 729 


This value of f,, with ¢* retained, is exactly the same 
as that given by (3.13) for f.. It is of mathematical 
interest to note that the approximate from (3.14) of 
the fundamental integral J is the same result obtained 
by the use of the asymmetric perturbation. 





f. 


1 A more detailed evaluation of this and subsequent integrals 
can be found in S. Borowitz and M. M. Klein, Research Report 
No. CX-22, New York University, Institute of Mathematical 
Sciences, Division of Electromagnetic Research (unpublished). 
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4. METHOD OF ALTERED STATES 


The symmetric perturbation scheme involves con- 
siderable mathematical difficulties because the integrals 
to be evaluated contain the product of two hyper- 
geometric functions. It is desirable, therefore, to con- 
sider possible approximations by which the calculations 
may be simplified without introducing too much error. 

The work of Schwebel" suggests that an excellent 
approximation of the symmetric perturbation scheme 
would be to replace the final-state wave function by a 
plane wave. That this approximation should not 
essentially change the results of the more exact solution 
may be seen as follows. 

The solution of the Schrédinger equation is the sum 
of the unperturbed wave function YW» and the perturbed 
or scattered wave V,. The function Wo satisfies the 
equation 

HAwWo=0, (4.1) 
where 
ae 
Ho= aibast2( E+ + -). 
ma FF 


2 


WV, then satisfies the equation 
2 
HW .=—(Wot+¥,). 
Ti2 
We now rewrite (4.2) as follows: 
2 ee | 
HY. =—9,+2(—- -\W., 


Ti2 Tio 1) 


(4.3) 


where H’=Ho—(2/r;). Neglecting the term in WV, on 
the right-hand side of (4.3) and using the Green’s 
function appropriate to the operator H’, we obtain 
integrals similar to the integrals J;, 72, except that the 
Coulomb wave function for the final state has been 
replaced by plane waves.” Since our approximation in- 
volves only the neglect of a term containing the per- 
turbation Y,, the method of altered states should give 
the same order of accuracy as the more exact solution. 

We consider now the application of the method of 
altered states to 2S direct scattering. The integral to 
be evaluated is 


f aed | expliq:- 1] expl—$r2 ](2—12) 
8 16m? 2 


1 
X iF i(m,1, i(Rori— ko: r:))}—dr,d72. (4.4) 


Ti2 


The integration with respect to rz can be done immedi- 
ately. The integration with respect to 7, can be done 


1S, L. Schwebel, Research Report No. CX-15, New York 
University, Institute of Mathematical Sciences, Division of Elec- 
tromagnetic Research. 

12S, Borowitz and B. Friedman, Phys. Rev. 89, 441 (1953). 
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by expressing ,/; as a contour integral in the complex 
plane’: 


iF \(—, k: (Rori— ko: ri)) 


1 \* dv 
-—$ (1+-) expl —i(kori—ko-t1)0 +, (4.5) 
2ri v v 


where the contour in the v-plane encloses the point 0 
and —1. 
Using this method, we can write (4.4) as 


f.= (8 ‘9)v2 (Fiko ole+9 s+ 12ko oL3— 4k,? _iL3), (4.6) 


where 


1 [1+(1/0)]}™do 


(A+Bo)*0" — 


(4.7) 


. a 
In (4.7), 
A= g+9, ‘4, p= 2(kor— ko: k,.+3iko). 


The integrals ,L, may be evaluated by replacing the 
contour around the points 0,—1 by a new contour 
enclosing the singularity of the denominator (A+ Bz). 
This procedure is justified because the integrals ,L, 
are of order 1/v* or smaller in the neighborhood of 
infinity. We utilize Cauchy’s theorem to evaluate our 
integrals, and note that a minus sign is introduced by 
use of the new contour. For large ko, a common factor 
(1—B/A)™ which occurs is taken equal to unity."* The 
principal terms in the expression (4.6) for f, are con- 
tributed by oL2 and _:L3. We evaluate f, neglecting all 
but these terms; we use the values of A and B in (4.7), 
noting that m,;=1/iko, and retaining only leading order 
terms; then we have as the limiting form 


8 sv2i 
fn—( ), 
81 Rou 


a result in good agreement with (3.12). 

It is of interest to see whether the method of altered 
states will yield the correct result for @=0. The principal 
contribution to f, comes from the term in ,Z3 which 
does not contain (A—B). Neglecting all but this term 
in (4.6) we have 


(4.8) 
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in agreement with (3.15). 


5. EXCHANGE 2S SCATTERING 


The exchange-scattered amplitude g, is given by 
(2.4). In order to evaluate this integral, we first express 


18 §, Borowitz, Phys. Rev. 96, 1527 (1954). 
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1/r12 as a Fourier integral : 
1 1 pexp[ip-(r—r) | 


= ms Rd 
T\2 2r* ? 


(5.1) 


The hypergeometric functions occurring in (2.4) are 
then replaced by contour integrals in the complex plane 
[see (4.5) ], and (2.4) takes the form 


v2 dtp 
£.= fees, 
3271 Pr 


1 1\" dv 
jo=— (14-) —J my 
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and 


Iy= f exp — (1+7k,u)ri ]expl—iKe: re |dro; 


here 


K,= (1+0)ko+ P, 
(5.5) 
K,= (1+)k,+p. 


The contour variable « has been used to correspond to 
r. and the contour variable v to correspond to r. 
The integrals J; and Jz may be simply evaluated: 


(1+7kov) 2($+ikov)? 

= 16] ———_- — 

(A i- By)? (A i +By,v)3 
(1+ik,w) 
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where 
A\=pP+k?+2ko- p+, 
B,=2(ke+ko- p+ dike), 
A,=p+2k,-ptk,+1, 
By=2 (ki? +Kn: ptikn). 
Substitution of (5.6) and (5.3) yields 


J = 164 (sLy' +iko ola! —4 Ls! —2iko ols’ +2ko? -Ls'), 
(5.9) 
J = 8ar(,L1" +k, oL2""), 


where the single prime is used to denote the fact that 
the quantities A, B, and m, occurring in the ,Z; in- 
tegrals of (4.7) are A,, B,, and m; the double prime 
means that A, B, and m are replaced by A», Bz, and 
nz. The integrals are evaluated by the method of Sec. 
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4, and give for g, in (5.2): 
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E,,"t= f . (8.11) 
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We shall evaluate (5.10) for high values of ko and 
will therefore consider only leading order terms. Be- 
cause of singularities occurring in the integrals in 
(5.11), their order of magnitude with respect to ko can 
not be obtained from simple dimensional considera- 
tions. Experience gained in working with these integrals 
shows that the leading order terms are contributed by 
the integrals Eyo', Ezo'*, Eo:, and Eo;*!. Equations 
(5.10) may then be written 


g.™ (v2 /x*) (4F 102+ 41k E20?+ 4F;”! ins 2Eo;**). (5. 1 2) 


The integrals in (5.12) may be evaluated by a method 
due to Feynman." The results for the integrals for 
g, are 


173V2i_173V2i 
~ (5.13) 


g:> = . 
16k,°¢* 64Ro uw 

The exchange scattering amplitude g, [see (2.2) ] has 
been evaluated exactly by Corinaldesi and Trainor.’ 
The approximate form of their result for large ko, ex- 
pressed in our notation, is 


(5.14) 


This result differs from that for the symmetric case in 
both energy dependence, ko and angular dependence, yu. 

It is of interest to note that the part of the asym- 
metric scattering g, corresponding to 1/r12 is furnished 
by the integrals Eoo” and Epo, since these integrals 
are only ones which would occur if plane-wave func- 
tions were used with the symmetric perturbation. 
Direct evaluation of these integrals shows, however, 
that they are of order 1/ko°u? [see (5.14)] and are 
therefore negligible compared to the terms we have 
evaluated. 

If the method of altered states is used for 2S ex- 
change scattering, we do not obtain all of the leading 


™“R, P. Feynman, Phys. Rev. 76, 769 (1949). 
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order terms. Because of the separation of variables 
occurring in exchange scattering, no essential simplifica- 
tion is obtained, but only a reduction in the number of 
integrals to be computed. The method of altered states 
will not, therefore, be considered further in exchange 
scattering. 


Small Scattering Angles 


An examination of the orders of magnitude of the 
integrals occurring in (5.10) for 6=0 shows that now 
Eqo™ and Eoo* are of order 1/k,? while the integrals 
previously considered are now of order 1/ko*. It would 
thus appear that, as in direct scattering, the plane 
wave terms become dominant for small @. A further 
examination of Hoo” and Epo shows, however, that 
these terms cancel to order 1/k,? and that the next 
leading order term is of order 1/ko'. The plane-wave 
terms thus appear to play a negligible role in exchange 
scattering for both large and small scattering angles. 

Examination of the integrals in (5.11) for 6=0 
shows that the four integrals previously considered are 
leading order terms but that, in addition, the integral 
E\«” becomes of comparable order of magnitude. The 
appropriate form of (5.10) for @=0 is thus 


ge= (V2/m*) (4Eyo!?— 4Eyo?+ 4ikoE 20” 
+4Eo"—2Eo*). (5.15) 
This gives 


&+| om0= (47V2/16) (i/ko*). (5.16) 


The result given by Corinaldesi and Trainor for the 
asymmetric perturbation, when evaluated for the limit- 
ing case 6=0, has the form 


Sa| omo= (40V2/81) (1/ko*). (5.17) 


The scattering amplitude given by the asymmetric 
method for 2S exchange scattering is therefore negli- 
gible compared to that given by the symmetric method 
for small as well as large scattering angles. This is in 
contrast to direct scattering where the two methods 
give similar results for small scattering angles. 


6. DIRECT 2P SCATTERING 


The scattering amplitude f,’ for direct 2P scattering 
is given by (2.8). Because of the good results obtained 
with the method of altered states (Sec. 4) for direct 
2S scattering, we shall use this method for the present 
case. The wave function for the final state is replaced, 
therefore, by a plane-wave function and (2.8) becomes 


v2 1 
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Integrating with respect to dra and expressing the 
hypergeometric function ,/; as a contour integral 
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[see (4.5) ] yields 
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K= q+ ko, Ko= 34+ tkov. 


The integration with respect to dr; may be carried 
out directly, but, because of the factor cos#, branch 
points occur which lead to difficulties in carrying out 
the » integration. The factor cos#, therefore is elimi- 
nated by means of 


» (6.3) 
k=ko 


where K’= k+ vk )—k, and obviously K’= K for k= ho. 
The form of K’ has been chosen to avoid a factor of v 


in the differentiation. Equation (6.2) now takes the 
form 
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k is to be set equal to ko after the differentiation. 
The integrals with respect to 7; may be readily 
carried out if we use the integral 


- dx b 
f (e-97#— -»)—=in(-). 
0 x a 


It is convenient to eliminate the logarithmic form occur- 
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ring in M, and M® after the integration by use of 
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Performing the differentiation with respect to & in 
(6.5), and noting that 
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we obtain 


i 
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M“ = —8rrko(€ LitoL2), 64} 
M = —32mko[ $e Lat (§+ikoe) oLst+iko Ls) ], 


where ¢= (1/iko)(Ro—k,n cosé). The notation L(A) in- 
dicates that the quantities A and B occurring in L are 
replaced by A, and By. We evaluate the L integrals in 
(6.6) as before and, retaining only the terms of highest 
order, obtain 


16 v2i 8v2i 
fia—— (1-9 
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The scattering amplitude f,’ [see (2.6)] has been 
evaluated exactly by Corinaldesi and Trainor; their 
result is 

_12V2i(ho— kp cos6) 3v2 i 


2(249/4)® 32 Rou? 





(6.7) 


Equation (6.7) differs considerably from our result; 
the energy variation is of order 1/ko’ instead of 1/ho’, 
and in addition, the angular variation with the asym- 
metric perturbation is opposite to that given by the 
symmetric perturbation. 

A detailed analysis” of f,’ for @=0 indicates that the 
principal contribution comes only from the plane-wave 
terms. The result, then, is in exact agreement with 
(6.7) with 6=0, namely, 


12V2i(ko— ky cos0) ee 1536 
g(g+9/4)* Py: 728 
7. EXCHANGE 2P SCATTERING 


tho. (6.8) 





The scattering amplitude g,’ for 2P exchange scatter- 
ing is given by (2.9). The procedure for evaluating the 





618 s. 


integrals is very similar to that used in 2S exchange 
scattering. Replacing 1/r12 by its Fourier integral and 
the hypergeometric functions by contour integrals [see 
(5.1) and (4.8) ] yields 


v2 
£. =— #6 6, 'J®, 
32nd p? 


(7.1) 


where 
nmi dv 
JM'= —$ (1+ ) —Jy, 
2ri v 


i= f expl—(+ikwn) 
Xexp[7K,- ry |r cos6;d73. 


(7.2) 


(7.3) 


J® is defined by (5.3). The integral J® has been 
evaluated previously. To evaluate J” we first remove 
the factor cos#; in J,’ by the method explained in Sec. 6 
[see (6.3) ]. We obtain for J,’: 


_ 32mi(}+ikor) Lhe? (1+2) + ko: p] 
rs ko(A,+By0)! 
The integral J” then takes the form 
J! = (32mi/ko) [43 (ko?+-ko- p) Ls" 
+iko(ko?+ko- p— ike) oLs’ +ike® Ls], (7.5) 


where the L integrals are identical with those in (5.9). 
Evaluating the L integrals, we obtain for g,’ 


(7.4) 
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Faty'= f p 
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A consideration of these integrals shows that the 
leading order terms in (7.6) are contributed by the 


integrals Fo"? and (Fo;*')’. Equation (7.6) has, accord- 
ingly, the approximate form 


(7.6) 


where 





(7.7) 
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The integral F9'* is identical with the integral Zoo”. 
To evaluate (Fo;*')’, we first remove the factor ko- p from 
the numerator by means of 


2(ko?-+ ko: p) Pp) ky O (— ) 
soe’ "ica 2 dky\ AP 


Then we have 
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ky O dry 
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(7.9) 


(7.10) 


We can therefore evaluate (Fo;*')’, using Feynman’s 


method." The results are 
Foo = 3 (9? /ko'g’), 
(Fo*")’= ye" (Ro? /Rntq’). 


Substituting these values into (7.8) for the scattered 
amplitude, we have 


(7.11) 
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The exchange-scattered amplitude g,’, that is, (2.7), 
has been evaluated by Corinaldesi and Trainor. The 
approximate form of their result, for large ko, is 


~-( 5 
es eee 
Ske? we 


This result differs from that for the symmetric method 
in both energy and angular dependence. 


(7.13) 


Small Scattering Angles 


Examination of (7.6) for 2=0 shows that Fo!* and 
(Fo,*!)’ remain leading order terms but that, in addition, 
the integrals (Foo%)’, and Fi” and Fy” become of 
comparable order of magnitude. The appropriate form 
of (7.6) for 6=0 is then 


v2 i 
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—2( Fog? —4ikoF 102 —4ke?F 20?+2(Fox*)’). (7.14) 


These integrals can again be performed by Feynman’s 
method," and we have 
(Foo®?)’ = (32/125) (8/5)3(a?/ko?), 
Foo? = (8/35) (8/5)4(a°/ko?), 
F p= (10/3) (3i/ko*), 
F9!?= (5/2) (x?/ko'), 
Fo8" = (5/48) (w?ho?/k'). 


The integrals (Foo*)’ and Foo” contribute an amount 
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TABLE I. Summary of results. 


Symmetric method 
ku>>1 

8 vii 

81 kop 
173 vi 

64 kobu 

4 \2i(1-2u) 
27 ko’ 


Type of scattering 


2S direct 


2S exchange 


2P direct 


_45 Vi 
32 kobu 


2P exchange 


small compared to the other integrals and will be 
neglected. Substituting the values of the other integrals 


into (7.14) yields 
’ ~(=) 
Be aN ke 


The result given by Corinaldesi and Trainor for g,’ 
when evaluated for the limiting case @2=0 has the form 


=(-) 
| ate, ETE |. 
27\ ko? 


Equations (7.16) and (7.17) agree with regard to energy 
dependence for @=0 in 2P exchange scattering. This is 
in contrast to the result for @=0 in 2S exchange 
scattering. 


(7.16) 


(7.17) 


8. SUMMARY AND DISCUSSION 


The results obtained in the present investigation are 
summarized in Table I. 
In contrast to the results obtained using the asym- 


Asymmetric method 
kyu> 1 
1 v2 
8 koous 
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metric perturbation, we see that the present results for 
direct scattering are much more important than ex- 
change scattering for all energies. This arises from the 
fact that the direct-scattered amplitude is much larger 
when one uses the symmetric perturbation than when 
one uses the asymmetric perturbation. Since the results 
are so different, it is conceivable that some experiment 
may be done which would tell us which of the per- 
turbation procedures is the more accurate. In doing such 
an experiment, one would have to measure the differen- 
tial scattering cross section. Measurement of the total 
cross section would not be useful, since it would be 
dominated by the scattering in the forward direction, 
and for this scattering there is nothing to distinguish 
the two cases. 

The identity of the results in the forward direction 
for direct scattering leads us to the conclusion that the 
Born approximation using the asymmetric perturbation 
gives the correct amplitude but an incorrect phase for 
the direct-scattered wave. For exchange scattering, 
however, the symmetric perturbation scheme is a more 
natural one. 
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A redetermination has been made of the zero-field hyperfine splitting of the ground state of atomic 
hydrogen. A microwave absorption technique was used employing a resonance line with a width of about . 
3 kc/sec. This width (occasionally as narrow as yy of the normal Doppler breadth) was obtained through the 
mechanism of collision reduction of the Doppler effect. The primary relaxation mechanism was electron 
exchange between hydrogen atoms. The measured result for the hyperfine splitting is Avy=1420.40580 


+0.00006 Mc/sec. 





INTRODUCTION 


HE hyperfine splitting (hfs) in the ground state 

of atomic hydrogen has been determined using 
a microwave absorption technique. The measurement 
of the hfs in hydrogen is important in that, in conjunc- 
tion with other experiments,' it provides an experimental 
measure of proton structure and recoil effects in the 
hydrogen atom.’ At present these are not amenable 
to accurate calculation. 

As the frequency of a microwave transition can be 
reliably determined only to the order of a few thous- 
andths of the observed frequency width of the transi- 
tion, it is of prime importance to reduce this width as 
far as is experimentally feasible. Other recent measure- 
ments** of the hfs have been made with an atomic 
beam technique, where transit-time effects prevented 
resonances narrower than 20 kc/sec. from being 
observed. By means of a special technique’ to eliminate 
Doppler broadening effects without introducing collision 
broadening, resonances under 2 kc/sec in width were 
observed in the present experiment. 

The work to be reported was previously summarized 
in a Letter to the Editor.® 


CAUSES OF LINE BREADTH 


The importance of a narrow spectroscopic line has 
already been emphasized. It is proposed to discuss 
here the various factors affecting the line breadth. 
Although the traditional classification of line broadening 
as natural, Doppler, collision, field, or saturation 
broadening is incomplete and otherwise imperfect, 
it does constitute a useful classification and the various 
effects encountered will be discussed in this order. 


*This research was supported by the Signal Corps of the 
Army. 
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Natural Line Breadth 


An atom or molecule has a remarkably long radiation 
lifetime at microwave frequencies when isolated in 
free space. For the hydrogen hyperfine transition under 
discussion this lifetime is about 10’ years. This could 
be ignored completely as a cause of line breadth if it 
were not for two factors which greatly increase the 
radiation rate of the gas. First, the atoms are not in 
free space but in an enclosure, the cavity, which causes 
the atom to couple more strongly to the radiation field 
at the resonance frequency. This increases the radiation 
rate by a factor of about 80 in the present experiment. 
Of much greater importance is the effect of coherence.”:* 
The gaseous atoms are excited coherently by the 
electromagnetic field, and their reradiation is coherent. 
This decreases the radiation lifetime by a factor equal 
to the difference in the numbers of atoms in the two 
energy levels in question at thermal equilibrium. This 
population difference can be taken to be about 2X 104, 
giving a radiation lifetime of 20 sec. Compared to 
other effects to be discussed later, this is still negligible. 


Doppler Breadth 


A normal Doppler effect? is obtained only for a 
freely moving atom continuously exposed to the 
radiation field. In this case the Doppler effect has a 
simple explanation in terms of the conservation of 
momentum? at the time of emission or absorption of 
radiation and the line breadth is simply given by the 
Maxwellian distribution of velocities. It has been 
shown® that this is no longer the case when the gas 
atoms suffer collisions, either with container walls’®” 
or with other gas molecules. In fact, for a gas confined 
to a vessel having all dimensions sufficiently small 
compared with a radiation wavelength so that the 
microwave field strength is substantially constant 
over the container, there is negligible Doppler effect 
of any kind. The Doppler effect is then usually replaced 
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by a line broadening resulting from collision damping 
produced by wall collisions. 

In the present experiment the gas container is 
fairly large but the atomic hydrogen is present in a 
buffer atmosphere of molecular hydrogen. The collisions 
with the molecular hydrogen greatly modify the 
Doppler effect, changing the line contour from Gaussian 
to essentially Lorentz shape and reducing the line 
width at half-maximum to the value® 


Av=2.8(L/) Xnormal Doppler width.” 


Here L is the kinetic mean free path of the hydrogen 
atoms in the gas. For the molecular hydrogen pressures 
(0.1 mm Hg) employed in this experiment, the cal- 
culated collision quenched Doppler breadth is 200 sec 
as compared with a normal Doppler width of 17400 
sec"!. The observed line breadths of about 3 kc/sec 
indicate that the Doppler effect is negligible and that 
the breadth is caused by other effects. 


Collision Effects 


The spectroscopic line may be broadened by several 
different gas collision effects. In a collision between a 
hydrogen atom and a hydrogen molecule, a disturbance 
of the hyperfine spin state results from magnetic 
interaction between the electron moment of the atom 
and magnetic fields produced by the molecule. The 
sources of these fields are the proton magnetic dipole 
moments of the molecular protons, the rotational 
moment of the molecule, and motional magnetic 
fields resulting from motion through the molecular 
electric fields. These three effects produce magnetic 
field strengths at the atom of roughly the same value 
(~200 gauss at distance of closest approach). The 
resulting energy level transition probability per 
collision is about 10~* and leads to a relaxation time 
at 0.1-mm pressure of the order of 600 seconds. A 
detailed calculation has not been carried out as these 
effects are negligible compared with the electron 
exchange effect to be discussed in detail. 

In a collision between two hydrogen atoms there are 
two new effects which appear. First because both atoms 
have unpaired electrons there is a dipole-dipole inter- 
action between the two electrons leading to a transition 
probability per collision of about 10~*. This, though 
large, is negligible compared with the second effect, 
that of electron exchange. 


Electron Exchange Effects'* 


If two hydrogen atoms with oppositely directed 
electron spins pass each other with a closest distance of 
approach of less than about 3.8X10~* cm, there is a 


12 This result is derived in Appendix I. 

13The importance of the electron exchange effect seems to 
have been first indicated by N. F. Ramsey and V. Weisskopf. 
Some of the work in this section was carried out in collaboration 
with E. M. Purcell of Harvard University who contributed 
several of the basic ideas. 
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probability of } that the two electrons interchange spin 
coordinates. The physical reason for this interchange 
is to be found in the same mechanism that produces 
the “exchange forces” that hold the hydrogen molecule 
together. As the two atoms come together the splitting 
of the energy levels, symmetric and antisymmetric 
under interchange of electron space coordinates, leads 
to this spin interchange. The result is equivalent for 
antiparallel electron spins to a spin inversion for each 
of the electrons and leads to the relaxation effects to 
be discussed. 

In a discussion of the electron relaxation mechanism, 
it is necessary to make a distinction between effects 
which tend to restore equilibrium population balance 
between the various hyperfine states and effects which 
tend to reduce an oscillating dipole moment of the gas 
to zero. The latter effect is the only one affecting the 
line width and shape but the first effect is also of great 
importance for the question of signal strength. 

In a treatment of the electron exchange effect, it is 
convenient to divide the problem into two parts. 
First to be discussed is a calculation of the cross section 
for electron exchange; second, the effect of the electron 
spin exchange on the atomic hyperfine spin state must 
be discussed. 

The two hydrogen atoms taking part in a collision 
are assumed to both be initially in definite hyperfine 
spin states. The wave function must be made anti- 
symmetric with respect to electron exchange, but for 
simplicity the proton coordinates are left unsymmet- 
rized. The effect on the results of thus regarding the 
protons as distinguishable will be discussed later. 
The usual adiabatic approximation which treats the 
two centers of mass as particles interacting under the 
influence of the molecular force field is used. Because of 
the electron exchange effect this interaction potential 
is different for electron-spin symmetric and antisym- 
metric states. The original atomic spin states are in 
general neither electron-spin-exchange symmetric nor 
antisymmetric. In a partial wave treatment of the 
scattering problem, the two outgoing waves (electron 
spin symmetric and antisymmetric) of a given / differ 
in phase because of the difference in scattering potential. 
A phase shift difference of r results in an exchange of the 
two electron spin coordinates. The electron exchange 
probability is proportional to sin® of } of this phase 
difference. A sufficiently large phase shift that varies 
rapidly as a function of the energy of the relative 
motion of the atoms can be treated as random, giving a 
probability of 4 that an electron is left on its original 
proton. 

For partial waves of large J, the centrifugal force 
barrier keeps the two atoms sufficiently far apart that 
the short range exchange forces are without effect. 
For a critical value of the orbital quantum number /, 
(/~11, center-of-mass coordinate system, for thermal 
energy) the centrifugal repulsive barrier is reduced to 
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Fic. 1. Energy levels of (space-) symmetric and antisymmetric 
S states of two hydrogen atoms as a function of proton separation. 


such a low height by the short range molecular binding 
forces that the barrier is no longer sufficiently high to 
reflect atoms of thermal kinetic energy in the electronic 
spin singlet state. The exchange forces in the electronic 
triplet state always are repulsive (see Fig. 1). Thus for 
partial waves with /</.,:i:, atoms in electron-spin 
singlet states are pulled together for a close encounter, 
whereas the triplet spin collisions continue to occur at 
large distance. This results in a large and essentially 
random difference in the phases of the outgoing waves 
of same /. Because of the random phase shift for 
1<lerit, the cross section for electron exchange is 3 
of the maximum reaction cross section of (#/k?)(2/+1). 
For />J/-.rit, the phase shift is found by a perturbation 
calculation to be small and the resulting contribution to 
scattering cross section is negligible. Consequently the 
total cross section for electron exchange may be written 


aw lerit ~ 
Fexeh=— DL (2IR+1)=—(lerit +1). 
2k? =o 2k? 
Both & and /.,i, are energy dependent but in such a 
way as to largely mutually compensate and the resulting 
cross section is quite temperature independent : 


Gexch® 2.3X10-* cm’. 


It should be noted that this is a large cross section— 
about an order of magnitude larger than the usual 
cross sections from kinetic theory. 

In the above calculation the protons were regarded 
as distinguishable. Because of the large value of [rit 
this should cause no trouble. The difference in statistical 
weight of the proton singlet and triplet states should 
have only a minor effect on the sum over all the partial 
waves up to lerit. 

The second problem to be considered is the effect of 
electron exchange on the atomic spin states. Actually 
detailed information concerning the effect of electron 
exchange on the spin states of two atoms, each initially 
in a completely defined spin state, is not needed. A 
rather large amount of labor can be saved by using 
statistical techniques and the density matrix formalism. 
Here one must choose a Gibbsian ensemble which 
correctly represents the statistical character of the gas. 

A question arises concerning the extent to which two 
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individual hydrogen atoms are statistically independent 
before an electron exchange takes place. Two atoms 
would be strongly correlated by the previous electron 
exchange if it occurred between the same two atoms. 
However, the probability of this happening is negligibly 
small. The correlation which results from interaction 
with a common electromagnetic field causes no trouble 
statistically as the field is treated as a known and given 
interaction common to both atoms. Thus the gas may 
be regarded as an ensemble of statistically independent 
hydrogen atoms with the effect of the electromagnetic 
field appearing as an explicit time dependence of the 
density matrix of the ensemble. 

In order to compute the effect of electron exchange, 
an ensemble of atom pairs is formed by pairing atoms 
at random. The effect of electron exchange on this 
new ensemble is computed. The atom pairs are then 
separated to form a modified ensemble of single-atom 
systems. These computations are sketched in Appendix 
Il. 

Inasmuch as the effect of the atomic spin states on 
the probability of electron exchange was neglected, 
the results will be valid only for a hyperfine energy 
small compared with kT. This “high-temperature”’ 
treatment will of course fail to give the proper Boltz- 
mann difference in populations for the case of thermal 
equilibrium. However, the relaxation rates computed 
will be quite accurate. 

The results of the straightforward, but laborious, 
calculation outlined in Appendix II can be obtained by 
a simple, direct argument on physical grounds. Consider 
the problem of the restoration of the populations to a 
condition of thermal equilibrium when the populations 
have been initially disturbed. In the present experiment 
the microwave transitions were between the two 
hyperfine states with My=0. Consequently the initial 
ensemble is assumed to be one with the two populations 
Mr=+1 equal. It is further assumed for the moment 
that there are no oscillating or static magnetic moments. 
This ensemble is characterized by unpolarized electron 
and proton distributions. Because of the internal 
correlations between the electron and proton spins of a 
given atom the ensemble is not uniform, states of 
different quantum numbers F, Myr having different 
populations. The effect of electron exchange between 
two such atoms is to replace an atom’s electron by one 
which is both unpolarized and uncorrelated with the 
proton’s spin. Hence after exchange the atom is in a 
completely random spin state with both proton and 
electron spins unpolarized and uncorrelated. This 
complete randomness in the atomic spin state is 
characterized by a uniform ensemble for which all four 
spin states are equally populated. This is the condition 
of thermal equilibrium under the infinite temperature 
approximation used here. 

As electron exchanges are randomly distributed in 
time, the population relaxation effect can be described 
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by a single relaxation time 7, equal to the mean time 
between electron exchanges for a given atom. It is inter- 
esting that there is but one relaxation time of this type. 
With four energy levels one might have expected three 
relaxation times associated with the three normal 
exponential solutions of the general diffusion equations. 
One of the normal solutions, which incidently in the 
present approximation has an infinite relaxation time, 
disappears because of the assumption of initially equal 
populations for Mr=+1. The other two normal 
solutions have relaxation times equal to 7}. 

Although the argument was carried out only for an 
assumption of vanishing dipole moment for the gas, 
it is for all practical purposes correct also when the 
gas contains an oscillating dipole moment induced by 
the applied electromagnetic field. Populations are 
redistributed with a relaxation time 7;. The only 
remaining problem is one of computing the effect of 
electron exchange on such an oscillating dipole moment. 

To assist in the discussion of the case of an oscillating 
dipole moment we introduce the notion of an “ensemble 
model.” This is a peculiar concept without a classical 
analog. Two different ensembles which have the same 
density matrix cannot be distinguished by any physical 
measurement. However, the same ensemble may be 
constructed in various ways and a given construction is 
here called a “model.” For example, one way of con- 
structing a “model” of hydrogen gas with a weak 
oscillating dipole moment in the z direction is to mix 
together atoms in several superposition energy states so 
selected that the expectation value of the oscillating 
dipole moment is small and the same for all. Another 
way is to mix together atoms with states of definite F 
and Mr, and hence without oscillating dipole moments, 
with a small quantity of strongly oscillating atoms each 
of which is in a superposition state of equal amounts of 
the two Mr=0 states. It is strange that these two 
different models which are distinctly different before 
the mixing become indistinguishable after the identities 
of the atoms are lost. 

The importance of this for the present problem is 
that a great deal of computing can be avoided by using 
physical arguments based on the proper model. From 
a mathematical point of view this is equivalent to 
decomposing the original density matrix into several 
parts for each of which the effect of the electron 
exchange is obtained more easily. 

As the gas contains an oscillating dipole moment, the 
effect of an electron exchange on the ensemble will 
depend on the phase of the oscillation and must be 
averaged over all values of this phase. This is most 
easily done by averaging the effect of an electron 
exchange for the two cases of the oscillating magnetiza- 
tion instantaneously zero and a maximum. The case of 
an instantaneously zero magnetization has already 
been discussed and been shown to produce a uniform 
ensemble (no oscillating moment). To discuss the case 
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of maximum magnetization, we use the second model 
discussed above. The hydrogen atoms are assumed to 
fall into two classes, A and B. Class A atoms, V4 in 
number, have no polarization. Class B atoms (Nz) are 
in states for which, at the time of maximum magnetiza- 
tion, the electrons are completely polarized along the 
direction of the static magnetic field with the proton 
spin oppositely directed. In an electron exchange 
between atom pairs chosen at random, the exchange 
between Class A atoms occurs with a frequency of 
N4?/2(Na+Nz) and leads to unpolarized atoms. A 
pairing of a Class A and a Class B atom has a frequency 
of NaNp/(Nat+Naz). It has the following effect. The 
polarized electron from the Class B atom is combined 
with the unpolarized proton of the Class A atom. 
However, the unpolarized protons may be divided into 
two classes oppositely directed along the Z-axis, in 
which case there is a probability of } that the proton 
has the same orientation as the original Class B atom. 
Thus there is a probability of } that the original Class B 
atom remains Class B. In the pairing of Class B atoms 
with themselves, NV,?/2(Ni+Np) Class B atoms 
pairs are formed and are left unchanged by the exchange 
process. Thus the total number of Class B electrons is, 
after the exchange, 
Ne NaNp 
2x ————_+- 2X —_—_—__= Np, 
2(Nat+Nap) (VatNae) 

and is left unchanged. The averaging of this with the 
result zero obtained for the case of instantaneous zero 
magnetization results in the mean magnetization being 
reduced to } its value before exchange. This is a 
surprising result as the relaxation time for the reduction 
of an oscillating moment, which by analogy with 
nuclear magnetic resonance terminology we call 7», 
is greater than the relaxation time 7; discussed above. 
In fact, T,=27;. In nuclear magnetic relaxation, 
except for pathological cases, T;>T 2. To summarize: 
the relaxation time for the restoration of the state 
populations of thermal equilibrium is 7), equal to the 
mean time between electron exchanges suffered by 
some given atom. 7,=27; is the relaxation time for 
the decay of an oscillating magnetization. Assuming 
room temperature and the electron exchange cross 
section given earlier, 
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where N is the atomic hydrogen concentration. The 
effect of these relaxation times on the question of line 
breadth will be continued in a later section on saturation 
effects. 


Field Broadening 


The effect of static fields on the line breadth can be 
easily discussed. Inasmuch as the transition is magnetic 
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dipole in type, the Stark effect is negligible and the 
Zeeman effect is quadratic and very small. The Zeeman 
fractional shift is Av/y=1.94X10-® H®. For the weak 
fields employed (under 0.1 gauss) the effect of field 
inhomogenities was negligible, and the Zeeman correc- 
tion under 10 sec. 


Saturation 


It appears that the electron exchange effect is the 
only line broadening effect discussed of any great 
importance. In any microwave spectroscopy experi- 
ment, power saturation can be an important effect 
and it must be discussed in relation to the relaxation 
mechanism. While saturation broadening can always 
be eliminated by reducing the exciting power to a 
sufficiently low value, this also reduces the signal 
power. The rate at which information concerning the 
line center is obtained is maximized by allowing some 
line broadening by saturation. Because of the difference 
in the two relaxation times T, and T>, the well-known 
calculation” of the saturation effect on line shape is 
inapplicable but is easily modified to give the absorbed 
energy per hydrogen atom as 
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Here N is the total number of hydrogen atoms (includ- 
ing those in the Mry=+1 states), T is the absolute 
temperature, u is the effective dipole moment of the 
transition (u=(F=1, Mr=0|y,|F=0, Mr=0)), A is 
the amplitude of the rf magnetic field, and Aw=w—w, 
where wo is the (circular) frequency of the line center. 
This is identical to the usual expression with the 
exception of the 7,/T: factor in the “saturation” 
term in the denominator. This formula was obtained 
from a simple physical argument but was verified by 
calculating the time rate of change of the density 
matrix describing the statistical character of the 
atomic spin state under the influence of the radio- 
frequency field and the relaxation effect. 





Pressure Shift 


Although collisions with hydrogen molecules do not 
contribute in an important way to the breadth of the 
hyperfine transition resonance, they introduce a very 
small shift in resonance frequency which needs discus- 
sion. Physically this shift has its origin in the fact that 
during a collision the hydrogen atom orbital wave 
function is disturbed by the presence of the hydrogen 
molecule. In this disturbed state, the probability of 
the electron being found at the position of the proton 


“4 R. Karplus and J. Schwinger, Phys. Rev. 73, 1020 (1948). 
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is reduced and this results in a smaller hyperfine interac- 
tion energy. Although this occurs only during the 
collision, the net effect is one of decreasing the average 
interaction energy measured in the experiment. 

In a collision between a hydrogen atom and molecule, 
the mutual polarization effects cause the hydrogen 
molecule to produce an electric field at the atom. Such 
a field serves to mix predominantly P-state wave 
function into the ground state. It might naively be 
expected that as a result of the admixed P-wave the 
electron spin would be disturbed through the spin-orbit 
coupling term in the Hamiltonian. However, this effect 
is nonexistent in the approximation considered. The 
only important effect of the collision is one of reducing 
the spin-spin interaction for the duration of the 
collisions. 

In the approximation considered, the hyperfine 
splitting of the atomic hydrogen excited states is 
neglected in relation to optical energy differences. We 
consider first a somewhat simplified picture in which the 
hydrogen atom is acted upon by a uniform static 
electric field. Neglecting nuclear spin, it is evident from 
symmetry that the ground states with electron spin 
parallel and antiparallel to the electric field are both 
lowered in energy by the same amount. If now the 
hyperfine splitting of the ground state is included, but 
neglected in the excited states, because of the smaller 
energy denominators there results a somewhat greater 
downward shift for the upper (F=1) ground hyperfine 
state. This reduces the ground state hyperfine splitting 
to a value equal to the normal value multiplied by the 
original ground state contribution in the perturbed 
state. 

In a better approximation, the interaction between 
the atom and molecule which leads to the Van der 
Waals forces is treated as a mutual. polarization of the 
atomic and molecular systems. Only the dominant 
electronic contribution to the polarization is included, 
and nuclear spin interactions are again neglected. A 
reflection of the electron wave function including spin 
function in the plane determined by the positions of 
the three protons leaves the energy invariant. Conse- 
quently, in this approximation both hydrogen atom 
spin states have the same energy and the spin degen- 
eracy of the ground state is unsplit by this interaction. 
Once again the hyperfine splitting can be included in 
the ground state if it is neglected in the excited state. 
This leads to the same conclusion as above, namely, 
that the splitting is reduced to the normal value 
multiplied by the probability of the atom being in the 
normal ground state. Consequently the time-averaged 
ground state splitting is proportional to the time- 
averaged probability for the atom being found in the 
normal ground state. The only significant contribution 
to the line breadth results from the statistical fluctuation 
in the collision rate and strength. This effect is com- 
pletely negligible in the present experiment. 
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In order to obtain a rough estimate of the time- 
averaged ground state probability, an estimated Van 
der Waals interaction can be used to compute the 
amount of admixed excited state during a collision. 
Assuming a dipole-dipole Van der Waals interaction 
energy of —A (e?/ao)(ao/R)® and a “collision diameter” 
of R=D, the pressure correction to the frequency is 
approximately Av/y~—A (ao/D)*(D/L), where L is the 
mean free path. Assuming reasonable values of A~5 
and D=2X10~-* cm, the pressure correction becomes 
roughly equal in cycles per second to the pressure in 
millimeters of mercury. 

This displacement is small and one is tempted to 
neglect this effect. On the other hand, the result is very 
sensitive to the assumed collision radius. Also, being a 
very complex system, the H—Hz: system cannot be 
said to be well understood. In view of these uncertainties, 
it is believed that the conservative way to treat the 
data is to assume a linear pressure dependence and 
determine the slope experimentally. 


APPARATUS 
Gas Handling 


The atomic hydrogen was produced by the dissocia- 
tion of pure molecular hydrogen gas in a Wood’s 
discharge tube 1 meter long and 0.6 cm in diameter. 


The molecular hydrogen was commercial-grade electro- 
lytic hydrogen, purified by filtering through the wall 
of an electrically heated palladium tube. A continuous- 
flow system was used, hydrogen being admitted to the 
U-shaped discharge tube near one of the electrodes, 
and the partially dissociated gas diffusing and being 
pumped down a Pyrex tube into a spherical bottle, 
10 cm in diameter, at the center of the resonant cavity. 
The gas was pumped from the bottle via another tube 
and was exhausted into the room. 

The discharge was maintained by a dc supply, 
currents of 0.1 ma to 3.0 ma, at 3000 volts, being used. 
A small blower air-cooled the electrodes. Series resist- 
ance of 750 kilo-ohms or larger was used to stabilize 
the discharge. Thermocouple gauges, located at the 
glass tubes just before they entered and after they left 
spherical bottle in the cavity, were used to determine 
the pressure in the bottle in the cavity. These were 
calibrated for molecular hydrogen against a McLeod 
gauge. Under conditions of data taking, the total 
pressure in the bottle was between 0.070 and 0.120 
mm Hg, of which, as inferred from the breadth of the 
observed resonance, typically 0.2% was atomic hydro- 
gen, the remainder being molecular hydrogen. Pressure 
was controlled by varying the temperature of the 
palladium leak. 

As the atomic hydrogen had to travel down about 
30 cm of rather small-bore Pyrex tubing before reaching 
the bottle in the resonant cavity, it was important to 
find some means of wall “poisoning” to prevent the 
recombination of the atomic hydrogen on the walls. 
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The poisoning material should not introduce products 
that would broaden the resonance. A material was 
found that satisfied this requirement ; it was a mixture of 
dimethyldichlorosilane and methyltrichlorosilane, sold 
by General Electric under the name Dri-Film SC77. 
Applied as a vapor to the glass surfaces, it formed a 
film that was heat-stable, resistant to common solvents, 
and that had an extremely low vapor pressure at room 
temperatures. Crude quantitative tests indicated that 
this film was substantially more effective than any of 
the other treatments tried (water vapor, concentrated 
H,SO,) in preventing recombination of the atomic 
hydrogen at glass surfaces. 

As there was a fair amount of glassware inside the 
resonant cavity, Corning No. 707 glass, with a low loss 
tangent (0.0013) at the microwave frequency, was used 
for all glassware inside the cavity. 


Frequency Stabilization and Measurement 


The 1420-Mc/sec microwave power was supplied by 
the transmitter section of a T-85/APT-5, grounded-grid 
coaxial line triode oscillator. This was powered by a 
well-regulated 500-volt supply. The output of the 
oscillator was phase-locked to the sum frequency of 
the 14 200th harmonic of a very stable 100-kc/sec 
crystal-controlled oscillator (Western Electric 0-76/U) 
and a stable 400-kc/sec tunable signal from a General 
Radio Model 271 heterodyne frequency meter. The 
stabilization circuit is shown in Fig. 2. The output 
frequency of the oscillator could be varied by tuning 
the frequency meter. 

To secure a stability of 1: 10° over a period of minutes 
with this stabilization system, the crystal oscillator 
driving the multiplier chain must have equal or greater 
stability. The W.E. 0-76/U oscillator used had better 
stability than 1: 10° over hours, and so was satisfactory. 
The stability requirement on the variable frequency 
oscillator (G.R. frequency meter) was not nearly as 
stringent. As it supplied an additive frequency that was 
0.03% of the total, its stability had to be only 3: 10° over 
a period of minutes. With continuous monitoring, it 
was possible to keep its frequency constant to within 
1: 10° indefinitely. 

The frequency of the frequency meter was con- 
tinuously monitored with a Hewlett-Packard Model 
524B electronic counter accurate to better than 1: 10°. 
The frequency of the crystal-controlled 0-76/U oscillator 
was measured by multiplying the frequency up to 
5 Mc/sec and beating the 5-Mc/sec harmonic with 
the 5-Mc/sec signal from radio station WWV. The 
difference frequency of about 96 cycles per second was 
fed into a phase-sensitive detector, whose reference 
voltage frequency was measured with an electronic 
counter. The output frequency from the phase detector 
at about 4 cycle per second was recorded directly on 
a chart recorder. 

Measurements of the 100-kc/sec crystal frequency 
were made 15-20 times a day, generally six days a 
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Fic. 2. Phase-lock stabilization system for T-85/APT-5 oscillator. 


week during daylight hours, from June, 1954 to August, 
1954. It was found that measurements made during a 
day would scatter roughly +1.5X10-* from the daily 
mean, with measurements made within 5 minutes of 
each other as apt to differ as much as measurements 
made several hours apart. This was interpreted as due 
to virtual Doppler shifts in the ionosphere changing 
the effective length of the propagation path, as the 
crystal oscillator was known to be much more stable 
than this. This was consistent with the observation 
that on days of electrical storms and poor radio recep- 
tion due to other atmospheric conditions, the scatter 
of frequency measurements was apt to be somewhat 
greater than on days of excellent reception. It is known'® 
that somewhat after sunrise and before sunset the 
virtual height of the ionospheric layers changes 
markedly, the layers approaching the earth as the first 
rays of the sun increase atmospheric ionization, and 
leaving the earth as the sun sets. Such shifts should 
produce very noticeable changes in the observed 
frequency at such times, and in fact very large frequency 
deviations (of the order of 1:10’) from the daily 
average were frequently, but not invariably, observed 
at such times. 

There is a question as to whether such virtual Doppler 
shifts introduced a bias in the frequency measurements. 
Presumably, the frequency should be monitored 
continuously to insure that such shifts are averaged out. 
To investigate whether the frequency as received 
showed a regular diurnal variation, measurements 
were made at roughly half-hour intervals for over 30 


%F, R. Terman, Radio Engineers’ Handbook (McGraw-Hill 
Book Company, Inc., New York, 1943), first edition, p. 721. 


hours on two occasions. These measurements indicated 
that there was no systematic diurnal effect detectable 
(other than the sunrise-sunset effect mentioned above), 
and especially that the average of frequency measure- 
ments made at night agreed with the daytime average. 
Another possible source of bias could be a correlation 
between “good observation times” and a virtual 
Doppler shift. At certain (infrequent) times, it was 
impossible to measure the WWV frequency due to 
poor reception conditions (static, fading, etc). If such 
conditions were always associated with Doppler-shifts 
in one direction, the “averaging out” of the shifts 
would be incomplete, and the frequency determinations 
therefore biased. However, times of bad reception when 
no measurements could be made were uncommon, 
and occurred at random times of the day ; they therefore 
were unrelated to the sunrise-sunset effect. Also a 
correlation analysis of a numerical measure of “quality 
of observation” with frequency showed no significant 
correlation. Therefore, it is believed that the frequency 
measurements reported in this paper are free from 
such bias. 


Detection System 


The detection system used is shown in Fig. 3. Power 
from the frequency-stabilized oscillator was coupled 
into the bolometers through a ring circuit, the coaxial 
equivalent of the wave-guide “magic tee.” The 
bolometers were matched to the line so that none of 
this power, which acted as local oscillator power for 
the frequency heterodyning in the bolometer, reached 
the cavity. One bolometer was then slightly mismatched, 
sending a reflected wave to the (matched) cavity. 
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Fic. 3. Detection system. 


The rf field level in the cavity was determined by 
coupling a small amount of power out to the field 
strength monitor, which consisted of a crystal rectifier 
and microammeter; it was adjusted by varying the 
amount of bolometer mismatch. On resonance, the 
atomic hydrogen in a bottle in the cavity absorbed 
power, thus mismatching the cavity and sending an 
“absorption wave” back to the bolometers. In practice, 
the absorption was modulated at 30 cycles/sec, produc- 
ing a 30-cycle amplitude modulation in the absorption 
wave. This wave beat with the local oscillator power 
in the bolometers, producing a 30-cycle variation in 
bolometer resistance. This was converted to a voltage 
signal by the dc bolometer current, amplified, filtered 
and detected in a phase-sensitive amplifier, whose 
reference signal was derived from the system used to 
modulate the absorption. Bolometers were used as 
microwave detectors instead of crystal diodes because of 
their lower noise at very low intermediate frequencies.'® 

The absorption was modulated as follows: the 
AMr=0 hyperfine transition can only be induced by 
a rf magnetic field parallel to the static magnetic field 
(which defines the axis of quantization) while the 
AMr=+1 transitions can only be induced by an rf 
field perpendicular to the static field. The cavity was 
a right circular cylinder, resonant in the TE,;2 mode. 
This provided a region of rf magnetic field nearly 
uniform in strength and direction at the center of the 
cavity where the bottle containing the atomic hydrogen 
was located. By balancing out all static fields except a 


16 R. Beringer and J. G. Castle, Phys. Rev. 78, 581 (1950). 


weak (0.05 gauss) horizontal field parallel to the rf 
field in the cavity at the position of the atomic hydrogen, 
and then applying an oscillating vertical field varying 
from about 0 to 0.13 gauss, a quasi-static field was set 
up that oscillated at 30 cycles/sec from parallel to 
the rf field to nearly perpendicular, thus modulating 
the absorption. 

The nature of the resonant response, (i.e., whether it 
is absorptive, dispersive or some mixture), depends 
on the relative phase of the absorption wave and the 
local oscillator power at the bolometers. This is deter- 
mined by the cavity tuning and the length of line 
between the cavity and ring circuit. Although measure- 
ment of signal strength at four frequencies on a 
resonance theoretically determine all the unknown 
parameters describing the line (frequency of the line 
center, line width, admixture of dispersive phase, and 
normalization), the mathematical chore of determining 
line centers from such data is onerous and the resulting 
line center determination is badly affected by noise 
fluctuations. Therefore a technique was devised to 
insure that the observed line was always purely absorp- 
tive. This consisted of inserting a polystyrene rod into a 
region of strong rf electric field in the cavity and at 
times modulating the insertion length over a range of 
ig in. at 30 cycles/sec. As the loss tangent for the rod 
was very small, the rod may be considered lossless. 
The effect of modulating its insertion length, therefore, 
is to introduce a purely dispersive signal. By adjusting 
the cavity tuning to be “on resonance” as determined 
by the field strength monitor and then adjusting the 
line length between cavity and ring circuit so that the 
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Fic. 4. Signal strength as a function of discharge current and 
thus of atomic hydrogen concentration. 


vibrating rod produced no output signal, a purely 
absorptive hydrogen signal was assured. After this 
alignment procedure the rod modulation was stopped. 
This procedure had to be repeated at each frequency. 
By this means, the amount of dispersion could be 
kept less than +6:10* of the absorption; this corre- 
sponds (for a line 3 kc/sec wide) to a shift of the 
apparent center frequency of +0.5 cycles/sec, a 
negligible amount. 


POWER LEVEL AND CONCENTRATION EFFECTS 


While most data were taken at the microwave power 
level producing the theoretical optimum signal to noise 
in the detection system, the effects of varying the rf 
level were briefly investigated. No indication of any 
shift in the resonant frequency with changing power 
level was observed. Also, the changes in line width and 
signal strength with power level were as predicted by 
theory, where the predominant relaxation mechanism 
is electron-exchange collisions between hydrogen atoms, 
as discussed above. 

As with power level, atomic hydrogen concentration 
was kept constant at an optimal value, i.e., that 
corresponding to the narrowest line compatible with 
adequate signal to noise, during most of the data 
taking. However, measurements at higher concentra- 
tions were made at one total pressure. (This corre- 
sponds to a fixed molecular hydrogen “buffer’’ pressure, 
as the admixture of the active atomic hydrogen was 
so small.) Although the line was definitely broadened, 
as expected, there was no observable shift in the 
central frequency of the transition with atomic hydro- 
gen concentration. 
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Fic. 5. Line width as a function of discharge current and thus 
of atomic hydrogen concentration. 
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The variation of atomic hydrogen concentration was 
obtained by varying the current passing through the 
Woods’ discharge. The results obtained are shown in 
Figs. 4 and 5. As there is no independent measure of 
atomic hydrogen concentration, one of the curves can 
be considered to be a smooth fit of the data points with 
the other curve being determined by the assumption 
that electron-exchange collisions provide the broadening 
mechanism. Only two arbitrary parameters are used 
in the fit: the rf field strength at the atoms and a 
normalization factor in the signal power curve. The 
value of rf field strength giving best fit is in reasonable 
agreement with that given by the crystal-rectifier 
cavity field monitor. The atomic hydrogen concentra- 
tion could have been independently inferred from the 
signal power available. However, the amplifier gain 
was not sufficiently well known. 

The shape of the resonance line was observed by 
measuring signal strength at a series of frequencies on 
the resonance. Typical lines obtained in this way are 
shown in Figs. 6 and 7. Lorentz absorption curves 
have been fitted to the experimental points. 
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Fic. 6. Line contour using a weak modulating field. 
BH y=0.055 gauss. 


Preliminary measurements having determined the 
optimum power levels and concentrations, data were 
taken in the following fashion. At each total pressure, 
one measurement consisted of a determination of the 
signal strength at each of three frequencies: one near 
the line center and two at frequencies approximately 
a resonance half-width away. The order in which the 
three points were taken varied randomly from measure- 
ment to measurement. At each frequency the micro- 
wave signal phase was readjusted to insure a purely 
absorptive signal. After several measurements were 
made, the total pressure was changed and another 
series of measurements was made. 

The data taken this way were analyzed by fitting 
a Lorentz curve through each set of three experimental 
points and taking the central frequency of this fitted 
curve as the result of the measurement. 103 measure- 
ments were made in this way, at a total of three gas 
pressures. The results are shown in histogram form in 
Fig. 8 and are tabulated in Table I. As discussed above, 
the data were analyzed by assuming a linear variation 
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of observed frequency with total gas pressure. The 
linear relationship assumed was determined by a 
least-squares fit of the 103 measurements, weighting 
each measurement equally. The extrapolated value 
corresponding to zero total pressure then gives the 
desired value for the hyperfine splitting for an isolated 
atom. The determination made in this way was liable 
to four sources of error: the measurement of frequency, 
asymmetry of the observed resonance, an uncorrected 
Zeeman shift and a nonlinear pressure shift. It is 
believed that the frequency measurement technique 
discussed above introduced an uncertainty of +7 
cycles/sec into the hyperfine determination. The 
exact value of the WWV frequency used as a reference 
was obtained from the correction sheets published by 
the National Bureau of Standards. The phase-adjust- 
ment technique used to insure an absorptive response 
eliminated this as a source of error greater than +0.5 
cycles/sec. The weak (quasi-static) magnetic fields 
used in the absorption modulation required a correction 
of 8 cycles/sec to the hyperfine splitting, but introduced 
negligible uncertainty. The statistical scatter of the 
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Fic. 7. Line contour using a strong modulating field. 
BH,=0.474 gauss. 


data about the least-squares line for the pressure 
dependence of the hyperfine splitting gave an un- 
certainty (probable error) of +58 cycles/sec at zero 
total pressure. The combined total probable error in 
the measurement is +59 cycles/sec. 


RESULTS 
The value obtained in this experiment for the hfs is 
Avy= 1420.40580+0.00006 Mc/sec. 


The average of all experimental points without 
regard to pressure gives a frequency of 


Ava = 1420.40572+0.00001 Mc/sec. 


Thus the pressure correction amounts to a shift upward 
of 
80+60 cycles/sec, 


an amount too small to be significant statistically. 
Thus, as has been indicated by Kusch,* one cannot 
conclude either from the data or theory that a pressure 
shift exists as large as that above. On the other hand, 
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Fic. 8. Histograms showing the hyperfine frequency 
measurements at three pressures. 


the linear extrapolation can only be avoided if there is 
reliable information external to the data that the 
pressure shift is negligible. 

The above value Avy is to be compared with the 
value obtained in the most recent atomic beam experi- 
ment,‘ 


Avu= 1420.405730.00005 Mc/sec, 
and with the value given by theory, 


16 Mp\ (Me\? M,\! 
Avu= wer.(“*)(“) (1 4o)(—) 
3 Me Mo M 


5 
> : _ ( ino P,P, 
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= (1420.4161 +0.0369) P,P, Mc/sec, 


where P, is a proton recoil correction factor'’ and P, 
is a proton-structure correction.? The following numer- 
ical values have been inserted: a~!= 137.0377+0.0016, 
c= (2.997929+0.000008) X 10" cm/sec, R,,= 109737.309 


TABLE I. Results. 








Number of 
observations 


Frequency,* 
Mc/sec 


Pressure, 
mm Hg 


0.070 
0.088 
0.120 
0(extrapolated) 


1420.405719+0.00002 
1320.405746+0.000023 
1420.405681+0.000017 
1420.40580 +0.00006 


* Zeeman correction =8 cycles/sec. 


17W. A. Newcomb and E. E. 
(1955). 


Salpeter, Phys. Rev. 97, 1146 
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+0.012 cm™, (u./u,)=658.2087+0.0020, m=9.1085 
+0.0006X 10-5) gram, M=1.6724320.00010X 10-4 
gram, and 


The two experimental determinations are seen to be 
in excellent agreement with each other. The uncertain- 
ties in the theoretical expression are several orders of 
magnitude larger than the experimental ones: this is 
primarily due to uncertainty in the value of the fine 
structure constant. If this could be determined to 
better than one part in 10°, the measurements, together 
with the theoretical formula, would lead to an experi- 
mental evaluation of the structure and recoil corrections, 
which have been estimated to be of the order of parts 
in 10°,2.17 


APPENDIX I 


The effect of a high surrounding gas pressure that 
confines a radiating atom to a small region can be 
treated classically as follows. Consider an atom 
radiating the plane wave 


E(t)=A exp[i(woe—x/A)] (>0 
=0 t<0. 


Here wo is the complex (damped) frequency of radiation 
and x= x(t) is the coordinate of the atom. The radiation 
is propagated along the x axis. The radiation spectrum 
is given by the square of the Fourier transform: 
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Let 
Ax=x(t)—x(t), 


T= \t—?’], 


and assuming that the motion of the atoms is deter- 
mined by the diffusion equation, dP/d/= DV*P, 


1 (Ax)? 
P(Ax) =———_— exp - | 
(4xDr)! 4Dr 


where P is the position probability function. 
Taking an average over an ensemble of similar 
noninteracting atoms, we have 


(W)w= (exp —i(a—x’)/%])w=exp(— Dr/X*). 


Assuming no correlation between A and x for each atom, 
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Xexp[—i(wo*—w)t’ ]dtdt’. 
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Writing wo=Q.+iy and assuming y«D/X?’, straight- 
forward integration yields 
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Since D= (x/24)'vL, where v is the root-mean-square 
velocity, the width of this Lorentz-shaped line is 


Av;=4rD/X*= 2.8(L/d) X (normal Doppler breadth). 





(1G@) |?)w= 


APPENDIX II 


The four hyperfine spin states of the hydrogen atom 
will be designated as follows: State (1) F=0, Mr=0; 
State (2) F=1, Mr=1, State (3) Mr=O, State (4) 
Mr=-—1. The spin state of some one of the hydrogen 
atoms is designated by the column vector a with the 
four elements aj, the index j ranging from 1 to 4. 
The density matrix describing the statistical character 
of the spin is defined as 


o= (aa*)w, 


where a* is a row vector, the Hermitian adjoint of a. 
The average is taken over all the atoms of the gas. 
The elements of 9 are pij= (aid). 

The populations of the various spin states are given 
directly by the diagonal elements of » and the average 
value of the magnetic moment of a gas atom is given by 
the trace 


tr(uaet+upey)p. 


Here uv, and y, are the magnetic moments of the electron 
and proton, respectively. 

Assuming that the gas is acted upon by an oscillating 
magnetic field in the z direction and is in an equilibrium 
state through the influence of the various relaxation 
effects, the general form of » can be determined by 
requiring that the oscillating polarizations of the gas 
shall be at the frequency of the applied field and that 
the density matrix shall be invarient under an arbitrary 
rotation about the z axis. It is found to have the general 
form 

Y 0 dexp(—iwt) 0 

1 a 0 
or ld exp(iwt) 0 B 
0 0 0 


0 
OV 
a 


where a, 8, y, and 6 are real numbers and w is the 
frequency of the applied field. This can be written in 
terms of Pauli spin operators as 


o= 364 (6.-+¢,)? (exp (tt) —1)+ 1 ](ex—op:) 
‘[3 (o.+0,)?(exp(—twt)—1)+1]+4(a—8) 
(Geto ps)’ +5 (B— 7) (oet+ep)? +71. 
The N hydrogen atoms comprising the gas are 
imagined paired randomly to form a new ensemble of 


N/2 atom pairs whose spin function prior to an interac- 
tion between atoms of a pair can be taken to be a 
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column vector with the 16 components a;a;®, where 
(1) and (2) refer to the two atoms of a given pair. 
The density matrix 9’ describing this ensemble has 
elements 


/ >) = = 
Pik, j= (a PG; G,™) yy. 


Because of the absence of correlation between atoms 
of atom pairs prior to the interaction this can be 
written as 


/ = 9) = (9 
P ik, 31> (aa; a (ax dy )av= pisPe, 


since (1) and (2) are statistically equivalent. Thus 9’ 
is the outer product of @ with itself. 

An electron spin exchange between the two atoms 
of an atom pair is brought about by the spin exchange 
operator 


P=}(01-02.—1), 


where o; and @» are the Pauli spin operators. 
Under an electron exchange the 16X16 density 
matrix is transformed into 


0’ = Po’ P*= Po’P. 


This of course describes the statistical character of the 
atom pairs assuming an electron exchange in each atom 
pair. The resulting density matrix describes the spin 
state averages of the individual atoms as well as 
correlations between spin states of the atoms of the 
atom pairs. This correlation information is not useful 
as soon as the pairs are separated into individual atoms. 

The useful information is described by a 4X4 
density matrix obtained from 9” by forming a diagonal 
sum over indices of one of the atoms in the ensemble 
of atom pairs. This 4X4 density matrix has matrix 
elements 


vr? iA 
ee Dip ik, jk- 


The density matrix 9’” is evaluated by expressing 
o in terms of Pauli spin operators as indicated above. 
The 16X16 matrix o’ can be written as the outer 
product 


0 =0 Xe”. 


The superscripts are introduced as an aid in identifying 
the indices subsequently. 
The transformed matrix is 


o”= Po” X0P. 
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The final density matrix is obtained by forming the 
trace over all indices with the superscript (2): 


of” ans tr2)Pe XoP. 


The above matrix 9’” is expressible as a polynomial in 
the four spin operators ¢,, ¢.?, op, a)”. 

The trace is evaluated in a straightforward though 
tedious fashion by making use of the relations 


tre=0, 
tr(o)?= 12, 
tr(o,"o,"")=[1+ (—1)"][1+(—1)"], 
tro -¢® =0, 
etc. This gives for 9’”, 
0” (ti) 


4+-6 cos’wt; 0 5 coswty 0 
0 1 —8 cos*why 0 0 
6 coswt; 0 44-6 cos*wty 0 

0 0 0 4—8% cos*wl; 


Here ¢; is the time at which the electron exchange 
takes place. Averaging over a range in exchange times 
equal to 2x/w gives for the density matrix at any 
fixed time shortly after the electron exchange: 


+i? 0 


” 0 t 


36 exp(—iwt) 
30° 0 
+48 


° | 46 exp (iwt) 0 


0 0 0 


In averaging the off-diagonal elements, the explicit 
time dependence resulting from the energy difference 
and oscillating magnetic field must be eliminated before 
the averaging. This method of averaging is valid when 
the radio-frequency and resonance frequency are 
roughly equal. 

In the above density matrix, for the conditions of 
the experiment 6 can be neglected in relation to 1. 
Consequently an electron exchange equalizes the 
populations of all 4 spin states. The oscillating dipole 
moment of the gas before the electron exchange is 
given approximately by 


tle e20= 2.6 Coswt. 


After the electron exchange, the off-diagonal elements 
of the density matrix are reduced by 3, resulting in 
the same reduction in the size of the oscillating moment. 
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Excitation of Light in Hydrogen and Helium by Hydrogen Ions* 
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The light excited when protons or H,* ions pass through hydrogen or helium with kinetic energies of 2000 
ev has been observed. Contamination of the beam by stray particles has been eliminated by electrostatic 
deflection and magnetic mass separation. The light is almost entirely due to the Balmer spectrum. Relative 
cross sections for the excitation of Ha by protons and H;* impinging on Hz and He have been determined. 





I. INTRODUCTION 


HE excitation of light by proton impact is of 

interest for the comparison with excitation by 
electron impact and with the results of wave mechanics, 
and for the explanation of the aurora, whose primary 
excitation is due to a beam of ionized atomic hydrogen 
ejected by the sun. In the aurora! and in laboratory 
experiments in which protons of several hundred kev 
are shot into nitrogen® the emission of the Balmer 
spectrum indicates the presence of neutral atoms. 
Apparently charge exchange occurs, leading either 
directly to excited atoms or else to normal atoms 
which are excited by subsequent collisions. 

Basic theoretical work on the cross sections for 
inelastic collisions between ions and neutral atoms has 
been confined to the interaction of protons with helium, 
because of the difficulty of the calculations for more 
complex colliding systems. Cross sections have been 
calculated for charge exchange collisions between 
protons and helium atoms in which the hydrogen atom 
is formed in the ground state’ or the 2s state,‘ and for 
the excitation of the 2 'P state of helium.* Theoretically, 
triplet states of helium should not be excited at all, 
because of the rule of spin conservation. These calcu- 
lations are for energies of a few hundred to a few 
thousand electron volts. On the other hand, for high- 
energy protons passing through helium, Bransden, 
Dalgarno, and King® developed a theory based on a 
modified Born approximation. 

In recent experiments Stedeford and Hasted® 
measured the charge exchange between protons of 0.1 
to 40 kev and various gaseous atoms and confirmed the 
general predictions expressed by the “adiabatic hy- 
pothesis” of Massey.’ They found good agreement of 

*This work was supported by the Air Force Cambridge 
Research Center and by the Office of Naval Research. 

{Present address: 158 Highland Avenue, Winchester, 
Massachusetts. 
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2 A. B. Meine] and C. Y. Fan, Astrophys. J. 118, 205 (1953). 

3H. S. W. Massey and R. A. Smith, Proc. Roy. Soc. (London) 
Al42, 142 (1933). 

4R. H. Garstang, Phys. Rev. 87, 529 (1952). 

5 Bransden, Dalgarno, and King, Proc. Phys. Soc. (London) 
A67, 1075 (1954). 


6 J. B. H. Stedeford and J. B. Hasted, Proc. Roy. Soc. (London) 
A227, 446 (1955). References to earlier work will be found in this 
paper. 

7H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), p. 441. 


their results with the theory just referred to in the 
energy range above 30 kev. 

Experimental observation of the light excited by 
low-energy protons has been obstructed by the difficulty 
of eliminating stray particles contaminating the ion 
beam or by uncertainty regarding the identity of the 
ion exciting the observed light. Any particle, such as a 
neutral hydrogen atom or a molecular ion, having 
circumnuclear electrons is much more efficient than a 
bare proton in exciting gas atoms and in producing 
the Balmer spectrum. It is the difficulty in eliminating 
such stray particles from the beam which has hampered 
previous investigators.“ The present paper is con- 
cerned with the light emitted by helium when bom- 
barded by 2000-ev protons. 


Il. APPARATUS 


The apparatus used in this experiment is shown 
schematically in Fig. 1. Hydrogen ions are formed in the 
ion source and are extracted with a kinetic energy of 
2000 ev through a small canal into a high vacuum 
maintained in the main vacuum chamber. As they enter 


_ the chamber, the ions are made parallel by the first 


electrostatic lens and deflected by the first set of 
electrostatic deflection plates. A uniform magnetic field 
perpendicular to the plane of the figure is maintained 
in the magnetic deflection region; this field separates 
the ions in accordance with their mass. Ions of a 
certain mass, determined by the electrostatic deflection 
angle, return to the axis of the system so as to be 


‘SECOND 
ELECTRIC 
DEFLECTION 


FIRST 
ELECTRIC 
FIRST DEFLECTION 


a 
Bes 
PATH OF 
TYPICA! 
ICAL ION” /MaGNETIC DEFLECTION AND 


MASS SEPARATION 


Fic. 1. Excitation of helium by H* or He". 


~ ®R. Dépel, Ann. Physik 16, 1 (1933). 
®K. Gailer, Ann. Physik 24, 421 (1935). 
#0 F, Engelmann, Z. Physik 113, 462 (1939). 
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deflected by the second set of electrostatic deflection 
plates and focused by the second electrostatic lens 
onto the entrance aperture of the observation chamber, 
where the ion current is collected and measured by the 
collector electrodes. The path of ions of the selected 
mass is indicated by the heavy dashed line. 

The gas to be studied is admitted to the observation 
chamber from a reservoir through a capillary leak, at a 
pressure measured by an ionization gauge. A window 
in the top of the observation chamber permits the 
observation of the light excited along the length of the 
beam by impacts of ions with gas molecules. Discrimi- 
nation against stray light excited by neutrals is 
improved by bending the ion beam with the third 
set of deflection plates, within the observation chamber. 

The ion source is of a type devised at Oak Ridge for 
use with a Cockcroft-Walton accelerator."! For this 
experiment, ions were extracted at 2000 v, which 
severely limited the ion current obtainable. A current 
of approximately 10 wa of protons, 5 wa of Het, or 
2 wa of H;+ could be collected in the observation 
chamber. The contamination of the proton beam by 
molecular ions was less than one part in 10‘; there is no 
evidence of any contamination of the proton beam by 
high-speed neutral particles ejected from the ion source. 

Both hydrogen and helium were studied as target 
gases. The helium was admitted from the reservoir and 
maintained at a pressure of about 25 yw. Hydrogen 
was present as an undesired contaminant at a partial 
pressure of 0.6 yu, owing to diffusion through the 
aperture from the main vacuum chamber. Some 
observations were made with hydrogen alone in the 
observation chamber by turning off the helium supply. 


II. RESULTS 


In the observation chamber the ion beam was suffi- 
ciently well collimated to be observed as a line-source of 
light with a slitless spectrograph, in the manner of earlier 
observers.® The deflection plates within the observation 
chamber permitted discrimination between effects due 
to ions and those due to neutrals formed just inside or 
just outside the observation chamber. Just as the 
spectral lines formed in an ordinary spectrograph are 
images of the slit in light of various wavelengths, so in 
this apparatus the plate receives the various mono- 
chromatic images of the entire observation chamber at 
positions determined by the wavelength and dispersion. 
When both ions and neutral particles in the beam are 
responsible for the production of light, a characteristic 
forked trace is produced when voltage is applied to the 
deflection plates during an exposure. 

Spectrograms were taken of 2000-ev H+ and H,+ 
ions in hydrogen and in helium heavily contaminated 


1 Moak, Reese, and Good, Nucleonics 9, 18 (September, 1951). 
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TABLE I. Relative cross sections for the excitation of Ha by H* 











by hydrogen, using a Kipp liquid prism spectrograph 
with an f{/2 camera and Eastman 103a-F spectroscopic 
plates, prefogged for additional sensitivity with an 
apparatus constructed by Branscomb.” In_ these 
experiments, in which a proton or H:*+ beam was 
shooting into He, hardly any excitation of He occurred. 
Instead, the Balmer spectrum was the predominant 
feature of the spectrograms. In one exposure the helium 
line, 45876, was observed, excited by H,*, and on 
another plate there appeared a line attributed to the 
(0,1) band of the main system of N»* excited by the 
proton beam. 

By making several exposures of different durations 
on one plate, with various combinations of target gas 
and ion, it was possible to compare the exposure 
required to obtain the same photographic density 
from the light produced by different processes. Care 
had to be taken to correct for reciprocity law failure, 
for variation in beam current and gas pressure, and, 
in case helium was the target gas, for the presence of 
residual hydrogen. In this manner relative values were 
obtained for the cross sections for the excitation of the 
Balmer line H, by protons and H;* colliding with 
molecules of hydrogen and helium, as indicated in 
Table I. The uncertainty of these values is estimated 
to be a factor of three 

In summary, fast protons passing through helium 
gas are much less effective in exciting the helium 
spectrum than they are in producing the Balmer 
spectrum in a charge-exchange process. H,* ions of 
the same energy produce the Balmer spectrum with 
even greater intensity, apparently by a process of 
dissociative excitation. In addition they are responsible 
for weak excitation of He atoms. 

The experimental work will be continued. 
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Specific alpha activities have been obtained for Pu” and Pu% corresponding to half-lives of 6600+100 
years and 379 000+5000 years, respectively. A half-life of (7.52-2) X10" years has been obtained for Pu 
by separating uranium daughters. The irradiation of a sample of Pu containing Pu*“ gave a neutron capture 
cross section of 2.1+0.3 barns for Pu and yeilded 10.6+0.4 hr Pu™® and its 124+1 min Am™* daughter. 





INTRODUCTION 


FTER Pu” has been irradiated for a long time ina 
high-flux reactor, the resulting plutonium will 
contain all the long-lived plutonium isotopes from 
Pu** to Pu™, as well as other actinide nuclides up to 
Fm***.!2 A long neutron irradiation of plutonium is an 
excellent way to produce material which contains 
mainly Pu and also detectable amounts of Pu™. 
Small amounts of Pu and Pu have also been 
produced by the neutron irradiation of Am*! and Am**, 
respectively.*4 
We have several samples of plutonium that have 
been irradiated for a very long time in the Materials 
Testing Reactor. One of them contains mainly Pu 
and an appreciable concentration of Pu. In order to 
confirm and extend data on the heavy isotopes of 
plutonium, determinations were made of the half-lives 
of Pu” and Pu by specific alpha activity measure- 
ments, and of the capture cross section and half-life 
of Pu. Determinations were also made of the half- 
lives of Pu and Am™*, 


SPECIFIC ALPHA ACTIVITIES 


The plutonium samples were irradiated as plutonium- 
aluminum alloy. After irradiation, the plutonium and 
the actinides were separated and purified by methods 
described in a previous paper. The plutonium was 
further purified by a series of Dowex 1 anion column 
separations and plutonium fluoride and plutonium 
peroxide precipitations. The final purified plutonium 
samples were isotopically analyzed using a surface 
ionization source and both a single- and a double- 


*The Knolls Atomic Power Laboratory, Schenectady, New 
York, is operated for the U. S. Atomic Energy Commission by the 
General Electric Company. 

1 Studier, Fields, Sellers, Friedman, Stevens, Mech, Diamond, 
Sedlet, and Huizenga, Phys. Rev. 93, 1433 (1954). 

* Thompson, Ghiorso, Harvey, and Choppin, Phys. Rev. 93, 
908 (1954). 

’ Thompson, Street, Ghiorso, and Reynolds, Phys. Rev. 80, 
1108 (1950). 

* Fields, Gindler, Harkness, Studier, Huizenga, and Friedman, 
Phys. Rev. 100, 172 (1955). 

* Jones, Schuman, Butler, Cowper, Eastwood, and Jackson, 
Phys. Rev. 102, 203 (1956). 


focusing mass spectrometer.® The results of the analyses 
on two samples, B and C, are given in Table I. 

A sample of plutonium from B and one from C were 
dissolved in dilute HNO;, then reduced with hydroxyl- 
amine hydrochloride to Pu**. The plutonium was then 
determined colorimetrically by Mr. A. J. Frey of 
Atomic Energy of Canada, Ltd., who compared the 
absorption of the Pu** in the unknown solutions with 
standard solutions of Pu. The method has an accuracy 
of better than +1%. 

After the plutonium concentrations were determined, 
known aliquots were taken, mounted on platinum 
counting disks, and alpha counted with proportional 
counters of known geometry. The counts were then 
corrected for backscattering, geometry, and coin- 
cidence loss, and the specific alpha disintegration rates 
of the plutonium samples determined. 

Small samples of the plutonium were mounted for 
alpha pulse analysis by vacuum sublimation of the 
plutonium from a tantalum filament onto a polished 
platinum disk. The alpha groups were analyzed using 
the AECL gridded ionization chamber and a 30-channel 
pulse-height analyzer.’ The spectra were spread out and 
analyzed in sections so that the valleys between peaks 
were well defined and corrections could be made for 
the small contributions due to scattering of the more 
energetic alpha groups. Figures 1 and 2 are typical 
alpha spectra obtained in this manner. From the alpha 
spectra, the percentage abundances of the 5.48-Mev 


TaBLE I. Isotopic composition and alpha abundances 
of MTR-irradiated plutonium. 








Sample B Sample C 
Isotopic 
Nuclide abundances 


Alpha 
abundances 


69.46% 


Isotopic 


Alpha 
abundances 


abundances 





0.076 0.005% 

0.056 +0.004% 

60 40.17% 

0.673 £0.008% ate “ 
0.217 +0.008% 

21.94 40.10% 


0.86 +0.03% 69.97% 


1.74+0.06% 


“Puss 
Pu? ‘ 
28.7240.18% 

Pure 
Pu™! 


26.15 40.15% 

15.4 40.3% % 

1.31 +0.06% 
98.90 +0.02% 


Pu? “ 
0.076 0.005 % 


Pu 


55.9 +0.4% 
0.01 +0.005% 





OF, A. White and T. L. Collins, Appl. Spectroscopy 8, 17 
(1954) ; 8, 169 (1954). ; : 

7 Moody, Battell, Howell, and Taplin, Rev. Sci. Instr. 22, 551 
(1951). 


634 





HEAVY 


alphas due to Pu®*, the 5.15-Mev alphas due to Pu?” 
and Pu™*, and the 4.88-Mev alphas due to Pu” and 
Pu were obtained, see Table I. The contribution of 
Pu*® to the 5.15-Mev alpha group was calculated by 
using a Pu*® half-life of 24 400 years,® and the contri- 
bution of Pu*' to the 4.88-Mev alpha group was 
determined by using a Pu™! alpha half-life of 410° 
years.* 

The specific activity of the 5.15-Mev alphas in 
sample B, when corrected for the small Pu® contri- 
bution, corresponds to a half-life of 6560100 years 
for Pu™. The half-life determined from sample C is 
67104200 years. The probable errors include the 
errors in colorimetric analysis, aliquoting, counting and 
geometry determinations, alpha analysis, and mass 
analysis. Taking a weighted average of the two values 
gives a half-life of 6600+ 100 years for Pu*”. This value 
is in excellent agreement with the better value of 
6580+40 years obtained by Inghram ef al.® by mass 
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Fic. 1. Alpha energy spectrum of Pu sample B. 


analysis of plutonium containing Pu and Pu*® and of 
the U** and U’* daughters. Our value can also be 
compared with half-lives of 6300-600 years," 6240 
+120 years," and 6760 years," obtained by specific 
activity measurements. 

The specific activity of Pu’ can be most accurately 
determined from sample C where the material is nearly 
pure Pu, the 4.88-Mev alpha abundance is high, and 


the correction due to Pu! is insignificant. The half-life 
8 Westrum, Hindman, and Greenlee, The Transuranium 
Elements: Research Papers (McGraw-Hill Book Company, Inc., 
New York, 1949) Paper No. 22.80, National Nuclear Energy 
Series, Vol. 14B, Div. 1V. 
9 Inghram, Hess, Fields, and Pyle, Phys. Rev. 83, 1250 (1951). 
1 Farwell, Roberts, and Wahl, Phys. Rev. 94, 363 (1954). 
Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 
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Fic. 2. Alpha energy spectrum of Pu sample C. 


of Pu** determined from sample C is (3.79+0.05) X 10° 
years. The error in the half-life is due to the colorimetric 
analysis, aliquoting, absolute alpha-counting, and alpha 
pulse analysis. The value is in excellent agreement with 
the value of (3.73+0.05)X10° years obtained at 
Chalk River” by comparing the alpha and isotopic 
abundances of Pu” and Pu** in plutonium produced 
by the neutron irradiation of Am*'. Our value can also 
be compared with the value of (3.90.1) 10° years" 
recently obtained by workers at the Argonne National 
Laboratory. The Pu*® half-life obtained from sample B 
is (3.77+0.20) X 105 years, assuming an alpha half-life 
of 4.0X10° years for Pu. Our results thus confirm 
the value of 4.0X 10° years for the Pu*" alpha half-life.’ 


HALF-LIFE OF Pu** 


The plutonium C sample contains about 10 micro- 
grams of Pu*“. This amount of Pu** emits far too few 
alpha particles to be detected in the presence of the 
other plutonium alphas; however, the Pu™ decay rate 
can be determined by measuring the amount of U™ 
plus Np™°® formed by its decay. The amount of U*" 
plus Np can be determined, in the presence of a much 
larger amount of U*’ from Pu! alpha decay, by 
separating uranium daughters and then following the 
decay of the uranium through sufficient absorber to 
cut out most of the weak U™? and U™ betas, but not 
many of the energetic Np betas. The half-lives and 
radiations of U™° and Np™° have been determined by 
Knight ef al..4 U™° has a 14.1-hour half-life and emits 
().36-Mev betas; Np” has a 7.3-min half-life and emits 


2 Butler, Lounsbury, and Merritt, Can. J. Chem. 34, 253 (1956). 

18H. Diamond and R. F. Barnes, Phys. Rev. 101, 1064 (1956). 

‘4 Knight, Bunker, Warren, and Starner, Phys. Rev. 91, 889 
(1953). 
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2.16 (52%), 1.59 (31%), 1.26 (11%), and 0.76 (6%) 
Mev betas and 0.56, 0.90, and 1.40 Mev gammas; 
6.7-day U*" emits mainly 0.245-Mev betas and many 
weak gammas." 

For the determination of the Pu half-life, the 
plutonium was carefully purified and then uranium 
daughter activities were removed from the plutonium 
by absorption on a Dowex 1 column, see below. After 
about a day, uranium was again separated from the 
plutonium by passing a concentrated HCl solution of 
the Pu as Pu** through a Dowex 1 anion exchange 
resin column.'® After the Pu had been removed from 
the column, the uranium was eluted with 3N HCl, the 
solution evaporated to a small volume, then taken 
up in concentrated HC! plus 1% HI and adsorbed on a 
second column. The final uranium was eluted from the 
second column and followed for decay through several 
different aluminum absorbers. Two components were 
found: a 6.7-day activity, due to U*" from Pu™' alpha 
decay, which was the predominant activity when 
counted without an absorber, and a 14-hour activity, 
due to Np in equilibrium with U™, which formed 
more than half of the activity when counted through 
the thicker absorbers. Three uranium milkings were 
made and the decay was followed both on end-window 
G.M. counters and on an end-window proportional 
counter. From the amount of U, a half-life of (7.522) 
X 10’ years was obtained for Pu‘. The values obtained 
from the different determinations agreed within +7%; 
however, the errors in the counting efficiency determi- 
nations and the mass analysis increase the probable 
error to about +25%. This half-life is in excellent 
agreement with the value of (7.6+2)X10" years 
recently published by workers at the Argonne National 
Laboratory." We have also obtained a rough check of 
the half-life by separating Np* from the uranium and 
following its decay. 

The amount of 6.7-day U™’ milked from the plu- 
tonium has been determined roughly from the end 


18 Diamond, Street, and Seaborg, J. Am. Chem. Soc. 76, 1461 
(1954). 


JONES, 


ROURKE, AND SCHUMAN 
window proportional counter decay curves. From the 
amount of U*’, an alpha half-life of (3.80.6) 10° 
years can be calculated for Pu™!. The fact that this 
value agrees with the value obtained by alpha counting 
indicates that there was no large unmeasured loss of 
uranium during the milkings. 


CROSS SECTION OF Pu*‘—PROPERTIES OF 
Pu’ AND Am* 


Two nuclides, Pu*® and Am™*, have recently been 
reported in the literature by workers from Los Alamos!® 
and the Argonne National Laboratory.’ We have 
produced these nuclides by irradiating samples of Pu 
sample C in the NRX reactor. Two NRX pile irradia- 
tions were made, and a cobalt flux monitor included with 
one. After irradiation, the plutonium was purified by 
absorption and elution from a Dowex 1 anion-exchange 
resin column,'® by LaF; precipitations, and finally by 
reabsorption as Put‘ on a second Dowex 1 column. 
Americium was then milked at intervals from the 
plutonium absorbed on the column by elution with 
concentrated HCl plus ~1% HNOs;. The chemical 
yield of americium was found to be about 98%, and 
less than one part Pu in 10° was eluted. The amount of 
plutonium was determined after completion of the 
milkings by elution with concentrated HCI+HI and 
alpha counting. 

After elution, the americium fractions were counted 
and followed for decay with either an end-window G.M. 
counter or an end-window proportional counter. 
Fifteen americium milkings were made on each irradi- 
ated sample, and the americium fractions were found 
to decay to background with an average half-life of 
124+1 minutes. Feather analysis of aluminum absorp- 
tion curves of the Am™® gave 0.88 Mev for the beta 
energy. A scintillation spectrogram (see Fig. 3) showed 
0.114-Mev and 0.245-Mev gamma rays for Am™°. The 
energies are in agreement with those obtained by Los 
Alamos'* and Argonne." Our half-life of 1241 min can 
be compared with 119+1 min obtained by Argonne’’ 
and 125+5 min obtained by Los Alamos.'® 

The amount of Pu** and its half-life were determined 
from the amount of Am™* in the milked samples from 
the parent-daughter relationship, 


et 


Ae At 
A\=——— Ap 
he ge at— erat 


where A,;=activity of Pu™® at time of separation, 
A»=activity of Am*° at time of separation, \;= decay 
constant of Pu™®, \,=decay constant of Am™*, and 


16 Browne, Hoffman, Crane, Balagna, Higgins, Barnes, Hoff, 
Smith, Mize, and Bunker, J. Inorg. Nuclear Chem. 1, 254 (1955). 

17 Fields, Studier, Friedman, Diamond, Sjoblom, and Sellers, 
J. Inorg. Nuclear Chem. 1, 262 (1955). 
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t=time between separation and previous separation. 
The decay constant determined for Pu*® corresponds 
to a half-life of 10.6+0.4 hours. The decay curve of 
Pu™*, determined from the Am** milkings, showed a 
constant half-life for a period of more than ten half- 
lives. The Pu™® half-life can be compared with 10.5+0.5 
hours obtained by Argonne"? and 12+1 hours obtained 
by Los Alamos.'® 

The amount of Pu*® corresponds to an NRX pile 
capture cross-section of 2.1+0.3 barns for Pu. This 
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value is a little higher than the value of 1.4+0.5 barns 
obtained by Argonne in the new CP-S pile.”” 
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Excited States of S**}* 
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The mode of decay of the second excited state of S* has been examined, using a “slow-fast” coincidence 
technique to examine the gamma rays in coincidence with the appropriate proton group from the reaction 
P®!(a,p)S*. By comparing the observed cascade to cross-over intensity ratio with that calculated from the 
Weisskopf lifetime relationships, the number of possible spin-parity combinations for the first and second 
excited states can be restricted. When the results of beta decay studies are taken into account, it can be 
inferred that the first two excited states of S** are both 2+. Spin 0+ for the ground state is assumed. 

New measurements of the energies of the low-lying excited states of S* are reported. It is concluded that 
there are levels at 2.13+0.02, 3.33+0.05, 4.32+0.08, and 4.8+0.1 Mev. 


I. INTRODUCTION 


REVIOUS  experiments'* carried out in _ this 

laboratory have studied the decays of a number 
of excited states of Si*®, Mg?®, and Ne”. In each case, 
the residual nucleus was obtained by means of an 
(a,p) reaction on the appropriate target. Each experi- 
ment consisted of selecting a particular excited state 
of the residual nucleus by selecting the proper proton 
group, and examining the energy spectrum of the 
gamma rays in coincidence with these protons. From 
such data it is possible to determine the mode of decay 
of an excited state: how much by cascade through 
other levels and how much by cross-over transitions. 
Such results are made meaningful by the theoretical 
lifetime relationships of Weisskopf,‘® which give the 
probability per unit time of a gamma-ray transition of 


+ Part of a dissertation presented by G. S. Stanford to the 
faculty of the Graduate School of Yale University in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy. 

*This work was performed under the joint auspices of the 


Office of Naval Research and the U. S. Atomic Energy 
Commission. Reproduction in whole or in part is permitted for 
any purpose of the United States Government. 

t Present address: Perkin-Elmer Corporation, Norwalk, Con- 
necticut. 

1 Allen, May, and Rall, Phys. Rev. 84, 1203 (1951). 

2 J. E. May and B. P. Foster, Phys. Rev. 90, 243 (1953). 

3 Foster, Stanford, and Lee, Phys. Rev. 93, 1069 (1954). 

4V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

5]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 


given energy as a function of nuclear parameters and 
the multipole order of the radiation. The theoretical 
predictions are based on a single-particle model and are 
relatively crude, at times being in error by a factor of 
100 or more; at the same time it can be pointed out 
that the relative transition probabilities can vary over 
a range of more than 10'’. Therefore, the relations are 
often useful in determining gamma-ray multipolarities. 

The present paper reports the result of an investi- 
gation similar to the earlier ones concerning the second 
excited state of S*, reached by means of the reaction 
P*!(a,p)S*. Mention is also made of those experimental 
techniques which have been improved since the earlier 
work. 


II. EXPERIMENTAL METHODS 
A. Target Preparation 


The phosphorus targets were prepared by evaporating 
a solution of red phosphorus in ethyl alcohol, allowing 
the solute to deposit on a 0.0001-in. gold target backing 
at the bottom of a well one inch deep. The wall of the 
well was made of Teflon, which is not wet by alcohol, 
resulting in an even deposition of phosphorus on the 
gold. 

The aluminum targets used for calibration consisted 
of aluminum foil of thickness ~0.2 mg/cm’, fastened 
to a wire ring by means of indium solder. 
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determined with a 40-channel pulse-height analyzer.* 
A typical spectrum is shown in Fig. 1. For the energy 
calibration of such spectra, the phosphorus target was 
replaced by an aluminum target and its proton spectrum 
was obtained under the same conditions. By using the 
known energy levels’ in Si®, the energies of the proton 
groups were computed. When calibration curves of 
energy vs channel number were plotted, they were 
found to be linear within experimental error (~1%). 

A determination of the energy of the first excited 
state of S* resulted from observing the gamma rays 
from the a-particle bombardment of phosphorus, with 
a typical spectrum shown in Fig. 2. Detection of the 
gamma rays was by means of a NaI(TI) crystal 1 inch 
in height by 1} inches in diameter. (See Fig. 3.) The 
crystal was mounted on a 6292 photomultiplier tube, 
which seems not to have been the best choice: it has 
recently been reported that this tube type suffers from 
a change of pulse height with counting rate.* The 
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Fic. 1. Proton groups from P**(a,p)S*. These data were obtained 
using the NaI(TI) scintillation spectrometer. The protron group N 
energies were obtained from calibration data based upon the 6292 in mu-metal shield 
AP ey p) Si reaction. Thick Nal (Tt) crystal 
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determination of proton range in aluminum, using the P*! target 6291 in mu~metal shield 
reaction P*(a,p)S*. The proton spectrum from the Lacite, light pipe 

same reaction was also examined with a 1-mm thick en. Pope 

NalI(Tl) detector mounted on a 6291 photomultiplier 

tube (see Fig. 3). The pulse-height distribution was 


Fic. 3. Arrangement of scintillation detectors used 
«108 in the coincidence experiments. 
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spectra as in Fig. 2, and the calibrating runs using the 
gamma rays from thorium-active deposit, were taken 
at approximately the same counting rates. Again the 
calibration curves were found to be linear. That the 
peak in Fig. 2 actually corresponded to the decay of the 
first excited state of S** was established by a coincidence 
run with protons leading to this state (see below). 

The coincidence experiment P*'(a,py)S* was used 
for a determination of the energy of the second excited 
state of S*. The experimental method will be discussed 
below. In the case of the first excited state, the de- 
pendence of pulse height on counting rate, mentioned 
above, made the (a,y) reaction a more precise method 
for determining energy than the (a,py) reaction.’ But 

6 E. J. Cook, Yale dissertation, 1954 (unpublished) ; E. J. Cook 
and G: F. Pieper, Phys. Rev. 98, 1154 (1955). 


1 i 1 F i 7P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
15 20 25 30 35 (1954). 
CHANNEL NO, § Bell, Davis, and Bernstein, Rev. Sci. Instr. 26, 726 (1955). 
® The (a,y) runs were done with an a beam ~} of that used in 
Fic, 2. Low-energy gamma-ray spectrum from the alpha the (a,py) runs. The pulse-height shift observed was an increase 
particle bombardment of P*. of ~2% for the greater beam current. 
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for the second excited state the photopeak for the 
transition to the ground state was not prominent in 
the (a,y) spectrum, so that the coincidence spectrum, 
with allowance made for the pulse-height shift, was 
used. Calibration was as for the (a,y) spectrum. 


C. Coincidence Experiments 


The experimental arrangement for the coincidence 
work is shown in Fig. 3, and in Fig. 4 is a block diagram 
of the electronic setup. This “‘slow-fast” system has 
been described elsewhere"; it makes feasible the inclu- 
sion of a continuous monitor for the accidental coin- 
cidences, highly desirable with a phase-grouped 
cyclotron beam. The spectra were obtained with the 
40-channel analyzer,’ replacing the previously used 
moving-film technique.!~* 

With the single-channel analyzer set so as to select 
only those protons leading to the first excited state of 
S*, the gamma-ray spectrum of Fig. 5 was obtained. 
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Fic. 4. Block diagram of slow-fast coincidence circuit. 


The curve is the result of two consecutive 70-minute 
runs. For energy calibration, spectra of thorium-active 
gamma rays, of Na” gamma rays, and of the (a,y) 
reaction, were taken before and after each of the runs. 
This spectrum was obtained partly to test the operation 
of the equipment, and partly to look for evidence of a 
cascade through a possible excited state at ~0.8 Mev 
(see below). No such evidence is seen, although if the 
cascade were present but reduced in intensity by a 
factor of three or more it probably would not be 
evident. 

Figure 5 shows a large peak at ~0.5 Mev. It is 
definitely in coincidence with the first excited state 
protons, since the background correction (see below) 
has been made. This peak is attributed to annihilation 
radiation from pairs produced in the lead surrounding 
the crystal by gamma rays from the first excited state. 


1G. S. Stanford and G. F. Pieper, Rev. Sci. Instr. 26, 847 
(1955). 
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Fic. 5. Energy spectrum of gamma rays in coincidence with the 
proton group corresponding to the first excited state of S* in the 
reaction P#!(a,p)S*. The correction for accidental coincidences 
has been made. 


The other peaks in the spectrum are what would be 
expected from a single gamma ray. 

The corresponding spectrum for the second excited 
state is shown in Fig. 6. For this state, three consecutive 
90-minute runs were taken, calibrated as before. 
Figures 5 and 6 have been corrected” for accidental- 
coincidence background by normalizing the (a,y) 
spectrum to the number of accidental coincidences 
registered by the monitor, and subtracting the result 
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Fic. 6. Energy spectrum of gamma rays in coincidence with the 
proton group corresponding to the second excited state of S* in 
the reaction P*"(a,p)S*. The correction for accidental coincidences 
has been made. 
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from the raw coincidence spectrum. In determining 
the energy of the cross-over gamma ray from Fig. 6, 
heaviest reliance was placed upon the first pair peak, 
appearing near channel 29. The contribution to the 
crossover peak due to “pileup” of the cascade gamma 
rays in the crystal was computed, and was found to be 
negligible. 
Ill. ENERGY LEVELS IN S* 


A. Ground State Q of P*'(a,p)S** 


By using weighted means of the more recent and 
relevant doublet measurements," atomic mass values 
for use in computing the Q value of the reaction 
P*!(a,p)S* can be obtained. By so doing, the Q value 
of 0.59+0.05 Mev was calculated. 

In the course of the present work, the Q value 
0.70.2 Mev has been obtained from the measure- 
ment of proton range in aluminum, and the value 
0.7+0.1 Mev by using a crystal proton detector, as 
described above. 


B. Evidence Against Level at ~0.8 Mev 


In the bombardment of natural sulfur, a weak proton 
group has been observed,” which was interpreted as 
possibly coming from S*(d,p)S*, corresponding to a 
level at ~0.8 Mev in S*. It seems doubtful that this 
assignment is correct, for the following reasons. 

(1) In the present work, it has failed to show in the 
P*!(a,p)S* reaction, at any angle of observation. For 
90° observation (see Fig. 1) an upper limit of ~10% of 
the ground state group can be set, unless the group is 
within 0.4 Mev of the ground state group. In an attempt 
to resolve it, spectra were obtained by putting an 
aluminum absorber between the target and the crystal, 
to permit only the higher energy protons to enter 
the crystal. Thus the small energy range of interest 
could be spread over the entire range of the 40-channel 
analyzer. No new peak was observed. 

(2) No transitions to this state have been observed 
in the 8 decay of P*,"* or of Cl*,** although this could 
merely indicate a forbidden transition. 

(3) In the spectrum of gamma rays from the 2.1- 
and 3.3-Mev levels in S* reported in this paper (see 
Figs. 5 and 6) and elsewhere,'*'*” there is no evidence 
of a cascade gamma ray to a low-lying excited state, 
although this too could be due to selection rules. 

(4) On the basis of the systematics of even-even 
nuclei in this region of the periodic table, such a low- 
lying first excited state is improbable.'* 


" Duckworth, Hogg, and Pennington, Revs. Modern Phys. 
26, 463 (1954). 

12 P. W. Davison, Phys. Rev. 75, 757 (1949). 

% FE. Bleuler and W. Ziinti, Helv. Phys. Acta 19, 137 (1946). 

4 Ho Zah-Wei, Phys. Rev. 70, 782 (1946). 

18 L. Ruby and J. R. Richardson, Phys. Rev. 83, 698 (1951). 

16D. Green and J. R. Richardson, Phys. Rev. 96, 858(A) 
(1954) ; 101, 776 (1956). 
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8 Gertrude Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 
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(5) The spin of the level at 2.1 Mev is 2, with even 
parity, and the decay of the next higher state is largely 
by cascade through this level (see below). If there were 
a lower-lying 2+ level, the Weisskopf lifetime 
relations*:> predict a greater probability of transition 
to this level than to the higher one. On the basis of the 
present coincidence work, then, it can definitely be 
said that if there is such a level, it is not 2+. Only two 
nuclides with A <40 are definitely known to have first 
excited states other than 2+. These are O'*,"° and Ca®.” 
Both have 0+ first excited states; that this should be 
the case for doubly magic nuclei has been pointed out 
by Scharff-Goldhaber.'* 

In view of the foregoing, it will henceforth be assumed 
that the first excited state of S* is the level at 2.1 Mev, 
and we will now consider its precise excitation energy. 


C. Energy of the First Excited State of S* 


At the time this work was done, two values of the 
first excited state energy with precision <0.1 Mev were 
available.'*'7 A value of 2.16+0.08 Mev had been 
obtained from a study of the 8* spectra of Cl** with a 
magnetic lens spectrometer,!* and a value of 2.10+0.03 
Mev from a scintillation spectrometer study" of the 
gamma rays from Cl**. The present work yielded two 
values for this energy : 2.14-++0.03 Mev from the gamma- 
ray scintillation spectrum of P*(a,y), and 2.14+0.04 
Mev from the range measurements on P*!(a,p)S*. Two 
determinations were made by each method. 

The agreement among the above values is good; the 
mean value, 2.13+0.02 Mev, has been taken for the 
energy of the first excited state. 

Since the completion of this work, a value of 2.129 
+0.014 Mev has been obtained™ from the measure- 
ment of alpha particle groups from Cl*’(p,a)S* using 
a Van de Graaff generator and a magnetic spectrometer. 
Our mean value is in good agreement with this more 
accurate determination. 


TABLE I. Energy of second excited state of S*. 








Method Value, Mev 

3.31+0.10 a 
(3.2640.05 b 
\3.2240.03 b 


Reference 





8* spectrum of Cl**; mag. lens spect. 
Gamma-ray scint. spectrum of Cl** 
Gamma-ray coinc. spectrum of 
P# (ax, py) S* 
P*\(q,p)S*; range in aluminum 
P*® (a,p)S*; crystal detection, cali- 
brated with Al?’(a,p)Si® 


Mean value 


3.3320.08 
3.38+0.10 


3.49+0.08 
3.3340.05 


Present work 
Present work 


Present work 








® See reference 16. 
> See reference 17. 
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21 Van Patter, Swann, Porter, and Mandeville, Bull. Am. Phys. 
Soc. Ser. II, 1, 39 (1956). 
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D. Energy of the Second Excited State of S* 


The measurements of the second excited state energy 
are not in general as precise as for the first excited 
state, and there is not good agreement from one 
determination to another. Three values from the 
literature'®.'7 have stated precision <0.1 Mev. These 
appear in Table I, along with three new determinations. 
The average of these six values, 3.330.05 Mev, will be 
assumed to be the excitation energy of the second 
excited state. 

The value 3.26 Mev ascribed to reference 8 is ob- 
tained by adding the results from that paper (2.10+0.03 
and 1.16+0.03 Mev) for the two lower energy gamma 
rays (see Fig. 7). 

A comment on the two extreme values in Table I 
is perhaps in order. At the lower extreme is the 3.22-Mev 
value for y; (see Fig. 7) of Ticho.!’ He arrived at this 
result by locating the photopeak, calibrating his 
system with the 1.28-Mev gamma ray from Na”, and 
assuming linearity. It is tempting to suggest the 
possibility that linearity did not hold for such a long 
extrapolation. 

A possible explanation for the divergence of the last 
value in Table I does not readily present itself. It is not 
a question of extrapolation, since the relevant proton 
groups come where the calibration curve [from 
AF" (a,p)Si*—see the foregoing ] is most reliable. More- 
over the reported measurement is the average of four 
runs done on different days and under somewhat 
different conditions, with consistent results. This value 
therefore has its influence on the probable excitation 
energy of the. second excited state, since no good 
reason has been found for excluding it. 


E. Energy of the Third Excited State of S* 


No measurements of excited states of S* higher than 
the second have been published since the 1936 natural- 
alpha work of Pollard and Brasefield,” with the excep- 
tion of the mention of a state at 3.9 Mev by Bleuler 
and Morinaga.” In the course of the present work some 
data pertaining to two more excited states have been 
collected. 

Four scintillation runs on P*(a,p)S* (Fig. 1) give 
the third excited state as being 2.330.10 Mev above 
the first excited state. Using 2.13 Mev for the latter, 
the excitation energy of the third excited state becomes 
4.46+0.10 Mev. From a measurement of range in 
aluminum at 90° observation, the value 4.24+0.06 
has emerged. A weighted mean of these two measure- 
ments is 4.32+0.08 Mev. No evidence for a state at 3.9 
Mev” was observed. 


2 FE. Pollard and C. J. Brasefield, Phys. Rev. 50, 890 (1936). 
% E. Bleuler and H. Morinaga, Phys. Rev. 99, 658 (1955). 
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Fic. 7. Excited states of S*. 


F. Energy of the Fourth Excited State of S** 


A measurement of proton range in aluminum at 90° 
observation has given evidence of a fourth excited state 
at 4.8+0.1 Mev.§ 


IV. GAMMA RAYS FROM THE SECOND 
EXCITED STATE OF S*: 

Figure 6 shows the spectrum of the second-excited- 
state gamma rays. Three zamma rays are present, of 
energies 3.33, 2.13, and 1.20 Mev, which we will 
designate 1, Y2, and 3 respectively (see Fig. 7). As 
indicated by the dotted lines in Fig. 6, the second pair 
peak of y; overlaps the photopeak of v2, and the second 
pair peak of 2 overlaps the photopeak of y;. By 
making various assumptions as to the areas under the 
dotted peaks, the values 2.5 and 3.5 were obtained as 
extremes for the ratio of the areas under the photo, 
Compton, and pair peaks of y2 and y:. Therefore the 
mean value of 3.0 was used, which, when corrected for 
the detecting efficiency of sodium iodide as a function 
of gamma-ray energy, gives 2.7+0.5 for the ye: 
intensity ratio (and therefore for the y3:y1 intensity 
ratio). || 

The relative-probability figure of 2.7 can be used in 
conjunction with Weisskopf’s lifetime relations to 
deduce a certain amount about the spins and parities 
of the first and second excited states. Using the 
measured energies of the three relevant gamma rays 
(see above), the transition probabilities as given in 
Table II can be computed. 

Since a resolving time of 6X 10~* second was sufficient 
to give approximately the coincidence counting rate 

§ Note added in proof.—Since the present paper was submitted 
for publication, the energy levels of S* have been measured by 
Endt, Paris, Sperduto, and Buechner [Bull. Am. Phys. Soc. 
Ser. II, 1, 223 (1956) ] using a Van de Graaff generator and a 
magnetic spectrometer. They report levels in S* at 2.127, 3.302, 
3.915, 4.073, 4.114, 4.621, 4.685, and 4.876 Mev. 

|| Note added in proof.—A cascade-to-crossover intensity ratio 
of 2.20.4 has been obtained by David Green (thesis, University 


of California at Los Angeles, unpublished). [J. Reginald Richard- 
son (private communication). ] 
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TaBLe IJ. Transition probabilities for a nucleus of mass 34, computed from the Weisskopf relations.* 





Ei M1 E2 


Type of radiation 
M2 E3 M3 








 8.38(12) 





6.37(16) 1.15(15) 


5.37 (13) 5.09(10) 


2.98(15) 


* Quantities in parentheses are powers of 10. 


that would be expected from the geometry of the 
experiment, it appears probable that no lifetimes longer 
than, say, 10~* sec were present. Allowing a factor of 
10° for the roughness of the theoretical estimates, it 
appears from Table II that we can reject multipolarity 
4 or greater for any of the three gamma rays, with the 
possible exception of £4 for y:. This limits the spin of 
the first excited state to 3 or less. Moreover, this level 
cannot have spin zero, for there would then be no 
gamma transition from there to ground. 

The transition probabilities of Table II were used to 
compute the 3:71 intensity ratio for all possible 
spin-parity combinations of the first two excited states 
consistent with the above. 

The assumption has for the moment been made that 
none of the gamma rays was a mixture, but that these 
transitions “proceed by emission of pure multipole 
radiation of the lowest multipole order / permitted by 
the selection rules, the radiation being electric or 
magnetic depending on the parity change in the nuclear 
transition.” “ It has also been assumed that the ground 
state of S* is 0+. 

When those spin-parity combinations are rejected 
which lead to calculated y;:7y: transition probability 
ratios which differ from the experimental value of 2.7 
by more than a factor of 10°, there are left those 
combinations listed in Table III. 

Table III is the best that the present data, alone, 
can do. But when the results of 8-decay experiments are 
considered, all but one of the combinations in Table ITI 
can be eliminated: It has been shown’ that the spin 


TasBLE III. Gamma-ray intensity ratios close to 2.7, with 
associated spin-parity combinations, as computed from the 
Weisskopf lifetime relations. 
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“1.51(11) 
9.17(8) 


1.30(7) -4.21(4) 
7.53(2) 


4.32(0) 


7.58(2) 
1.35(1) 
7.78(—2) 


7.23(8) 
5.71(5) 


1.03(4) 


of the first excited state is definitely 2+, which leaves 
as possibilities for the second excited state only 1+ or 
2+. Now the @ transition from the 3+ state of Cl* to 
the second excited state of S* is allowed.’ It follows 
from the Gamow-Teller selection rules that the 3.33- 
Mev level of S* could be 2+, 3+, or 4+ only, and 
since we have eliminated 3+ and 4+ (y3:y1:=4.1X 10° 
and 1.2 10° respectively) by means of the coincidence 
experiment, it is concluded that the second excited 
state of S* has spin 2 and even parity. This result is in 
agreement with the preliminary result of a gamma- 
gamma directional correlation in the Cl*-S* decay 
by Handler and Richardson.**' 


V. DISCUSSION 


We have concluded that the first two excited states 
of S* decay as shown in Fig. 7. The computed y3:71 
intensity ratio of 6.4 (Table III) compares well with 
the experimental value of 2.7. In fact, if one makes 
the tenuous assumption that theory and experiment 
agree for M1 transition probabilities,”* it follows that 
the theoretical calculation for the probability of the £2 
transition y; is 2.4 times too small, a result which 
agrees qualitatively with other observations of E2 
transition probabilities.”* 

Only pure multipole radiation has thus far been 
considered. If in reality y; is a mixture of E2 and M1 
radiation, then the theoretical £2:M1_ transition 
probability ratio for y3 is off by a factor of 10°. We 
observe also that in this case an E2 transition of 1.2 
Mev would be successfully competing with an £2 
transition of 3.33 Mev, although the latter should 
theoretically be faster by a factor of (3.33/1.20)'~ 160. 
It is therefore unlikely that ys; contains as much as 
0.3% of E2 radiation. This supports the qualitative 
conclusion of Handler and Richardson.** 

The writers are indebted to Professor Waldo Rall 
for suggesting the experiments, and for much helpful 
advice and discussion. 


*°H. E. Handler and J. R. Richardson, Phys. Rev. 98, 281 
(1955). 

{ Note added in proof.—The final results of Handler and 
Richardson [Phys. Rev. 102, 833 (1956) ] support the 2* assign- 
ments for the first two excited states of S* and indicate that +3 is 
1.7% electric quadrupole and 98.3% magnetic dipole radiation. 

26 See reference 5, p. 633; also M. Goldhaber and A. W. Sunyar, 
in Beta and Gamma-Ray Spectroscopy, edited by K. Siegbahn 
(Interscience Publishers, Inc., New York, 1955). 
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First Excited States in Zr®* and Zr**t} 


G. L. GriFFitu 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received April 23, 1956) 


Fast neutron inelastic scattering by separated isotopes of Zr was studied by observing the de-excitation 
gamma-ray spectra. The (926+9)-kev photopeak observed with normal Zr scatterers was shown to be 
produced by two gamma rays differing in energy by less than 2.5% and originating in the isotopes Zr” 
and Zr™. This is interpreted as evidence for a first excited state at about 926 kev in both isotopes. Relative 
excitation curves for gamma-ray production by neutron inelastic scattering have been measured from 
threshold to Z,=5.5 Mev for the 850-kev gamma ray from Fe®* and the 926-kev gamma rays from Zr®*™, 


I, INTRODUCTION 


HE presence of a (920+20)-kev gamma ray re- 
sulting from fast neutron bombardment of zir- 
conium has been reported,' although the origin of this 
gamma ray was uncertain at that time. This gamma ray 
has been reported by others,’ but no positive isotopic 
assignment could be made. The purpose of this work 
was to determine the isotopic origin of this gamma ray 
as well as to identify the nuclear process involved. 


II. APPARATUS 


The scatterers were bombarded with neutrons pro- 
duced by the Westinghouse electrostatic generator by 
means of the D(d,n) or the T(p,) reaction. The single- 
crystal NaI(Tl) spectrometer method described by 
Sinclair® was used to observe the resultant gamma-ray 
spectra at 90°. Samples of electromagnetically enriched 
(~95%) zirconium oxide were available‘ for the zir- 
conium isotopes 90, 91, 92, and 94 in the amounts of 
13.5, 4.1, 7.9, and 8.3 grams, respectively, of the oxides. 
A current integrator measured the charge delivered to 
the neutron-producing target and a flat-response, 
shielded long counter’ monitored the neutron flux. 


III. ISOTOPIC ASSIGNMENT 


Enriched zirconium oxides contained in thin, paper 
pill-boxes were bombarded by 4.1-Mev neutrons pro- 
duced by the D(d,n) reaction. Under these experi- 
mental conditions, the peak-to-background ratio was 
such that the 926-kev photopeak could be detected 
unambiguously from a 26-gram normal zirconium oxide 
scatterer. Only the 926-kev photopeak could be seen 
with these samples since only the more intense photo- 
peaks were discernible. It was impossible to obtain a 
threshold curve for the production of the 926-kev 


t Assisted by a joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1G. L. Griffith, Phys. Rev. 98, 579 (1955). 

2Scherrer, Allison, and Faust, Phys. Rev. 96, 386 (1954); 
J. Guernsey and C. Goodman, Phys. Rev. 101, 294 (1956); Day, 
Johnsrud, and Lind, Bull. Am. Phys. Soc. Ser. IT, 1, 56 (1956). 

3R. M. Sinclair, Phys. Rev. 99, 1351 (1955). 

4Stable Isotopes Division, Oak Ridge National Laboratory, 
Oak Ridge, Tennessee. 

5 A. OQ. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947) ; 
Nobles, Day, Henkel, Jarvis, Kutarnia, McKibben, Perry, and 
Smith, Rev. Sci. Instr. 25, 334 (1954). 


gamma ray from these enriched samples because of the 
unfavorable peak-to-background ratio existing when 
using the T(p,n) reaction with the Westinghouse 
generator. 

While precise energy measurements could not be 
made from these small samples, unmistakable photo- 
peaks were observed with nominal energies of 926 kev 
for both the Zr” and the Zr“ samples. Typical pulse- 
height spectra for each of the four isotopes as well as 
a comparison spectrum taken with a 22-gram normal 
metallic zirconium scatterer are shown in Fig. 1. 

The photopeak shapes and half-widths of the 850-kev 
gamma ray from Fe*® and the 926-kev gamma rays 
from zirconium were compared by alternate bombard- 
ments of metallic scatterers of iron and zirconium. The 
926-kev photopeak showed no evidence of structure 
and, within experimental error, the half-widths ob- 
served for the two photopeaks differed by the amount 
expected for two gamma rays of 850 and 926 kev. 

Emmerich and Sinclair® have compared the 926-kev 
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Fic. 1. Typical pulse-height spectra obtained with a single 
NalI(TI) spectrometer for inelastic scattering of 4.1-Mev neutrons 
by separated isotopes of zirconium and by normal metallic 
zirconium. The oxide scatterers were enriched to approximately 
95% in the indicated isotope of zirconium. Each experimental 
point has a statistical accuracy of about 2.5%. 

6 W. S. Emmerich and R. M. Sinclair, Westinghouse Research 
Report 60-94511-6-R11 (unpublished). 
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Fic. 2. Cross sections for gamma-ray production by neutron 
inelastic scattering by the isotopes Fe and Zr***. The cross 
sections shown are the isotopic differential cross sections at 90° 
multiplied by 47. 


photopeak observed from fast neutron scattering by 
zirconium with the known’ 930-kev gamma ray from 
Zr” arising from the decay of Nb®. In order to imitate 
the continuous spectrum due to neutrons scattered into 
the NaI(Tl) detector during the bombardment of Zr, 
a similar spectrum produced by neutrons scattered 
from carbon was added to the gamma-ray spectrum of 
the Nb® radioactivity by placing the detector and the 
Nb®* source near a carbon scatterer. The energies of the 
two photopeaks were equal to within one percent. The 
half-width observed for the photopeak produced by the 
gamma rays from neutron scattering by zirconium was 
slightly larger than that from the Nb” decay, although 
this difference was within the experimental uncer- 
tainties. 


IV. GAMMA-RAY EXCITATION CURVES 


At 4.4-Mev incident neutron energy the time-of-flight 
technique® and the nuclear emulsion method? failed to 
detect any neutron group corresponding to a 926-kev 
level in zirconium although both methods detected the 
850-kev level in Fe®*. For this reason, a study was made 
of the threshold energies and relative cross sections for 
production of the 850-kev and 926-kev gamma rays 
from iron and zirconium. Metallic scatterers, 3} in. 
34 in.X4 in., were mounted at 45° to both the 


7 P. Preiswerk and P. Stiahelin, Helv. Phys. Acta 24, 300 (1951). 

8 R. V. Smith, Bull. Am. Phys. Soc. Ser. II, 1, 55 (1956). 

® Weddell, Jennings, and Hellens, Phys. Rev. 99, 621(A) (1955) ; 
J. B. Weddell and B. Jennings, Westinghouse Research Report 
60-94511-6-R1 (unpublished). 
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incident neutron direction and the central axis of the 
scintillation detector. Relative gamma-ray yields were 
measured for the neutron energy-range, threshold to 
1.6 Mev and 3.5 to 5.5 Mev. 

Since the measured threshold energy for each gamma 
ray indicated that they were due to direct transitions 
to the ground state in each case, the ratio of the meas- 
ured threshold energies was compared to that calculated 
from the ratio of gamma-ray energies. For inelastic 
scattering the threshold energy, Ey,, may be calculated 
from the relation 


Eun=(M+1)0/M, 


where M is the scatterer mass number and Q is equal 
to the gamma-ray energy for the case of ground-state 
transitions. The ratio of the 926-kev and the 850-kev 
gamma-ray energies was determined by bombarding a 
laminated, metallic scatterer of Fe and Zr which con- 
tained the correct ratio of elements to yield photopeaks 
of approximately equal size. 
The ratio, 
Ew (926)/ Ew (850), 


of the observed threshold energies was 1.103+0.016, 
and that ratio calculated from the observed gamma-ray 
energy-ratio was 1.079+0.010. Thus, these data are 
consistent with the assumption that the 926-kev gamma 
rays are due to neutron inelastic scattering through 
926-kev levels in zirconium since the 850-kev gamma 
ray certainly results from inelastic scattering through 
the 850-kev level in Fe*. 

During the above measurements, each gamma-ray 
energy as well as the energy ratio was determined. 
The results are as follows: E(926)/E(850)= 1.087 
+0.010, E,(Zr?**)=926+9 kev, and E,(Fe®*)=850 
+8 kev. 

The relative yields of the 850-kev and the 926-kev 
gamma rays were calculated from the photopeak areas. 
Corrections were made for gamma-ray attenuation in 
the scatterers and for detection efficiency. No correc- 
tions were made for attenuation of the incident neutron 
flux or for multiple scattering. However, these latter 
two effects do tend to cancel one another, and Day'® 
has reported this cancellation to be quite effective for 
his particular ring geometry. These data are shown as 
isotopic cross sections in Fig. 2 where both curves have 
been normalized to an absolute scale using the value of 
Day et al for the cross section for production of the 
926-kev gamma rays in zirconium at E,=3.5 Mev. 
The cross sections given are the isotopic differential 
cross sections for gamma-ray emission at 90° multiplied 
by 4r. 


V. DISCUSSION 


These data are consistent with the assumption that 
the 926-kev gamma rays from zirconium are due to 


”R. B. Day, Phys. Rev. 102, No. 3 (1956). 








FIRST EXCITED 
neutron inelastic scattering. In addition, Cranberg and 
Levin'' have observed the inelastically-scattered neu- 
tron group for an incident neutron energy of 2.5 Mev, 
which clearly identifies the process involved as in- 
elastic scattering. 

The data obtained using enriched scatterers show 
conclusively that at E,=4.1 Mev there are 926-kev 
gamma rays produced in both Zr® and Zr. From the 
relative sizes of the scatterers and observed photopeaks, 
one can state that the intensities of the two gamma 
rays are roughly equal, but it is impossible to assign an 
energy difference to these gamma rays from these data. 

From the large-scatterer data, an upper limit of 2.5% 
is placed on the energy separation of the two 926-kev 
gamma rays. This figure is based on the observed 
values of (8.3+0.6)% and (8.0+0.7)% for the half- 
widths of the 850-kev and 926-kev photopeaks, re- 
spectively, and the expected variation in half-width 
of a composite photopeak as a function of the separation 
of its two equal components. This variation was deter- 


"L. Cranberg and J. S. Levin, Bull. Am. Phys. Soc. Ser. II, 1, 
56 (1956). 
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mined empirically by a graphical addition of two 
separated, equal photopeaks. 

Without yield curves for these enriched samples one 
cannot assign unambiguous level schemes for Zr® and 
Zr“, but the threshold measurements on normal Zr 
indicate that at least one isotope has a level at 926 kev. 
From the threshold data of Day et al.? and the lack of 
any sudden rise, except at threshold, in the excitation 
curve for the 926-kev gamma rays, one can exclude the 
possibility that the 926-kev gamma ray in the other 
isotope comes from a cascade process. Thus, one can 
conclude that the first excited state in both Zr” and 
Zr™ lies at 926 kev. This assignment is not unreasonable, 
based on the nuclear systematics of even-even nuclei,” 
and is in agreement with the known’ first excited 
state of Zr®. 
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Test of the Statistical Assumption in Nuclear Reactions* 


R. M. ErsBerct AND N. M. Hintz 
Department of Physics, University of Minnesota, Minneapolis, Minnesota 


(Received April 16, 1956) 


The angular distribution of protons inelastically scattered from A®, leading to the excitation of the 
1.47-Mev level, has been measured at bombarding energies of 9.8, 9.0, and 8.5 Mev. An attempt is made to 
relate these data to the possibility of correlations in the phases of the levels excited in the compound nucleus 


HE angular distributions of nucleons inelastically 
scattered from nuclei, leading to the excitation of 
single levels of the nuclei, will be symmetric about a 
scattering angle of 90° providing: the reaction goes 
through the compound nucleus (compound nucleus 
assumption), many overlapping levels are excited in 
the compound nucleus (continuum assumption), and 
the phases of the levels excited by different partial 
waves are random (statistical assumption).' The ob- 
served departure from symmetry of such angular dis- 
tributions, in situations where the continuum assump- 
tion would probably be satisfied, is usually attributed 
to a violation of the compound nucleus assumption— 
ie., to the presence of direct interactions.** However 
* Supported in part by the U. S. Atomic Energy Commission. 
t Present address: Cavendish Laboratory, Cambridge, England. 
1L. Wolfenstein, Phys. Rev. 82, 690 (1951). 
2B. T. Feld ef al., U. S. Atomic Energy Commission Report 
NYO-636, 1951 (unpublished). 
* Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 


‘Hayakawa, Kawai, and Kikuchi, Progr. Theoret. Phys. 
(Japan) 13, 415 (1955). 


the departure from symmetry could be due to a viola- 
tion of the statistical assumption. 

It may be possible to distinguish between these 
alternatives by measuring angular distributions at 
several closely spaced bombarding energies.’ Large 
changes in the angular distributions for small changes 
in the bombarding energy would be difficult to explain 
if the departure from symmetry were due only to a 
violation of the compound nucleus assumption. This is 
because the direct interaction angular distributions do 
not depend in a sensitive manner on the bombarding 
energy,** and because the incoherence of the direct 
interaction and compound nucleus processes (a result 
of the continuum and statistical assumptions) prevents 
the existence of interference terms which might have a 
sensitive dependence on bombarding energy. However, 
large changes in the angular distributions for small 
changes in the bombarding energy would be easy to 


5R. M. Ejisberg, in Brookhaven Conference on Statistical 
Aspects of the Nucleus, BNL-331, 1955 (unpublished), p. 85. 
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Fic. 1. Angular distribution of protons inelastically scattered 
from ;sA®, leading to the excitation of the 1.47-Mev level, at 
bombarding energies of 9.8, 9.0, and 8.5 Mev. 


explain if the departure from symmetry were due to a 
violation of the statistical assumption. This is true 
since, if the angular distribution depends in detail on 
the phase of every level excited in the compound 
nucleus because the phases are not random, then the 
angular distribution resulting from the excitation of a 
particular group of levels in the compound nucleus 
could be very different from the angular distribution 
resulting from the excitation of a nearby group of 
different levels. 

We have measured the angular distribution of protons 
inelastically scattered from ,sA®, leading to the excita- 
tion of the 1.47-Mev level, at bombarding energies of 
9.8, 9.0, and 8.5 Mev. A® was chosen because, although 
it is probably of high enough atomic number so that the 
continuum assumption is satisfied for the compound 
nucleus, still the spacing of the lowest levels of the target 
nucleus is large enough to allow adequate resolution of 
a single group of inelastically scattered protons. The 
bombarding energy was varied by passing the incident 
beam through polyethelene absorbers. There was a 
spread of approximately 200 kev in the bombarding 
energy as a result of the thickness of the target, strag- 
gling in the absorbers, and the energy spread of the 
incident beam. 


AND N. 


M. HINTZ 


Figure 1 shows the three angular distributions. The 
flags represent an estimate of the over-all accuracy of 
the data. It is apparent that there are changes in the 
angular distribution for small changes in the bombard- 
ing energy. It should be pointed out that the observed 
changes represent a lower limit to the effect which would 
be seen if the bombarding energy were well defined. 
This is because the 200-kev spread in the bombarding 
energy performs an average over bombarding energy 
which can only tend to diminish the dependence of the 
angular distribution on the mean bombarding energy. 

It is not possible to draw definite conclusions from 
these data about the validity of the statistical assump- 
tion. The spacings and widths of the levels in the com- 
pound nucleus ;.K“ have not been measured at the 
excitation attained in this experiment (16-Mev excita- 
tion at 9.8-Mev bombarding energy). Although it 
would seem probable that the levels of K“' form a con- 
tinuum at this excitation, one cannot be sure. Additional 
difficulty in interpreting these data arises from the lack 
of detailed knowledge about the properties of the 
direct interaction process. The available experimental 
and theoretical information, most of which is at a 
bombarding energy of 17 or 31 Mev, indicates an in- 
sensitive dependence on bombarding energy of the 
direct interaction angular distribution. However, little 
is known about the process in the energy range investi- 
gated here. 

Despite the uncertainties of interpretation, it is felt 
that these data do provide some evidence of a violation 
of the statistical assumption.*:’ Certainly the results are 
sufficiently positive to indicate the advisability of ob- 
taining data in more favorable cases. If this type of 
experiment were performed with equipment of high- 
energy resolution it would be possible to choose a case 
in which there was no question about satisfying the 
continuum assumption. High-energy resolution would 
also remove the averaging effect, due to a spread in 
beam energy, which exists in the present experiment. 


6 Note added in proof.—A recent compilation of experiments on 
the inelastic scattering of protons, leading to the first state of 
Mg*, shows an even stronger dependence of the angular distribu- 
tions on the bombarding energy than does the A“(p,p’)A®* 
experiment. [P. C. Gugelot and P. R. Phillips, Phys. Rev. 101, 
1614 (1956). ] These authors consider the effect to be most likely 
due to a violation of the continuum assumption. 

7 Note added in proof.—Recent calculations on the direct inter- 
action, which include distortion of the incoming and outgoing 
waves, appear to give a more sensitive dependence of the direct 
interaction angular distributions on bombarding energy than do 
the original forms of the theory [C. A. Levinson (private com- 
munication) ]. Calculations have not been made for the case of 


A®(p,p’)A*™. 
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Angular Correlations in Ti** 


C. F. CoLeMAN 
Atomic Energy Research Establishment, Harwell, Berkshire, England 
(Received April 2, 1956) 


The angular correlations of the (0.99, 1.32) Mev and (2.23, 0.99) Mev gamma-ray cascades in Ti have 
been measured and are consistent with spin assignments to the ground, 0.99-, 2.31-, and 3.22-Mev states 
of 0, 2, 4, and 4, respectively. Taken with these results, the measured values of the two polarization-direction 
correlations for the (0.99, 1.32) Mev cascade rule out most spin assignments for the first three levels which 
require a mixed 1.32-Mev transition, and show that these levels must all have even parity. The mean lifetime 


of the 0.99-Mev level was found to be <210™" sec. 





INTRODUCTION 


HE currently accepted level scheme for Ti** 
(Fig. 6), which is based on a number of investi- 
gations! of the decay schemes of Sc** and V“8, can be 
regarded as well established. Reported angular corre- 
lation measurements** are consistent with spin 
assignments of 0, 2, 4, and 6 to the ground, 0.99-, 
2.31-, and 3.35-Mev levels, but do not eliminate 
the possibility of other spin sequences involving 
mixed transitions. Though this ambiguity could be 
largely eliminated by direction-polarization correlation 
measurements, and the existence of such measure- 
ments has been reported,’ no such data appear to have 
been published. The measurements reported here were 
undertaken to determine the spin of the 3.22-Mev level, 
and to confirm the ground, 0.99-Mev, 2.31-Mev spin 
sequence by polarization-direction correlation measure- 
ments, carried out with a polarimeter able to resolve 
the 0.99- and 1.32-Mev gamma rays. 


PRELIMINARY MEASUREMENTS 


Sources of V** were prepared in the Harwell cyclotron 
by spallation of iron with 160-Mev protons. The 
preparation of the targets and their chemical treatment, 
which included separation of cobalt, iron, manganese, 
and chromium activities, was carried out by Dr. C. E. 
Mellish of the Isotopes Division. The gamma-ray 
spectrum of the purified V‘*, observed with an Nal 
scintillation spectrometer, is shown in Fig. 1. In this 
plot, the ordinate is the attenuation required in front 
of a fixed single-channel kicksorter to bring the ap- 
propriate group of pulses into the fixed channel. Only 
the expected 0.511, 0.99, 1.32, and 2.23-Mev lines are 
present. Measurements with two scintillation spec- 
trometers in coincidence confirmed the existence of 
the (2.23, 0.99) Mev coincidences observed by Casson 


1 Hamermesh, Hummel, Goodman, and Engelkemeier, Phys. 
Rev. 87, 528 (1952). 

2 Ticho, Green, and Richardson, Phys. Rev. 86, 422 (1952). 

8 Casson, Goodman, and Krohn, Phys. Rev. 92, 1517 (1953). 

4P. S. Jastram and C. E. Whittle, Phys. Rev. 87, 1133 (1952). 

5 Roggenkamp, Pruett, and Wilkinson, Phys. Rev. 88, 1262 
(1952). 

6 P. Meyer and S. Schlieder, Z. Physik 135, 119 (1953). 

7C. E. Whittle and P. S. Jastram, Phys. Rev. 92, 205 (1953). 

8 Alkhazov, Lemberg, and Grinberg, Izvest. Akad. Nauk 
S.S.S.R. 17, 487 (1953). 


et al® The intermediate state in all the correlation 
measurements described below is the 0.99-Mev level. 
Temmer and Heydenburg® have measured the mean 
life of this level by Coulomb excitation techniques, 
finding the value 2.1X10-" second. An attempt was 
made to measure this lifetime independently by 
centroid shift techniques, comparing gamma-gamma 
coincidences from V‘* with those from Na™. The slow 
channels of a parallel coincidence unit were set so that 
one rejected all pulses from the 0.99-Mev gamma ray of 
Ti’, and the ratio of the efficiencies for the two gamma 
rays of Mg™ was approximately the same for both 
channels. In this way the centroid of the composite 
coincidence curve for Na** was made to coincide 
approximately with the centroid of a curve for prompt 
events.” The value obtained for the mean lifetime of 
the 0.99-Mev level was (0.6+1.4)10-" second, in- 
conclusive in itself, but consistent with the Coulomb 
excitation results. This lifetime is small enough to 
make perturbation of the angular correlations very 
improbable, but for safety all correlation measurements 
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Fic. 1. Gamma-ray spectrum of purified V*. 


9G. M. Temmer (private communication). 
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Fic. 2. Geometrical arrangement of angular correlation equipment. 


were made using solutions of vanadyl chloride in 
hydrochloric acid. 


ANGULAR CORRELATION MEASUREMENTS 


A scale drawing of the detector geometry used for 
angular correlation measurements is shown in Fig. 2. 
In this arrangement, the cones of acceptance are 
defined by the shapes of the detecting crystals them- 
selves, and the lead shields serve primarily to absorb 
scattered radiation. One detector is placed with its 
axis vertical since, although this is undesirable for the 
angular correlation measurements, it allows a much 
more convenient arrangement™ of the direction- 
polarization correlation experiments. 

NaI(T1) phosphors and E.M.I. 6260 photomultipliers 
are used as detectors, working into a parallel-type 
coincidence unit. This has single-channel kicksorters 
in each slow branch, and a fast resolving time 
27=2X10-* second. Rate-controlled gain stabilizers’ 
in the slow channels hold the slow gains steady enough 
to allow runs lasting several days. Coincidences are 
recorded automatically for 50-minute intervals at 
angles in the sequence 90°, 105°, 120°, . . ., 165°, 180°, 
180°, 165°, ..., with counts of the accidental- 
coincidence rate inserted after every third normal count. 

The data are analyzed in groups, each containing 
the complete set of angles from 90° to 180° or its 
reverse. The coincidence count for each angle is 
corrected for accidentals and source decay, and is then 
divided by the product of the two single-channel 
counting rates, also corrected for source decay. The 
ratio of this quantity to the mean of all similar quanti- 
ties over the group is next calculated, and finally the 
mean and standard deviation of these ratios over all 


1 C, F. Coleman, Phil. Mag. 1, 166 (1956). 
12H. de Waard, Nucleonics 13, 7, 36 (1955). 


the groups (usually ~10) is determined. An expression 
of the form Ao+A2P2(cos6)+ A 4P,(cos#) is fitted to the 
data so obtained by least-squares procedures. 

It has been found that a source containing a positron 
spectrum in coincidence with gamma radiation may 
give an anomalously high coincidence rate at @= 180°, 
even though both the slow channels are biased well 
above the annihilation photopeak. This arises from 
summation in one crystal of an annihilation quantum 
and a coincident gamma ray, which can produce a 
pulse falling into the corresponding slow channel. The 
second annihilation quantum detected in the second 
crystal automatically gives a fast-coincidence output. 
Accidental summation in this crystal with an unrelated 
gamma ray may then produce a pulse falling into the 
second slow channel, and therefore an output signal. 
When this effect can arise, the 180° point is excluded 
from the data for the least-squares fitting. 


1.32-, 0.99-MEV CASCADE 


The observed angular correlation for this cascade, 
corrected for finite angular resolution, is 


W (6) = (1.000-0.003) + (0.104-+0.007) P2(cosd) 
— (0.001-+0.010) P,(cos8), 


which is consistent with other observations,‘ and fits 
the spin sequence 4(£2)2(£2)0. It can also be fitted 
by the sequences 3(M1+£2)2(E2)0 and 2(M1 
+£2)2(£2)0, if the mixture ratio of the 1.32-Mev 
transition is chosen suitably, but these possibilities 
are excluded by the polarization correlation measure- 
ments described below. Figure 3 shows the experimental 
angular correlations for this cascade and for the 
(2.23, 0.99) Mev cascade. The full lines represent the 
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Fic. 3. Directional correlations of the (1.32, 0.99) and 
(2.23, 0.99) Mev gamma-ray cascades. 
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Fic. 4. Block diagram of electronics for direction-polarization correlation measurements. 


theoretical 4, 2, 0 correlation, modified by the experi- 
mental angular resolution. 


2.23-, 0.99-MEV CASCADE 


Because of the low abundance of the 2.23-Mev 
gamma ray (~2%) and the presence of positrons in 
coincidence with the main cascade, it is necessary in 
interpreting the experimental data to consider the 
effects of crystal summing. Summation of the 0.99- and 
1.32-Mev radiations to produce a pulse which falls in 
the slow channel selecting the 2.23-Mev radiation can 
be ignored, since the other channel is biased high 
enough to reject annihilation radiation. Summation 
of the 1.32- and 0.511-Mev radiations accounts for 
about 10% of the events detected in the 2.23-Mev 
channel, and such events are coincident with the 0.99- 
Mev radiation. The correlation of such triple-coin- 
cidence events will be just that of the (0.99 1.32) Mev 
cascade. Since the observed (2.23, 0.99) Mev correlation 
is indistinguishable from this, it is unnecessary to 
know the exact fraction of the observed coincidences 
arising from summation events. Background coin- 


cidences amounted to less than 1% of the observed 
coincidence rate. The least-squares fit to the (2.23, 0.99) 
Mev correlation, corrected for resolution, is 


W (6) = (1.000-+0.014) + (0.122+.0.030) P2(cosé) 
— (0,011-£0.045) P,(cosé). 


This fits a 4, 2, 0 spin sequence, which is the most 
likely assignment, though a 3, 2, 0 sequence with the 
2.23-Mev radiation mixed, is again a possibility. 


DIRECTION-POLARIZATION CORRELATION 
MEASUREMENTS 


In the past, direction-polarization correlation measure- 
ments have usually been interpreted in terms of 
pure transitions, when they determine relative parities. 
This interpretation fails when mixed radiations can be 
present. Under these conditions there is no longer a 
unique anisotropy of the angular correlation for each 
spin sequence, and a very accurate measurement of 
the coefficient A, is required if the spin sequence is 
to be determined from the angular correlation alone. 
This coefficient is very sensitive to any asymmetry 
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Fic. 5. Spectrum of V“ source observed in polarimeter. 


in the experimental arrangement, and to scattering 
effects. The two types of correlation measurement 
taken in conjunction, however, can greatly reduce this 
ambiguity, as Steffen has shown for the Cd" levels.” 
That this will be a general phenomenon can be seen 
from the form of the correlation for a cascade containing 
a (dipole+quadrupole) mixture, when the polarization 
effects are included for the mixed radiation only." 
This is 
W (6,6) =1+8?+ (a2+b25-+c25*) P2(cosd) 
+646 P4(cosd)+ { (Fae $b25 F 4.008") Ps? (cos) 
+ (1/12)c6°P 2 (cos8)} cos2¢. 


In the region where the terms linear in 6 dominate, this 
expression is such that if the directional anisotropy 
increases in absolute magnitude with increasing 4, 
the polarization-direction anisotropy near @=90° 
diminishes, and conversely. The effect of this is that 
the experimental values of the two correlations will 
usually determine widely different values of 6 for all 
spin sequences but the correct one. 

To make full use of this fact, it is desirable to be able 
to measure separately the polarization effects of the 
two gamma rays concerned in a cascade. For this 
purpose a “total absorption” polarimeter, of which the 
method of operation and mechanical layout have been 
described elsewhere," has been used. Figure 4 is a 
block diagram of the electronic circuits used with this 
apparatus. Since the gain stabilizer in the polarimeter 
channel receives a pulse spectrum dominated by the 
Compton distribution from the scattering detector, it 


%R. M. Steffen and J. N. Brazos, Phys. Rev. 99, 1646(A) 
(1956). 

“4 L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 


COLEMAN 


tends to stabilize the output pulse level from this 
detector alone. This can be tolerated since these pulses 
account on average for about two-thirds of the height 
of the summed pulses in the high-energy peak. The 
polarimeter spectrum obtained from V** is shown in 
Fig. 5. Pulses from the 0.99- and 1.32-Mev radiations 
are sufficiently resolved for this experiment, and those 
from annihilation radiation can be completely elimi- 
nated. For the (0.99, 1.32) Mev cascade at @= 105°, 
the measured polarization ratios for the 0.99- and 1.32- 
Mev radiations are V,/N,,=1.090+0.016 and 1.070 
+0.023, respectively. The first result shows that the 
0.99-Mev level has even parity. For the spin sequences 
2, 2, Oand 3, 2, 0, the observed angular correlation would 
require admixtures of at least 3% of quadrupole 
radiation in the 1.32-Mev transition, which would 
imply an (E£2,M1) mixture. The predicted values of 
N,/N, for the 1.32-Mev radiation, for the two mixture 
ratios which are consistent with each assignment, are 
then 1.26 and 0.99, and 0.90 and 0.79, none of which 
fits the observations. For the 4+(£2)2+(£2)0+ 
assignment, the predicted value is 1.084, which, with 
the value 1.11 for the 0.99-Mev ratio, is in reasonable 
agreement with the experimental values. 


CONCLUSIONS 


Figure 6 shows an energy-level diagram for Ti**, with 
spin and parity assignments. The spins 0+, 2+, and 
4+ for the ground, 0.99-Mev, and 2.31-Mev levels have 
been established uniquely by a combination of angular 
and direction-polarization correlation measurements. 
This strengthens the assignment of a spin 6 to the 
3.35-Mev level on the basis of angular correlation 
measurements’ :* with sources of Sc**. The spin of the 
3.22-Mev level is most probably 4, though a spin of 3 
with a value of 6 for the 2.23-Mev radiation lying 
between —0.2 and —0.3 would also fit the experimental 
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Fic, 6, Energy level scheme for Ti**. 
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results. A sequence of levels with characters 0+, 2+, 
4+, and 6+ is to be expected from the calculations of 
Edmonds and Flowers'® on the independent-particle 
model, assuming jj coupling, but the 2+, 4+, and 6+ 
levels should then form a fairly close triplet. The ratio 
of the observed energies of the 2+ and 4+ levels, 2.34, 
and the ratio between the observed transition proba- 
bility from the 0.99-Mev level® and the value given by 
the single-particle model, agree closely with the values 
found for even-even nuclei having 36<N<88, which 
Scharff-Goldhaber and Weneser" interpret in terms of a 
weak-coupling version of the Bohr-Mottelson model. 
The spin-6 state might then be interpreted as a member 


15 A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 
A215, 120 (1953). 
16G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 
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Ti‘® 651 
of a higher multiplet with an excitation in the zero 
coupling limit of 3%w relative to the ground state. 
If the spin-4 state at 3.22 Mev is also regarded as a 
member of this multiplet, it should decay preferentially 
to the 2+ and 4+ members of the two-phonon triplet. 
The triple-coincidence data of Casson et al.* show that 
such transitions are <7 times as strong as the competing 
2.23-Mev transition. 
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Gamma Radiation in RaD and RaE Decay* 


R. W. Frvx, G. W. WarrEN,f R. R. Epwarps, anp P. E. Damont 
Department of Chemistry, University of Arkansas, Fayetteville, Arkansas 
(Received April 16, 1956) 


By using chromatographically separated, carrier-free sources, the electromagnetic spectra of RaD and 
RaE have been investigated from 4 to 60 kev with an argon-methane gas proportional spectrometer. No 
gamma rays or L x- mye: were detected in the decay of RaE. Aside from the principal 46.5-kev transition, 


no gamma rays (<0.2° 


% of the 46.5-kev photons) were observed in the decay of freshly-purified RaD. 


However, when equilibrium mixtures of RaDEF, from spent radon seeds less than 2 years old, were examined 
through aluminum absorbers of thickness sufficient to eliminate pile-up peaks (20 to 26 kev) from the L 
x-rays (10 to 16 kev), a broad peak at about 31 kev appeared; it was established conclusively that in reality 
this is external beta-bremsstrahlung of RaE, whose low-energy region has been attenuated selectively so as 


to give the appearance of a gamma-ray peak. 


A chromatographic column separation of millicurie quantities of carrier-free RaD and RaE from each 
other, as well as from RaF and macro amounts of gold and mercury impurities, is described. The time re- 


quired for separation is less than 2 hours. 


I. INTRODUCTION 


HE work published from 1926 to the present! on 
gamma radiations from the decay of RaD(Pb””) 
reveals a persistent controversy concerning the existence 


* Supported in part by the National Science Foundation and 
the U. S. Atomic Energy Commission. 

t Present address: Carbide and Carbon Chemical Corporation, 
Texas City, Texas. 

t Present address: Lamont Geological Observatory, Palisades, 
New York. 
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of gamma rays of energy lower than the 46.5-kev 
transition which accounts at least for 87.5% of RaD 
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TaBLe I. Summary of gamma-ray studies in RaD and RaE decay. 








Gamma rays 
observed other 
than 46.5 kev 


(kev) Source used 


Method Reference 





31, 44, 88 9.1 mC equilib. RaDEF 


32, 37 equilib. RaDEF 
32 equilib. RaDEF 
26, No 31 separated RaD and equilib. RaDEF 


35.4(?) separated RaD from natural 
radiolead nitrate 


32, 37 equilib. RaDEF(?) 
37 separated RaD 
31(?) gaseous Pb(CHs), 


31 (a) 3uC separated RaD from 
aged radon seeds 
(b) 100 wC equilib. RaDEF from 
natural radiolead nitrate 


equilib. RaDEF 


Electrodeposited RaD from 
radon seeds 


none 
none 
none 
none 
none 


separated RaD source 

unspecified 

separated RaD 

Pb(CHs), 

RaD electroseparated from 
radon seeds 

strong (equilib.?) sources RaD 

unspecified 

unspecified 

unspecified 


none (<1%) 
none 
none 
none 


separated RaD from natural 
radiolead nitrate 

carrier-free RaD separated from 
radon needles less than 2 years old 


none, 


none 


crit. abs. in Pr, Nd, Sm oxides in 

Xe filled ioniz. chamber 
diffraction from rock salt cryst. 
photoelectrons in air cloud chamber 
gas prop. counter 


weak conv. electrons in photographic 
mag. spect. 


bent cryst. spect. with photoplates 
scint. spect. 
gaseous source in prop. counter 


gas prop. counter using both gaseous 
Pb(CHs), internal source and external 
sources 


weak, unassigned conv. electrons in 
mag. spect. 


photographic mag. spect. 


abs. in Al and Cu in ioniz. chamber 

abs. in Al, Sr, Pb 

cloud chamber 

gaseous source in cloud chamber 

lens spect. with post-focusing electron 
accelerator 

photographic mag. spect. 

cryst. spect. 

cryst. spect. 

conv. electrons in spherical condenser 
mag. spect. 

lens spect. and gas prop. counter with 
external source 

gas prop. counter with external source, 


Lucite abs. present work 








disintegrations, according to a recent discussion by 
Ross, Cochran, Hughes, and Feather.” Gamma rays 
reported in the literature are listed in Table I together 
with the method of investigation. 

Since a considerable number of radon needles less 
than 2 years old were on hand* from other work and 
because a new chromatographic chemical purification 
technique had been perfected for other studies in con- 
nection with RaDEF,™ it was thought worthwhile to 
reinvestigate the low-energy gamma spectrum in 
carrier-free, freshly-separated RaD and RaE sources 
to search for the ‘‘31-kev” gamma radiation which is 
the subject of many reports (Table I). 


II. EXPERIMENTAL 


By using a chromatographic column separation 
described in the appendix, carrier-free sources con- 
sisting of 6X10° dis/min RaE and about 4xX10° 


2 Ross, Cochran, Hughes, and Feather, Proc. Phys. Soc. 
(London) A68, 612 (1955). 

%3 We are indebted to Dr. Paul Goodwin, Dept. of Radiology, 
U. S. Public Health Service Hospital, Baltimore 11, Maryland, 
for supplying us with radon needles. 

*G. W. Warren, U. S. Atomic Energy Commission Report 
AECU-3165 (unpublished). 


dis/min RaD were isolated and mounted on flat glass 
planchets. Growth of RaE into the RaD source was 
followed, and indicated that the latter was quite free 
of RaE immediately after separation. The sources were 
examined immediately using a gas-filled proportional 
counter fitted with a 164 mg/cm? beryllium window. 

The counter was filled with 2.05 atmos of a 10% 
methane-90% argon mixture, which was purified for 
10 days by convection circulation over hot calcium 
turnings at about 300°C. The counter was then closed 
off; the pressure, resolution, and energy calibration 
have remained constant for a period of more than 5 
months. The counter is of brass with an aluminum liner 
to eliminate fluorescent radiation from the brass. 
Within the sensitive volume, the photon path length 
is about 10 cm. A stabilized positive potential of 3540 
volts was applied to the 4-mil diam stainless steel central 
wire, and the output, after amplification through a 
Higinbotham non-overloading amplifier, was fed through 
a single-channel pulse analyzer into a scaler. All points 
were taken manually. 

The sources were counted through a Lucite absorber, 
and through increasing thicknesses of aluminum ab- 
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Fic. 1. Electromagnetic spectrum of equilibrium mixture of RaDEF. Curve A—through 861 mg/cm? aluminum 
absorber, representing about 10 half-thicknesses for 13-kev x-rays. Thus, Bi L x-rays are highly attenuated. Note 
the broad hump in the region of “31 kev.”” Curve B—through 1498 mg/cm? aluminum absorber. The calibration of 
the instrument as well as the background is also shown, the former based on Fe®*, Se”, Cd, Ba™, and RaD 
(ordinates shown to the right). A small shift in the position of the peak occurs at high counting rates due to the 


increased current drain in the instrument. 


sorber. As is evident in Figs. 2 and 3, Lucite is far more 
transparent to low-energy radiation than is aluminum. 


III. RESULTS 


From data taken using an equilibrium RaDEF source 
(Fig. 1), one might infer the presence of gamma rays 
from 25 to 32 kev, but examination of data taken using 
freshly-separated, carrier-free RaD (Fig. 2), reveals that 
there is no gamma radiation in this region (<0.2% of 
the area under the 46.5-kev peak), even when the 
transparency to electromagnetic radiation is increased 
considerably through the use of Lucite rather than 
aluminum absorber. Moreover, as RaE grows in, the 
hump reappears, the curves having the appearance of 
those in Fig. 1. It is evident that this effect is due to 
beta-bremsstrahlung from RaE whose low-energy region 
has been attenuated selectively by the aluminum ab- 
sorber. An examination of data taken using the RaE 
source (Fig. 3), confirms this effect, showing how RaE 
beta bremsstrahlung might give the appearance of 
gamma radiation in the 31-kev region when equilibrium 
RaDE is studied in this manner. From Fig. 3, there is 
no evidence for gamma rays in RaE decay ; furthermore, 
the absence of any appreciable intensity of L x-rays, 


except those due to autoionization from beta decay 
which are of negligible intensity, confirms the absence 
of low-energy, highly-converted gamma rays. 


IV. DISCUSSION 


While the data in Figs. 1-3 are conclusive in showing 
the absence of 31-kev gamma-rays in the decay of 
purified RaD, the possibility of a totally converted 
transition is of course not ruled out by this work. 
Moreover, there is a possibility that in aged, unpurified, 
equilibrium RaDEF sources there might exist an im- 
purity, or hitherto undetected daughters from a rare 
mode of decay which would give rise to 31-kev gamma 
rays, but chemical purification shows that the latter 
cannot be assigned to the decay of either RaD or RaE. 
No 31-kev radiation was present in the spectra from an 
intact radon needle less than 2 years old. Spectra taken 
more recently with improved resolution (13%) ex- 
hibited a peak at 40.5 kev definitely resolved from the 
46.5-kev line; however, the energy and intensity of this 
peak agree closely with the expected energy and 
intensity of the modified line due to Compton back- 
scattering. 

As pointed out by Ross, Cochran, Hughes, and 
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Fic. 2. Purified carrier-free RaD about 6 hr after separation. Source consisted of about 4X 10* dis/min on glass 
planchet. Curve A—through 1071 mg/cm? Lucite. The Bi L x-ray peaks (10 to 13 kev) rise to 23 700 counts/min 
per 1.5-volt window (window width not calibrated). Note absence of 31-kev gamma rays. Curve B—through 444 
mg/cm? aluminum. Bi L x-rays are highly attenuated. Note absence of 31-kev gamma ray. The resolution of the 46.5- 
kev gamma ray is about 19%, full width at half-height, because of the contribution of the 40.5-kev modified Compton 
backscattered line. (See discussion in text.) Later spectra taken under improved resolution (13%) clearly resolved the 
Compton back-scattered line. Curve C—through 702 mg/cm? aluminum. No 31-kev gamma ray is evident. Absence of 
beta bremsstrahlung from RaE shows clean chemical separation. 


Feather,” in order to advance a convincing argument 
that all RaD decays proceed through the 46.5-kev 
transition, an accurate measurement is needed of the 
total number of L x-ray quanta emitted per disinte- 
gration and of the mean L-fluorescence yield of bismuth. 
Measurements of the former are being undertaken. 
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APPENDIX. PREPARATION OF CARRIER-FREE 
RaD AND RaE SOURCES 


Recently, anion exchange resins have been ap- 
plied successfully to the carrier-free separation of 
RaDEF,**" but the only paper chromatographic 


8B. A, Raby and E. K. Hyde, University of California Radi- 
ation Laboratory Report, UCRL-2069 (1952) and U. S. Atomic 
Energy Commission Report AECD-3524, 1952 (unpublished). 
°F. Nelson and K. A. Kraus, J. Am. Chem. Soc. 76, 5916 
(1954). 
7 T. Ishimori, Bull. Chem. Soc. Japan 28, 433 (1955). 


separations reported**-® were of a type requiring as 
long as two days for development. Warren and Fink*! 
have published a carrier-free separation using ascending 
paper chromatography which requires only a few 
minutes. Because the spent radon seeds available for 
this work were gold needles containing appreciable 
mercury from the pumps used in transferring radon, 
it was necessary to modify the technique so as to remove 
macro quantities of gold and mercury and at the same 
time separate RaD and RaE carrier-free. 

The method*® involves the use of a column 17 mm 
in diameter and about 80 cm long. Whatman No. 1 
ashless cellulose powder is slurried with the eluant to 
be used, in this case m-butanol saturated with 3N HCl, 
and poured into the column; additional eluant is 


28 W. J. Frierson and J. W. peoet S Anal. Chem. 23, 1447 (1951). 


” E. E. Dickey, J. Chem. Educ. 30, 525 (1953). 

% F, W. Lima, J. Chem. Educ. 31, 153 (1954). 

31G. W. Warren and R. W. Fink, J. Inorg. Nuclear Chem. 2, 
176 (1956). 

% For details on this and other cellulose column separations, 
see G. W. Warren, M.S. thesis, University of Arkansas, January, 
1956; U. S. Atomic Energy Commission Report AECU-3165 
(unpublished). 
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Fic. 3. Purified carrier-free RaE. Source consisted of about 6X 10° dis/min on flat glass planchet. Curve A—through 1071 
mg/cm? Lucite, but plotted 4-scale. Curve B—through 444 mg/cm? aluminum absorber. Curve C—through 702 mg/cm? 
aluminum absorber. Curve D—through 1009 mg/cm? aluminum absorber. The counter window thickness for all curves, Figs. 
1-3, was 164 mg/cm? beryllium. Note absence of 46.5-kev gamma ray of RaD, showing completely clean chemical separation. 
Note absence of L x-rays, showing no converted gamma rays in RaE decay. (L x-rays arising from autoionization are of 
negligible intensity.) No gamma ray is visible in the region of 31 kev. Note the shift in the beta-bremsstrahlung peak due to 
selective absorption of the lower-energy region as absorber thickness is increased. 


allowed to drop through the column overnight to pack 
down the powder to a depth of about 40 cm. The 
RaDEF solution containing Au and Hg is made 3N in 
HCl and mixed with the eluant and some cellulose 
powder, and the slurry is added to the top of the 
column. The system is then eluted with m-butanal 
saturated with 3V HCl and the fractions collected. 
Gold, mercury, and polonium come off first and 
quantitatively. About one to two column volumes later, 


carrier-free RaE, free of RaD (Fig. 3), comes off, and 
finally, one or two column volumes later, carrier-free 
RaD, free of RaE, is eluted. The fractions then may be 
evaporated to convenient volumes from which samples 
may be mounted. The entire elution procedure requires 
about 90 minutes. 

It is important to note that if the macro quantities 
of gold and mercury are absent, our faster method*! 
should be employed. 
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Q-Value Measurements for Phosphorus and Chlorine* 


D. M. VAN Patter, C. P. Swann, W. C. Porter, AND C. E, MANDEVILLE 
Bartol Research Foundation of The Franklin Institute, Swarthmore, Pennsylvania 


(Received March 27, 1956) 


Targets containing phosphorus and chlorine have been bombarded by protons accelerated by the ONR- 
Bartol Van de Graaff generator. Charged particles from nuclear reactions have been analyzed at 90° by 
using a 180° double-focusing magnetic spectrometer. The following ground-state Q-values have been deter- 
mined: P#(p,x)Si?®, Q=1.911+0.005 Mev; Cl*(p,«)S*, Q=1.851+4-0.007 Mev; Cl7(p,a)S*, Q=3.015 
+0.011 Mev. The following level positions have been measured: P*', 1.264+-0.004 Mev; S*, 2.129+0.014 


Mev; Cl, 1.219+0.005 Mev and 1.760+0.004 Mev. 


At E,=3.055 Mev, a survey was made for inelastic proton groups from P* corresponding to levels from 
0 to 1.43-Mev excitation. Only one group (Q= —1.264 Mev) was observed; no other groups were observed 
with an intensity greater than 15% of the intensity of this group. 





I. INTRODUCTION 


URING the past two years, the determination of 
level energies by using high-resolution magnetic 
analysis of charged particles from nuclear reactions has 
been extended to several nuclei in the region of A> 30.! 
However, there remain many nuclei which have not 
been subjected to such an investigation. The nuclei P*', 
Cl**, and Cl” were in this category at the time this 
investigation was begun. 

There is also current interest in precise measurements 
of ground-state Q-values, particularly in the region of 
S to Sc, in order to extend the region of atomic masses 
which can be completely linked by reaction energy 
determinations. The ground-state Q-values of the 
Cl**(p,a)S* and Cl*7(p,a)S* reactions had not been 
reported at the time the present measurements were 
completed. 

A 180° double-focusing magnetic spectrometer has 
been constructed at Bartol.* For a first investigation 
using this spectrometer, it was decided to attempt to 
make precise measurements of a few reaction energies 
for P and Cl bombarded by protons. Since the com- 
pletion of these measurements, the results of similar 
investigations made at other laboratories have become 
available. A preliminary report of the present measure- 
ments has been presented.* 


Il. EXPERIMENTAL PROCEDURE 


The ONR-Bartol Van de Graaff accelerator, with the 
associated 90° deflecting magnet, provided protons in 
an energy range of 1.8 to 4.0 Mev for this investigation. 


* This research was supported by the U. S. Air Force, through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 

1 For example see: Paris, Buechner, and Endt, Phys. Rev. 100, 
1317 (1955); A. Sperduto and W. W. Buechner, Phys. Rev. 100, 
961 (1955); Schiffer, Windham, Gossett, and Phillips, Phys. Rev. 
99, 655 (1955); G. M. Foglesong and D. G. Foxwell, Phys. Rev. 
96, 1001 (1954); C. M. Braams, Phys. Rev. 95, 650 (1954); 94, 
763 (1954). 

? The initial construction and testing of the spectrometer was 
done by Dr. W. D. Whitehead, now at North Carolina State 
College, Raleigh, North Carolina. 

3 Van Patter, Swann, Porter, and Mandeville, Bull. Am. Phys. 
Soc. Ser. II, 1, 39 (1956). 


A relative measure of the magnetic field of the de- 
flecting magnet is obtained using a proton moment 
probe, which, in conjunction with the energy-defining 
slits, provides a beam energy reproducible to about 
+3 kev for this present experiment. Normally, meas- 
urement of the Li’(~,)Be’ threshold gives an absolute 
energy calibration for the deflecting magnet. However, 
for most of this investigation, the bombarding energy 
was determined by means of the magnetic spectrometer. 

At a distance of 23 cm from the target, the horizontal 
proton beam passed through a second slit, limiting it 
to 2.5 mm in the vertical dimension. The horizontal 
dimension of the beam was limited to 1.6 mm by a 
slit placed 8 cm from the target. The targets were 
placed at an angle of 45° to the beam, being mounted 
on a probe which could be inserted through a vacuum 
interlock. For an observation angle of 90°, the particles 
entering the spectrometer emerged from the side of the 
target bombarded by the beam. After being deflected 
180° in the spectrometer magnet, the analyzed particles 
passed through two adjustable detector slits placed at 
the position of focus. For most measurements, these 
detector slits were adjusted to accept particles over an 
area of 2.5 mmX7.5 mm. The detector consisted of a 
cleaved Nal crystal, coupled to a RCA 6342 photo- 
multiplier. 

The 180° double-focusing magnet is essentially a 
reproduction of the 16-inch-radius Cal. Tech. magnet.‘ 
This magnet has a full acceptance angle in the hori- 
zontal plane of about 3°; however, for some measure- 
ments, a tantalum collimator was inserted which re- 
duced the acceptance angle to about 1°. The magnet 
is mounted on a turret, so that it can be rotated easily 
by hand; however, for this first investigation, all obser- 
vations were made at a fixed angle of observation of 
90.0+0.3°. The angle of observation was measured 
directly by rotation of a slit from the beam direction 
to the position of maximum number of protons elasti- 
cally scattered from the target into the spectrometer, 
with an acceptance angle of 1°. 


‘ Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 852 
(1950); W. Whaling and C. W. Li, Phys. Rev. 81, 150 (1951). 
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Q-VALUE MEASUREMENTS 


Relative measures of the magnetic field of the spec- 
trometer were obtained by means of a torsion balance, 
placed at the 90° position of the magnet. This balance 
consists of a current-carrying coil mounted on a long 
balance arm, which is balanced on two pivots placed 
along the axis of the arm. The coil was located at a 
distance of 2.3 in. from the center of the magnetic 
field. A constant torque is provided by a rider arm, 
which can be nullified by the opposing torque exerted 
on the coil in the magnetic field. In order to increase 
the mechanical reproducibility of the balance, its 
angular motion is restricted to 2°. The angular position 
of the balance arm is indicated by means of a light beam 
reflected from a mirror attached to the balance arm. 
The position of the light beam is compared with the 
position of a similar light beam reflected from a fixed 
mirror, by means of two photoelectric cells and a 
balance circuit which compares their two signals. The 
over-all sensitivity of the system is quite satisfactory, 
better than 0.01%. Over a period of several weeks, the 
reproducibility of the torsion balance was observed to 
be less satisfactory, about +0.04%. Investigation of 
the effect of heating on the calibration of the torsion 
balance indicated that, for the highest magnet currents 
employed (~100 amp), the change in calibration was 
less than 0.03%. 

Investigations of the focusing properties of the mag- 
net were made prior to the reaction energy measure- 
ments. Using a Po-a source piaced at the target position, 
the detector-to-spectrometer distance giving the best 
resolution was determined for various target-to-spec- 
trometer distances. The results indicated a radial mag- 
netic field varying as r~°-™ for this magnet, rather than 
r~°- which is expected. The momentum profile of the 
Po alphas was then measured as functions of the 
separations of the two detector slits for two source 
sizes. The best resolution observed corresponded to 
0.08% in momentum, using a ;s-inch-diameter source, 
in agreement with theoretical expectation. However, 
for the measurements of nuclear reaction groups, the 
momentum resolution normally obtained was 20.2%, 
for reasons of intensity and finite acceptance angle of 
the spectrometer. 

A daily calibration of the torsion balance was pro- 
vided by a polonium source of the same dimensions as 
the beam spot which could be inserted to a position 
coinciding within +0.013 inch of the location of the 
beam striking the target. Hence the radii of curvature 
of the Po alphas and reaction particles were equal 
within +0.04%. The bombarding energy for each 
precise determination of a reaction energy was deter- 
mined by analyzing one or more proton groups elasti- 
cally scattered from the target material. A typical 
target backing consisted of a thin film of Formvar 
mounted on a 3-inch-square wire frame, on which was 
evaporated a thin gold layer to improve heat conduc- 
tion. A thin layer of the desired material was then 
deposited on the backing by evaporation in vacuum. 
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These targets usually survived maximum beam currents 
of 0.2 to 1 wa (depending on the target material) over 
an area of 4 mm’. 

In order to obtain sufficient yields of the reaction 
groups for precise Q-value measurements, it was neces- 
sary to choose a bombarding energy corresponding to a 
resonance for the particular reaction group. Hence, 
rough excitation curves were measured over limited 
energy ranges for the purpose of locating such reso- 
nances; however, these excitation curves were not 
normally measured with enough detail for accurate 
estimates of the locations and half-widths of the reso- 
nances. A particle group of given momentum could be 
readily identified as a proton or alpha group from the 
pulse size observed from the Nal crystal, which was a 
factor of two greater for protons. In order to reduce 
background, pulses of the correct size for the desired 
particle were selected by means of a single-channel 
discriminator. Each point taken for the measurement 
of a momentum profile consisted of a short exposure of 
duration 0.1 to 5 minutes, depending on the intensity 
of the group being analyzed. 


III. RESULTS AND DISCUSSION 


Aluminum 


In order to test the performance of the spectrometer, 
several charged particle groups from the proton bom- 


bardment of thin Al targets on Formvar were analyzed. 
The results of one survey are shown in Fig. 1, for which 
a target 9 kev thick for the Al’’(p,p) group was used, 
at a bombarding energy of 3.633 Mev corresponding to 
a resonance for the Al?”(p,a) Mg™ group. The acceptance 
angle of the spectrometer was limited to 1° for this 
survey. The elastically scattered proton group from 
Al*’, and inelastic groups corresponding to the first 
two states of Al?’ are indicated. In addition, elastically 
scattered groups from C!” and O"* nuclei in the Formvar 
backing appear. The highest energy group corresponds 
to the Al?"(p,2)Mg™ ground-state group; the increased 
half-width of this group is caused by target thickness. 
In order correctly to determine the location of each 
group, a detailed analysis of the various contributions 
to the momentum profile of each group was necessary. 
The various groups from Al were observed for targets 2 
and 9 kev thick, with the full acceptance angle of the 
spectrometer, and with the acceptance angle limited 
to 1°. A comparison of the various momentum profiles 
permitted the estimation of the target thicknesses, 
acceptance angles, and spectrometer resolution. The 
following procedure for analysis of succeeding observa- 
tions of particle groups was adopted. For each mo- 
mentum profile, the locations of the maximum and the 
high-energy cutoff were determined. Appropriate cor- 
rections for the effect of target thickness, acceptance 
angle, and spectrometer resolution were then applied 
to each of the two determinations. No corrections were 
made for the effects of possible layers of contamination, 
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since no effect resulting from contamination build-up 
was observed. In most of the precision Q-value measure- 
ments, freshly prepared targets were used. 

In order to use the observations on the groups from 
Al*’ for absolute energy calibrations, it was necessary 
to know the bombarding energy, which in this case 
must be taken from the calibration of the 90° deflecting 
magnet. The absolute energy calibration of the de- 
flecting magnet was primarily obtained from an accurate 
observation of the Li’(p,»)Be’ threshold assumed to be 
1.8811+0.0005 Mev.® Also, the linearity of the mag- 
netic field versus the proton moment probe frequency 
was substantiated to better than +0.05%, at three 
higher proton energies up to E,=3.4 Mev, from obser- 
vations of resonances in the P*!(p,p’) and Al?’(p,a) 
reactions. It was then possible by taking the known 
Q-values of the Al*’ groups to calculate the momentum 
of each group, and the corresponding calibration con- 
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Fic. 2. Absolute energy calibration curve. 


6 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 


stant K=HpXR, where R is the reading of the torsion 
coil current. Q-values of 1.594+0.002,* —0.8430.002,°® 
and —1.014+0.005' Mev were assumed for the 
Al*"(p,a)Mg™ ground-state group and the Al*’(p,p’) 
groups corresponding to the first two levels of Al*’. 

During the course of the experiment, two additional 
absolute energy calibrations were made. At a proton 
bombarding energy corresponding to the Li’(p,n) 
threshold, elastically scattered protons were observed 
from a target of Au on Formvar. At E,=3.246+0.003 
Mev, corresponding to a resonance in the P*!(p,p’) 
reaction,® elastic proton groups from a zinc phosphide 
target were analyzed. Finally, the daily observation of 
the Po alpha group, assuming Wapstra’s momentum 
value of 331.65+0.06 kilogauss-cm,*® provided the 
highest energy absolute calibration. 

Each of the points plotted in Fig. 2 represents one 
absolute energy calibration, with its associated un- 
certainty. The dashed lines indicate the estimated un- 
certainty for this absolute curve. In Fig. 2, the per- 
centage change in the calibration constant K is plotted 
as a function of the particle momentum Hp, normalized 
to the value of K taken for Po alphas. It would be 
expected ideally that K should be independent of Hp, 
or of the magnetic field. The observed departure from 
constancy can be explained if the magnetic field sampled 
by the coil of the torsion balance were not proportional 
to the average magnetic field felt by the analyzed 
charged particles. Evidently the torsion balance coil 
was located too close to the edge of the pole faces, so 
that saturation of the pole tips could cause this non- 
linearity. A further symptom of this effect was an 


6 Donahue, Jones, McEllistrem, and Richards, Phys. Rev. 89, 
824 (1953). 

7 Browne, Zimmerman, and Buechner, Phys. Rev. 96, 725 
(1954); H. Daniel and W. Bothe, Z. Naturforsch. 9a, 402 (1954). 

8 J. W. Olness and H. W. Lewis, Phys. Rev. 99, 654 (1955), and 
also private communication. 

® A. H. Wapstra, Physica 21, 367 (1955). 
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observed hysteresis (0.07%) of the torsion balance 
reading which appeared only at the highest currents 
used. For future investigations, it is hoped to reduce 
this saturation effect considerably by moving the coil 
one inch closer to the center of the magnetic field, 
with the disadvantage of added interference of the coil 
with the analyzed particles. It may be noted that the 
Cl*7(p~,a)S* ground-state group, with a momentum of 
352 kilogauss-cm, was the only reaction group measured 
where extrapolation of this absolute calibration curve 
was necessary. 

Having established an absolute energy calibration 
curve, the Q-value for each reaction group could be 
calculated using the relativistic Q-equation, and the 
total error for each group could be estimated. Estimates 
were made of the uncertainties associated with (a) the 
location of each particle group, (b) daily calibration of 
the torsion balance, (c) calculated corrections to the 
momentum profiles for target thickness, acceptance 
angle, and resolution, (d) angle of observation, and 
(e) absolute energy calibration. The total uncertainty 
for the energy of the bombarding and reaction particles 
was separately calculated, and the two combined to 
give the total error for each reaction energy measure- 
ment. In the case of error (e), the errors separately 
assigned to the bombarding and reaction particles were 
treated as being independent, in order to provide a 
generous allowance for the uncertainty of the shape of 
the curve of Fig. 2. The final Q-value quoted represents 
a weighted average of from two to seven separate 
measurements. However, the final error assigned repre- 
sents the error associated with one typical measure- 
ment; it was not reduced because several measurements 
were made. 
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PHOSPHORUS 
(1) Levels of P*! 


For the investigation of charged particle groups 
from P*!, zinc phosphide targets 2 to 14 kev thick for 
the P*!(p,p) group were used. Even when the maximum 
beam current was limited to 0.2 wa, these targets 
often did not survive when exposed to lengthy beam 
bombardments, and had to be replaced several times 
during the course of the experiment. In Fig. 3, the 
results are shown for a survey made at E,=3.055 Mev 
corresponding to a broad resonance in the yield of the 
one inelastic proton group observed, with a measured 
Q=—1.264+0.004 Mev. No additional proton groups 
were observed with an intensity greater than 15% of 
the intensity of this group, for a region of excitation 
from 0 to 1.43 Mev, except for the regions obscured by 
the intense elastic groups from C!* and O!*, The in- 
creased half-widths of the C’ and O"* elastic groups 
are due to the energy spread accepted by the full 
acceptance angle of the spectrometer, which was used 
for this survey. It can be seen that the observation of 
weak inelastic groups was limited by the continuous 
background, which is considered to be primarily caused 
by slit-edge scattering of the bombarding proton beam. 
This background should be appreciably reduced by an 
improved collimating system with proper provision for 
antiscattering slits. 

This investigation of the inelastic scattering from P*! 
was aided considerably by the results of Olness and 
Lewis” concerning the energies and excitation curves 
of gamma rays from the proton bombardment of P*'. 
Limited excitation curves for the P*!(p,p’) group with 
Q=—1.264 Mev were taken, and resonances were 


0 J. W. Olness and H. W. Lewis, Phys. Rev. 99, 654 (1955), 
and private communication. 
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Fic. 4. Charged particle groups from a 2-kev BaCl, target at E,=3.770 Mev and @=90°. 


observed at energies consistent with the resonance 
energies for production of a 1.265+0.015 Mev y ray 
at E,=3.060 and 3.246 Mev, reported by Olness and 
Lewis. These observations definitely verify their assign- 
ment of this gamma ray to a P*! level. A rough excita- 
tion curve of the P*!(p,p’) group was also measured 
using a 6 kev target in the region E,=3.57 to 4.00 Mev, 
which indicated the presence of many unresolved reso- 
nances, with pronounced resonances at 3.58, 3.73, 
and 3.79 Mev. 

For the region of excitation below 2.5 Mev, there 
have been reports of levels in P*! at about 0.4, 0.9, 1.4, 
and 2.3 Mev from measurements of the Si*°(d,n)P*! and 
Si**(a,p)P* reactions, as summarized by Endt and 
Kluyver.'! However, Olness and Lewis” observed only 
gamma rays of energies 1.265 and 2.21 Mev which 
could be assigned to P*! levels. No indication of any 
levels below the 1.264-Mev level was found in the 
present investigation. More recently, an investigation 
of gamma-ray spectra from the Si*(p,7)P*! reaction’ 
has not revealed any low-lying states in addition to 
levels at 1.26 and 2.23 Mev. In addition, the low-lying 
levels of the mirror nucleus S*! have been studied by 
means of the P*!(n,p)S*! reaction, and the first two 
levels reported occurred at 1.13%0.2 and 2.23+0.15 
Mev. Hence there has been no confirmation in any of 
the recent experiments of low-lying states in P*! at 0.4 
and 0.9 Mey, and it is likely that the first two levels 
occur at 1.264 and 2.22 Mev. It would be worthwhile 
to extend the survey of the P*'(p,p’) reaction to the 
region above 1.4-Mev excitation, which is planned in 
the near future. 

Scherrer e/ a/.'‘ observed y rays of energies 1.00+0.05, 


uP. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

1% Paul, Bartholomew, Gove, and Litherland, Bull. Am. Phys. 
Soc. Ser. II, 1, 39 (1956). 

13 Rubin, Ajzenberg, and Reynolds, Phys. Rev. 98, 1185 (1955). 

“4 Scherrer, Allison, and Faust, Phys. Rev. 96, 386 (1954). 


1.24+0.05 (strong), 1.60+0.07, 1.75+0.08, and 2.05 
+0.18 Mev from the bombardment of P* by 3.2-Mev 
neutrons. From the present knowledge of the level 
schemes of P* and Si*, the 1.24 and 2.05 Mev y rays 
can be assigned to the first two levels of P*". Some of the 
remaining y-rays (such as the 1.75-Mev y ray) probably 
arise from the P*!(,p)Si* reaction" ; however, there is 
not sufficient information to definitely assign these 
¥ rays to either P® or Si*. 


(2) P*'(p,a)Si?* Reaction 


The P*!(p,a)Si* ground-state group was observed, 
with a measured Q-value of 1.911+0.005 Mev, using 
two acceptance angles for the spectrometer, and three 
bombarding energies. This result is in excellent agree- 
ment with the previously reported MIT value of 
1.910+0.010 Mev'® (as corrected by Wapstra),® and 
the value of 1.913+0.011°'* obtained from the differ- 
ence of the MIT Q-values for the P*!(d,a)Si?® and 
Si**(d,p)Si® reactions. 

The excitation curve of the P*(p,a)Si?® ground- 
state group was measured over limited energy ranges. 
The resonances at 1.892 and 2.030 Mev reported by the 
Chalk River group'* were observed. Resonances were 
also observed at energies approximately corresponding 
to the resonances at E,=2.658, 2.827, and 2.860 Mev 
for a 1.78-Mev 7 ray from P*+ mez. 1red by Olness 
and Lewis.'® No broad resonance wasfo. | at E,=2.733 
Mev for the P*(p,a)Si?* group. This resonance was 
found by Olness and Lewis for the 1.265-Mev y ray 
from P*!+-p, but not for the 1.78-Mev vy ray. These 
observations confirm their assignment of the 1.78-Mev 
ray to the first level of Si?* excited by the P*"(p,a)Si?™* 
reaction. 


1 Van Patter, Sperduto, Endt, Buechner, and Enge, Phys. 
Rev. 85, 142 (1952). 

16 Clarke, Almqvist, and Paul, Phys. Rev. 99, 654 (1955), and 
private communication. 





Q-VALUE MEASUREMENTS FOR P AND Cl 


CHLORINE 
(1) Levels in Cl** and Cl*’ 


For the investigations of charged particles from 
natural chlorine (75.5% Cl®® and 24.5% Cl*), 
targets of barium chloride were used, bombarded 
by protons in the energy range 3.63 to 3.83 Mev. The 
relatively low intensities of the reaction groups necessi- 
tated the use of the full a¢ceptance angle of the spec- 
trometer. The results of a survey limited to the obser- 
vation of a few groups!’ from a 2-kev BaCl, target at 
E,=3.770 Mev are shown in Fig. 4. In Fig. 4, elastic 
proton groups from chlorine and (barium+gold) are 
indicated. In order to obtain a more precise determina- 
tion of the bombarding energy, the group from chlorine 
was decomposed into two groups corresponding to C]*® 
and Cl*’, with the correct energy spacing and with the 
maxima assumed to be in the ratio of the isotopic 
abundances. 

The results of Fig. 4 indicate two inelastic groups, 
which have been assigned to the Cl** isotope, corre- 
sponding to excited states at 1.219+0.005, and 1.760 
+0.004 Mev. The identification of the groups with the 
Cl** isotope was initially based on the results of Endt 
et al.'®§ concerning inelastic scattering from Cl** and Cl’. 
However, a recent study of the A**(6+)CI*® decay'® 
revealed y rays of 1.19+0.04 and 1.73+0.04 Mev, 
which definitely confirms the assignment of these two 
inelastic groups. In Table I, the present measurements 
for two levels of Cl** are compared with two similar 
independent measurements, indicating excellent agree- 
ment. These are evidently the same levels which have 
been reported at 1.1 and (1.7) from a recent study of 
the S®(a,p)Cl** reaction.” A weighted average has been 
calculated for each energy determination, in the same 
manner as described by Van Patter and Whaling.”! 

A level in Cl*’ has been measured at 1.728+0.005 
Mev by Endt e¢ a/.'* and 1.713+0.010 Mev by Schiffer 
et al.” An inelastic proton group corresponding to this 
Jevel should have occurred at Hp=199 kilogauss-cm in 
the survey of Fig. 4; however, the continuous proton 
background was too large to permit observation of this 
group. The inelastic group corresponding to a Cl*’ level 
at 0.838 Mev, observed by Endt ef al., was not investi- 
gated in this survey. 


17 We are indebted to Dr. P. M. Endt et al. for the communica- 
tion of their preliminary results concerning inelastic proton 
scattering from Cl** and Cl’. 

18 Endt, Paris, Sperduto, and Buechner, Bull. Am. Phys. Soc. 
Ser. II, 1, 223 (1956). 

19 Kistner, Schwarzchild, and Rustad, Bull. Am. Phys. Soc. 
Ser. II, 1, 30 (1956). 

“2% Pieper, Stanford, and von Herrmann, Phys. Rev. 98, 1185 
(1955). 

21D. M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 

%2 Schiffer, Gossett, Phillips, and Young, Bull. Am. Phys. Soc. 
Ser. II, 1, 95 (1956). 


TABLE I. Q-value measurements. 








E: in Mev 


1.763+0.005 
1.766+0.006 
1.760+0.004 
1.762+0.003 


E: in Mev 


1.221+0.005 
1.220+0.005 
1.219-+0.005 
1.220+0.003 


Qo in Mev 


1.865+0.015 
1.863+0.008 
1.851+0.007 
1.857+0.005 


Qo in Mev 


3.015+0.015 
3.026+0.008 
3.015+0.011 
3.021+0.006 


Ex in Mev 


2.10 +0.03 

2.127 +0.008 
2.129+0.014 
2.127 + 0.007 


Excited states of Cl%* 


Utrecht—M.I.T.* 
Rice Institute 
Present work 
Average 








C5 (p,a)S% 


Chalk River® 
Utrecht—M.I1.T.* 
Present work 
Average 








~ CB1(p.a)S™ 


Chalk River*® 
Utrecht—M.I.T.* 
Present work 
Average 


Q: in Mev 


0.899 +0.008 
0.886+0.009 
0.893+0.006 





Excited states of S* 


Cl (B+, 7) SH 4 
Utrecht—M.I1.T.* 
Present work 
Average 











® See reference 18. 
b See reference 22. 
© See reference 23. 
4 See reference 24. 


(2) (p,a) Reactions for Cl** and Cl*’ 


The survey included the observation of three alpha- 
groups, shown in Fig. 4, at bombarding energies of 
3.77 and 3.82 Mev. The most intense group was assigned 
to the ground-state Cl**(p,a)S* reaction with a meas- 
ured Q=1.851+0.007 Mev. The remaining two groups 
were assigned to the Cl*"(p,a)S* reaction with measured 
Q-values of 3.015++0.011 and 0.886+0.009 Mev, corre- 
sponding to the ground state of S* and an excited 
state at 2.129+0.014 Mev. The increased error for the 
ground-state Q-value is caused by the uncertainty in 
the absolute energy calibration for this group, as 
indicated in Fig. 2. These results are compared with the 
results of other recent measurements!*:**4 in Table I, 
which indicates agreement within the stated errors. 
Contrary to reports for a level of S* at about”*5 
0.8 Mev from the S*(d,p)S* and P*!(a,p)S* reactions, 
the results of Endt ef al.'* indicate that the state at 
2.127 Mev is the first excited state of S*, as is also 
indicated from studies of the Cl*"(@+,y)S* decay."'.4 
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The neutron spectrum associated with the fission of U** induced by slow neutrons has been remeasured 
from 0.18 to 12 Mev. Two different experimental techniques were employed in this measurement: (1) the 
time-of-flight method covering the energy range from 0.18 to 2.7 Mev, and (2) the photographic plate 
method encompassing the energy range from 0.35 to 12 Mev. The combined results of these measurements 
fit the relation, N(£) = Ke~®/°*® sinh[(2.29E)*], where N(E) is the neutron flux, E is the neutron energy 
in Mev and K is a constant. The simpler expression, V(E) = K Ete~-775®, also fits the data well for neutron 


energies below 9 Mev. 


I. INTRODUCTION 


EVERAL studies on the neutron spectrum resulting 

from thermal fission of U*® were carried out in 
1948 and 1949 and were reported in the literature in 
1951 and 1952..* A remeasurement of the fission 
spectrum at the present time seemed desirable for 
several reasons: (1) all of the above measurements 
assumed that room background was negligible com- 
pared to other experimental errors, whereas the present 
experiment shows that this assumption is justified only 
for energies >~2 Mev; (2) more reliable spectral data 
can be obtained at the present time owing to the 
improvement in nuclear spectroscopy techniques; also, 
more precise data on the neutron cross section of 
hydrogen are now available for use with the nuclear 
plate method; (3) since the fission spectrum is the 
starting point for all calculations on nuclear reactors, 
an accurate knowledge of this function has become 
more important with the increasing application of 
nuclear reactors. 

This remeasurement of the spectrum especially 
emphasized (1) a simple experimental arrangement 
with the U™® source and the neutron detector clear of 
large scattering objects, (2) an accurate determination 
of room scattered background, and (3) the determina- 
tion of the spectrum over a large energy range for com- 
prehensively checking the fit of empirical formulas with 
the experimental data. The reliability of the data over 
the energy region where most of the fission neutrons 
occur (0.5 to 3 Mev) was further strengthened by em- 
ploying two quite different measurement techniques. 


Il. EXPERIMENTAL 


In order to cover as large an energy range as possible, 
both the photographic plate method and the time-of- 
flight method were utilized in remeasuring the U™** 
fission neutron spectrum. The nuclear plate method 
contributing the major portion of the information by 


+ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Bonner, Ferrell, and Rinehart, Phys. Rev. 87, 1032 (1952). 

2 David L. Hill, Phys. Rev. 87, 1034 (1952). 

3B. E. Watt, Phys. Rev. 87, 1037 (1952). 

* Norris Nereson, Phys. Rev. 85, 600 (1952). 


providing data over the energy region from 0.35 to 12 
Mev. The time-of-flight technique covered the energy 
region from 0.18 to 2.7 Mev. It served to extend the 
spectrum down to a lower energy and provided an 
independent check on the nuclear plate data over the 
most important region of the spectrum. These two 
methods are conveniently normalized to each other as 
they both provide data over a common energy interval 
of about 2.5 Mev. The experimental procedure and 
results from each of the above two methods are discussed 
separately in the following sections. 


A. Photographic Plate Method 


In this method, Ilford C-2 emulsions of 200 u thickness 
were used to detect the neutrons and measure their 
energies. This technique is adequately discussed in a 
review article’ by one of the authors. The chief differ- 
ences in this experimental method as compared to that 
usually applied are as follows: 

(1) To increase the accuracy with which dip angle 
could be measured, the plates were soaked in a 15% 
glycerine solution to minimize shrinkage. 

(2) The orientation of each proton recoil trajectory 
with respect to the incident neutron direction was 
determined. This permitted a determination of the 
energy of each neutron from the energy of the corre- 
sponding proton recoil. (The usual procedure is to 
accept proton recoils within a given angular criteria, 
measure the projection in the plane of the emulsion 
of the ranges of the recoil protons, and make an average 
correction to the deduced neutron energies.) 

(3) Although only 10 000 tracks were analyzed, the 
statistical accuracy at the high-energy end of the 
spectrum was considerably improved by scanning a 
large volume of emulsion for tracks which represent 
neutrons of energy greater than 4 Mev, while ignoring 
the lower energy proton recoils. This procedure was 
useful because of the variation with energy of the 
fission spectrum, the n-p scattering cross section, and 
the probability of tracks remaining within the emul- 
sions. All these factors serve to reduce markedly the 
number of acceptable high-energy proton recoil tracks. 


5 L. Rosen, Nucleonics 11 (No. 7), 32 (1953). 
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For example, in the case of the fission spectrum, the 
ratio of acceptable proton recoils at 1 Mev to the 
corresponding number at 10 Mev is approximately 
3000: 1. 

(4) The plate analyses were confined to a region 
2 to 4mm from the edge of the plate nearest the neutron 
source. This was done to avoid excessive selective 
attenuation® of the neutron beam by the emulsion 
and glass backing. 

The experimental arrangement for measuring the 
thermal fission spectrum of U™® is schematically 
illustrated in Fig. 1. The Los Alamos water boiler 
reactor was used as the source of thermal neutrons. 
By using a vertical reactor port instead of a side port, 
the room background was reduced, since only one heavy 
shielding face instead of two was present which would 
allow neutrons from the U** fission foil to be reflected 
back into the detector. Care was taken to isolate the 
detector and fissionable material from scattering 
objects by using a light support for the fission foil and 
by making the distance large from the top reactor 
shield to the experimental units. The geometry was 
such as to provide an angular resolution of +5° between 
source and detector. A series of six runs were made; 
three of these were data runs and three were back- 
ground runs in which a truncated pyramid of poly- 
ethylene was interposed between the U™® foil and the 
detector. 

The plates were surrounded by cadmium to inhibit 
thermal-neutron-induced N“(n,p)C™ reactions in the 
emulsion, since protons from this reaction have an 
energy of approximately 0.6 Mev and are indistinguish- 
able from proton recoils of the same energy. Thermal 
neutrons in the vicinity of the detectors are due to the 
following causes: (1) scattering of the thermal neutron 
beam in the U™® plate (the background run cannot, 
of course, be used to correct for this source of back- 
ground); (2) fission neutrons degraded in energy by 
room scattering. Aside from thermal neutron back- 
ground, one is obliged to contend with a significant 
number of neutrons whose energy is in the region in 
which data are to be taken, which do not come directly 
from the fission plate to the detector. Such neutrons 
distort the observed fission spectrum for they appear 
as degraded neutrons. The preponderance of low-energy 
neutrons (<1 Mev) in the background spectrum as 
compared to the fission spectrum, is due to (1) the fact 
that a good many of the room-scattered neutrons have 
indeed been degraded by the scattering (especially 
inelastic) process, and (2) the fact that these neutrons 
impinge on the plate at large angles with respect to the 
assumed direction of incidence of neutrons on the 
detector. The room-scattered background can be taken 
into account by the procedure mentioned above of 
making runs with and without a shadow scatterer 
between source and detector. The background spectrum 
thus obtained is multiplied by the factor (1+/47), 
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Fic. 1. Experimental arrangement for photographic plate method. 





where @ is the solid angle subtended by the pyramid 
at the detector, and then is subtracted from the “run” 
spectrum. This background correction amounted to 
14% at 0.3 Mev, 6% at 0.5 Mev, 3% at 1.0 Mev, and 
1% at 2.0 Mev. 

It has been shown® that high-energy neutrons 
produce (n, charged particle) reactions in the emulsion, 
the tracks of which are for the most part indistinguish- 
able from proton recoils; at 14 Mev this effect is 
approximately 10%. However, since the fission spec- 
trum exhibits relatively few high-energy neutrons, the 
interaction of a small fraction of these in the emulsion 
to produce charged particles which have the appearance 
of proton recoils due to low-energy neutrons will have 
a completely negligible effect on the neutron spectrum. 

Finally, there existed the possibility that the thermal 
neutron beam might be contaminated by neutrons of 
higher energy which could be scattered into the detector 
by the U** plate. Such neutrons would not be included 
in the above background correction. In order to clear up 
this point, cadmium ratio measurements were made on 
the “thermal” beam. This ratio proved to be 106:1. 
This means that if we take into account the trans- 
mission of the U™* plate for 0.3-Mev neutrons (the 
lowest energy at which data were taken in this experi- 
ment), one arrives at a contribution to the fission 
spectrum from this effect of less than 0.1%. 

The nuclear plate data and its treatment to obtain 
the fission neutron spectrum of U**, N(£), are shown 
in Table I, The errors in V(E) shown in the right-hand 
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TABLE I. Data and results from photographic plate method.* 
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* The symbols have the following meaning: E—mean neutron energy; E;—neutron energy interval corresponding to E; Np—number of proton recoils 
measured in the proton energy interval corresponding to Ei; VW—the product of emulsion volume and neutron flux incident on detectors; on-p—the n-p 
scattering cross section ; f—the correction for knock-on protons leaving the emulsion surfaces ; N(E)run—the number of neutrons per cm? per Mev X2 X1075 
at energy E including background neutrons; N (EZ)sg—the neutron energy distribution with polyethylene pyramid interposed between source and detector; 
N(E) =(N(E)run —N (E), ]—neutron energy distribution from thermal neutron fission of U*5; S.E.—statistical error in N (EZ) expressed in percent of N(E). 


column are calculated from statistics alone. Relative 
errors arise from three sources: (1) determination of 
the solid angle of acceptance of proton recoils, (2) 
hydrogen content of the emulsion volume analyzed, 
(3) n-p scattering cross section. These combine to give 
the following total relative errors over the various 
energy regions of the spectrum, 0.3-0.4 Mev, 15%, 
0.4-0.9 Mev, 6%, 0.9-3.0 Mev, 4%, above 3 Mev, 
5%. These values reflect the fact that (1) and (2) 
are random uncertainties and that fourteen analysts 
worked on the eleven plates used for this spectrum. 
The above spectral data are further discussed with 
similar results from the time-of-flight method in the 
last section. 


B. Time-of-Flight Method® 


1. Experimental Arrangement 


A diagram of the apparatus for the time-of-flight 
method for measuring the fission neutron spectrum of 


* For further details concerning this experiment see L. Cranberg 
and N. Nereson, Los Alamos Report LA-1916 (unpublished). 


U*> is shown in Fig. 2. The experiment was carried 
out with the large Los Alamos Van de Graaff accelerator 
as the source of neutrons for bombarding the U**. A 
spiral fission chamber’ containing U™® served as the 
source of fission neutrons. The detector for the fission 
neutrons emerging from this chamber consisted of 
“Scintilon” plastic mounted on a photomultiplier tube. 
The energies of the neutrons were determined by 
measuring their time of flight from the fission chamber 
to the scintillator. 

The neutrons were generated by the Li’(p,n)Be’ 
reaction. They were in the energy range 5 to 80 kev, 
corresponding to a proton energy of 1.90 Mev, a 
lithium target thickness of 15 kev, and a range of angle 
subtended by the fission chamber at the target of 
+25°. By tickling the threshold of an endothermic 
reaction, low-energy neutrons are produced in a 
forward cone, thus making*it possible to keep the 
fission-neutron detector out of the direct neutron flux 





7B. Rossi and H. Staub, Ionization Chambers and Counters 
(McGraw-Hill Book Company, Inc., New York, 1949). 
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from the target without use of shield or collimator. 
Choice of the Li’(p,)Be’ reaction was based on yield 
and ease of operating the accelerator at the threshold 
energy of the reaction. The choice of target conditions 
represented a rough compromise between yield and 
detector background counts. The detector background 
came mainly from counts in the scintillator which were 
due to target neutrons elastically scattered by the 
fission chamber. Under the conditions chosen, these 
neutrons were all on the low-energy tail of the detector 
sensitivity curve. 

The spiral fission chamber was selected as the fission 
neutron source in order to provide a zero-time pulse 
for the neutron time-of-flight measurement. The 
chamber used had a rise time (10 to 90%) of about 
2X 10-8 sec, which was adequate for the timing require- 
ments of the present experiment. The chamber con- 
tained about 1 g of U*® in the form of UO; coated 
on approximately 10 spiral turns of platinum foil 1 
mil thick. The gas filling was commercial argon at a 
pressure of 80 psi. The wall of the chamber was brass 
20 mils thick, and its outside dimensions were: diameter, 
$ inch, depth 1 inch. The center of the fission chamber 
was placed about 1 inch from the lithium target. 

One must take account of the possibility that, with 
the thick layers of fissionable material used in these 
experiments, those fission events might be favored 
whose fragments were oriented perpendicularly to the 
layers. If these layers were not oriented randomly in 
relation to the detector, the data might represent a 
weighting for or against certain directions of fragment 
emission. Since the velocities of the fragments strongly 
influence the spectrum of neutrons emitted by them, 
particularly at low energies, the observed spectrum 
might be distorted from that for random orientation. 
To randomize the layer orientation relative to the 
detector axis as much as possible, the axis of the spiral 
was perpendicular to the direction of neutron detection. 
Further assurance against intrusion of disturbing 
effects from this source is obtained if the efficiency for 
detection of fission events in the chamber is high. The 
chamber was operated at such a bias that noise counts 
were a few per second. At this bias subsequent experi- 
ments gave a detection efficiency for this chamber of 
about 40%. 

The photomultiplier pulse furnished the second 
timing signal for measurement of the flight-of-time 
of the fission neutrons. ‘“Scintilon” plastic, which 
detects neutrons by proton recoil, possessed several 
desirable features for this experiment: (1) it has a 
large hydrogen content, (2) gives good light signals for 
low-energy neutrons, and (3) is conveniently available 
in large sizes. The plastic (1? in. in diam and 1 in. 
thick) was mounted on an RCA 6342 photomultiplier 
tube. A mu-metal shield was placed around the tube 
to minimize effects produced by earth’s magnetic 
field and the field of the accelerator analyzing magnet. 
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Fic. 2. Experimental arrangement for time-of-flight method, 


COOLING COILS 


In order to reduce the sensitivity of the detector to 
cosmic-ray background, room-scattered neutrons and 
gamma rays and fission gamma rays, a cylindrical lead 
shield with one end closed was placed over the crystal; 
the wall thickness of the cylinder and the end thickness 
were each 3 inch. 

In order to improve the signal-to-noise ratio for 
low-energy neutrons, the photomultiplier tube was 
cooled to a temperature of 0°C. This reduced the noise 
background by a factor of 3 compared to that obtained 
at room temperature for the operating bias used in the 
experiment. This noise background was about 3000 
counts/min, which was about 5 the scintillator rate 
prevailing during the spectrum measurements. 

Precautions were taken to eliminate large masses of 
material from the immediate vicinity of the experi- 
mental components which could scatter fission neutrons 
into the detector and thereby degrade the fission 
spectrum. The object closest to the spiral chamber 
consisted essentially of the tantalum target disk, 
0.010 in. thick. The nearest large object was the ;’ in. 
thick steel floor which was located 5 feet below the 
target and detector. However, as in the photographic 
plate method, air scattering and room-scattered back- 
ground from distant objects were still possibilities. 
Therefore, as in the previous method, background runs 
were taken with a polyethylene cone one foot long 
inserted between the source and detector. 

A long counter was used to monitor the neutrons 
from the Van de Graaff target. This counter was 
located slightly off the beam-tube axis and about 3 
meters from the target. 
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Fic. 3. Instrumentation diagram for time-of-flight experiment. 


2. Electronic Instrumentation 


The time, ¢, for a neutron of velocity v to travel s 
cm is given by ‘=s/1.39E!X10°, where E is in Mev. 
Since s was 50 cm in this experiment, #=12.92/E, 
where ¢ is in units of 10~* sec and E in Mev. For the 
neutron energy range measured in this experiment, 
0.16 to 3.2 Mev, the corresponding time-interval range 
is 9X 10-* to 2X 10- sec. 

A block diagram of the electronic components 
employed in the experiment is shown in Fig. 3. A fast 
amplifier system is used for those signals on which 
time measurements are made; a parallel slow system 
selects the events to be observed. The fast pulse system 
amplified the chamber and scintillator signals with 
Hewlett-Packard Model 460A amplifiers and combined 
them in a mixer circuit. The common output of the 
mixer circuit was fed through about 200 ft of RG-17/U 
cable (for delay purposes) into the signal input of a 
Tektronix Model 517 oscilloscope. The combined 
signals were displayed on the 0.02-usec/cm sweep of 
the oscilloscope and photographed on 35 mm Linagraph 
Pan film. To aid in distinguishing the two signals from 
each other, the sign of the scintillator pulse was in- 
verted by introducing a Hewlett-Packard 460B unit 
into its amplifier system. 

The “slow” pulse system used slower amplifiers 
(10 to 90% rise time ~0.06 usec) to bring the chamber 
and photomultiplier signals together in a coincidence 


unit having a resolving time of 0.15 usec. The output 
coincidence signal was used to trigger the intensifier 
of the oscilloscope. Thus, no time measurement was 
made unless the chamber and photomultiplier pulses 
occurred within 0.15 usec of each other. In order to 
be certain that small signals originating from low- 
energy fission neutrons would not be missed the coin- 
cidence time interval was made considerably longer 
than that dictated by the maximum flight time intervals 
of 9X10-® sec. The RG-17/U cable in the fast mixed- 
signal line was used to compensate for the difference 
between the transit times in the fast and slow systems. 

Each time a fission event occurred the sweep of the 
517 oscilloscope was started by the discriminator signal 
from the fission chamber side of the coincidence anit. 
The sweep would not be visible, of course, unless the 
intensifier or coincidence signal was also present. Since 
the display signal to the 517 was delayed, it was also 
necessary to insert a delay in the sweep trigger pulse 
in addition to that inherently present in the fission 
chamber slow amplifier, coincidence unit, and the 
oscilloscope circuits. An additional delay in the form 
of a long cable was inserted in the photomultiplier 
dynode signal; this delay increased the separation of 
the scintillator and chamber pulses and simplified 
reading of the data. 

The film traces of the final data showed that the 
uncertainty in determining the start of the fission 
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chamber signal was approximately +0.4X10-® sec. 
This uncertainty was largely determined by the signal 
to noise ratio of the chamber pulse. Because the 
“noise” decreased by about a factor of 2 when the 
polarizing voltage was removed from the chamber, 
the predominant “noise” was interpreted as due to 
alphas from the decay of U**. The beginning of the 
scintillator pulse could be established within +0.1 
X10-* sec due to its faster rise time. Because of the 
spread in photomultiplier transit times, the arrival of 
the photomultiplier output signal may sometimes lag 
the neutron arrival by 0.2 or 0.3X10-° sec.* Therefore, 
a total uncertainty of about +0.5X10-*® sec may be 
expected in the measurement of the flight time of the 
fission neutrons. This provides adequate energy 
resolution (~15%) over the low-energy region of the 
spectrum where the contribution from this method is 
most valuable. 


3. Detector Energy Sensitivity 


To determine the relative efficiency of the “Scintilon” 
plastic as a function of neutron energy, its response to 
monochromatic neutrons of various known energies 
was compared to that of a long counter, and it was 
assumed that the long-counter response is flat with 
energy in the region of interest.’ 

The calibration arrangement is shown at the top of 
Fig. 4. The long counter and scintillator were set up a 
few degrees to each side of the axis of the beam-tube, 
and placed at such a distance that each detector 
subtended approximately the same solid angle at the 
target. This procedure insured that each detector was 
exposed to neutrons of the same number and energy 
at the various energies. The discriminator output on 
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Fic. 4. Arrangement for calibrating scintillator 
detector and results. 

8 These large time fluctuations occur predominantly in the case 
of small pulses or low-energy neutrons. For these neutrons the 
time-of-flight is longest and the percent error due to the average 
time lag is small. 

® Previous experiments have shown that the particular long 
counter used in these measurements has a sensitivity which is 
flat to within 5% over the energy range used [R. Nobles (private 
communication) }. 
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monochromatic neutrons. 


the scintillator side of the coincidence unit was used 
to obtain the scintillator counts in the calibration 
measurements, the same bias being used as in the 
running of the spectral data. 

The (p,m) reaction in Li was used to calibrate the 
scintillator over the neutron energy range 0.1 to 2.0 
Mev both before and after a run on the spectral data. 
A small correction is necessary for the second group 
of neutrons which appears in the lithium reaction 
above a proton energy of 2.38 Mev. The (,m) reaction 
in tritium was later used to extend the calibration to 
3.4 Mev. During these calibrations the target thickness 
for protons was held under 3 kev. 

With the proton beam deflected from the target, 
the counting rates in the scintillator and long counter 
amounted to less than 2% of the calibration counting 
rate. The calibration measurements were further 
checked for background by placing a polyethylene 
cone 1 foot long in front of the target. Since back- 
grounds were about 5% for both scintillator and long 
counter, corrections were negligible. 

The calibration results are shown at the bottom of 
Fig. 4, where the ratio of scintillator to long-counter 
counting rate is plotted. On the assumption that the 
long counter is flat, this curve is the energy sensitivity 
curve of the scintillator. Calibration of the long counter 
with a polonium-beryllium neutron source gave a value 
of 50%, approximately, for the neutron detection 
efficiency of the scintillator over the flat region. 
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Fic. 6. Film data from time-of-flight experiment. Number of 
scintillator-chamber coincidences are plotted as a function of the 
difference, D(i), between the times of scintillator and fission 
signals. One abscissa unit=0.8X10-° sec. 


Experimental information concerning the energy 
resolution of the flight-time measurements was ob- 
tained by pulsing the proton beam of the Van de 
Graaff accelerator.” Protons striking the lithium target 
in bursts of duration 0.2 10~* sec produced neutron 
bursts of the same duration. A time scale synchronized 
with the neutron bursts was obtained by coupling to 
the horizontal plates of an oscilloscope a portion of the 
sinusoidal signal used to pulse the proton beam; the 
fast scintillator pulse was displayed on the vertical 
plates. For these data, the fission chamber was removed 
and the scintillator was placed in front of the target at a 
distance of about 50 cm, while the Van de Graaff 
accelerator was pulsed to produce monochromatic 
neutrons of various energies. No detectable gamma-ray 
line appeared on the oscilloscope display along with 
the neutron peak. This proved that the neutron 
sensitivity calibration of the scintillator was not in 
error by more than 5% because of the presence of 
gamma rays. 

Typical results showing the scintillator response to 
low energy neutrons are shown in Fig. 5. During these 
exposures the scintillator rate with neutrons was 
9000 counts/min, the scintillator rate without neutrons 
(noise) was 1800 counts/min. The oscillator frequency 
pulsing the output of the Van de Graaff accelerator 
was 4.19 Mc/sec. The data are shown in two forms: 
first, the results obtained when the vertical projections 
of the beginning of the pulses on the sine wave sweep 
are plotted; and second, the conversion of the data of 


For further information concerning this technique see L. 


Cranberg, Los Alamos Report LA-1654 (unpublished). 
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the upper trace into a plot versus energy. The energy 
graphs show that under the above conditions the 
resolution at 200 kev is about 15% and at 350 kev 
the resolution is 19%. The high noise level existing 
during the above exposures increased the width of 
these energy distributions by about 20%, and gave 
poorer results for the resolution than are attainable 
with a better signal to noise ratio. 


4. Data 


The time-of-flight data were obtained by measuring 
the oscilloscope sweep time interval between the 
leading edges of the fission chamber and photomultiplier 
pulses. The data taken from the film records are 
illustrated in Fig. 6 where the number of coincidences 
observed is plotted as a function of the difference 
between the times of scintillator and fission signals. 
Events under the left peak are due to gamma rays 
whereas fission neutrons are responsible for the broader 
peak to the right. Approximately 16000 total events 
were recorded and, out of this total, about 10000 
were due to fission neutrons. 

The center of the gamma-ray peak occurs at 1 
abscissa unit which represents the “zero” of the time 
base, since the gamma-ray flight time was negligible 
compared to the time resolution of the data. The 
width of the gamma peak at half-maximum is about 
1.4 units or slightly over 1X 10~° sec in time. This is in 
agreement with the uncertainty of +0.5X10-* sec 
for the flight time estimated previously from instru- 
mentation considerations. 

The background data obtained with the poly- 
ethylene cone between the chamber and scintillator 
were accumulated in the same manner as the regular 
data. As in the photographic plate method, the back- 
ground is a function of the neutron energy and in this 
experiment the percentage of background in the data 
varied from a minimum of ~2% at the highest energy 
to a maximum of 18% at the lowest energy. (See 
Table II.) The calculated random coincidence rate 
was about 3 of the total background. This indicated 
that scattering processes were responsible for the 
majority of the background coincidences. If one 
considers the entire flight-time interval of 9X 10-8 sec, 
the average random coincidence rate was only about 
3% of the total data coincidence rate. 

Calculation of the U*® fission neutron spectrum 
from the data of Fig. 6 is shown in Table II. The data 
from 1.6 to 2X 10-8 sec were not used since calibration 
neutrons were not available for this energy region. 
The error in the energy correction factors for the 
detector, as derived from Fig. 4, is estimated to be 
about 2%; this is exclusive of the error associated 
with the energy response of the long counter. The errors 
given for N(Z) are purely statistical. Below 1 Mev, the 
statistical errors combined with other instrumental 
errors give each point an over-all accuracy of +10% 
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TABLE II. Data and results from time-of-flight method.* 
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4.14 
2.73 
1,94 
1.46 
1.13 
0.905 
0.738 
0.613 
0.480" 
0.354 
0.275 
0.218 
0.175 


1.82 

0.990 
0.590 
0.390 
0.260 
0.190 
0.144 
0.106 
0.158 
0.096 
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1076 
1259 
1173 
1126 
875 
702 
505 
451 
654 
409 
221 
154 
103 


1740 
2520 
3480 
3830 
4130 
3890 
4040 
4140 
4350 
3680 
3420 
3370 


1054 
1811 
2880 
3610 
4340 
4530 
5150 
5980 
7310 
7020 
7340 
8050 


1.37 
1.27 
1.21 
1.14 
1.12 
1.11 
0.95» 
1.00 
1.02 
1.05 
1.11 
1.21 


+50 

+75 

+100 
+130 
+160 
+170 
+210 
+160 
+220 
+250 
+280 
+340 








* The symbols have the following meaning: 4;i— 


flight-time interval of U5 fission neutrons in units of 10-8 sec; E—mean neutron energy of flight-time 


interval; Ei—neutron energy interval corresponding to ti; N (#)ran—number of chamber-scintillator coincidences measured in listed flight-time interval ; 
N (¢)b¢—number of chamber- a coincidences measured with 1 ft polyethylene cone between chamber and scintillator; B,(%) =[N (t)0e/N (run) 


X100, or percent ST PST N(t) =] 
at E =0.480 Mev; N(E) =N(. S(E)/Ei— 


N (t)run —N (¢)09; S(E)—relative inverse energy sensitivity of scintillator as derived from Fig. 4; normalized to unity 
neutron energy distribution from thermal neutron fission of U5; S,E. 


-statistical error in N (2). 


> On the basis of the Tord ord energy sensitivity curve in Fig. 4, S(Z) at this energy should be 1.05; however, a 10% correction for the second group 


of target neutrons is required at this energy value. 


or better. Above 1 Mev, the over-all accuracy of each 
point is approximately +5%. 

In converting from the measured time distribution 
(Fig. 6) to an energy distribution, account must be 
taken of the resolution function of the apparatus. 
The resolution function may be estimated from the 
uncertainty in the timing of the fission events, which 
is essentially the width of the fission gamma-ray line, 
and the results of the observations on monoenergetic 
neutrons with a pulsed beam. For neutrons above 0.5 
Mev, the resolution width for pulsed neutrons is 
negligible compared to the width of the fission gamma- 
ray line. Below this energy, the spread in neutron 
detection time is approximately }X10-° sec. To 
equalize the effect of the resolution function over the 
time range, the time interval chosen for the presen- 
tation of the data were doubled for times corresponding 
to an energy less than 0.5 Mev. Thus, in general, the 
intervals chosen are of the order of } or more of the 
resolution width. The greatest effect of the curvature 
of the observed time distribution on the calculated 
energy distribution due to the width of the resolution 
function is estimated to be not greater than 4%. 


III. RESULTS AND DISCUSSION 


The fission spectrum measurements from both 
experimental methods are graphically displayed in 
Figs. 7, 8, and 9. The time-of-flight results from Table 
II were multiplied by a factor" of 0.204 to normalize 
them to the photographic plate results of Table I. 
Figure 7 illustrates a semilogarithmic plot of the data, 
and it can be seen that the data are fitted over their 
entire range by an equation of the form WN(E) 
= Ke-¥!9-965 sinh[ (2.29)*], where K is a constant and 
E, the neutron energy, is in Mev. The equation deduced 


1 This figure was obtained by finding the normalization factor 
required to equalize the areas under each set of data over their 
common energy region of 0.35 to 2.7 Mev. 


by Watt® to fit the data of Bonner ef al.,! Hill,? and 
Watt® had the form e~¥ sinh(2£)!. 

The fission spectrum can be represented by a straight 
line over the greater part of the energy range by plotting 
In[N(E)/\/E] vs E. In Fig. 8, the combined data 
have been plotted in the above manner. A straight line 
having a slope of 0.775 fits the data points best,” and 
leads to the expression, V(E)=kE‘%e 7", for the 
fission spectrum. The data points above 9 Mev lie 
somewhat below the straight line and therefore this 
simpler expression should be restricted in use to fission 
neutron energies below 9 Mev. 

A linear plot of the fission spectrum is illustrated in 
Fig. 9. A comparison of the data from the two experi- 
mental methods shows agreement within their statis- 
tical errors. Since this graph covers the lower energy 
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Fic. 7. Combined results showing fission neutron spectrum of 
U5 on a logarithmic scale over the energy range of 0.18 to 12 Mev. 


2 The authors are indebted to B. Carlson and M. Goldstein for 
obtaining this formula. 





CRANBERG, FRYE, NERESON, AND ROSEN 





ca 


ce oe or oe ee 


Torr rrr 


* TIME OF FLIGHT DATA x0.204 
* PHOTOGRAPHIC PLATE DATA 


STRAIGHT LINE SLOPE +0.775 


ee ee a 


- e- 
on oon me eee ‘a on me eee 











°o 
Ld 


Fic. 8. Straight-line representation of fission neutron spectrum 
of U5 obtained by plotting InN (E)/V/E vs E. 


range of the spectrum, the empirical relation of Fig. 8 
have been used to illustrate the agreement with the 
data points. 

If the results of the time-of-flight data are to be 
correctly interpreted and compared with the results 
of other methods, it is essential that the so-called 
“prompt” neutrons and gamma rays be prompt within 
a small fraction of the shortest flight time of interest. 
Also, it is required that the delayed neutrons and 
gamma rays be very few within the flight-time interval” 
or that they be delayed by times longer than the longest 
flight time of interest. It was reassuring, therefore, 
that a well defined gamma-ray peak was observed 
whose width was consistent with the time spread of 
the flight time measurements. It is reasonable to 
conclude that in the interval 0 to 1X10~* sec there is 
no substantial number of delayed gamma rays. 

In connection with the possible role of delayed 
gamma rays, it should also be noted that the sensitivity 


8 Apparently, the literature contains no direct information on 
the delayed gamma rays from fission in the time range of 10 sec. 


of the detector with its 4 inch thick lead shield was 
considerably less for the fission gamma rays than for 
fission neutrons. Thus, according to Rose and Wilson," 
there are about 6 fission gamma rays emitted within 
0.1 ysec of fission compared to the value of 2.5 neutrons 
per fission. Assuming that most of the prompt fission 
gammas are in the resolved peak, and comparing the 
areas under the gamma-ray and neutron regions, one 
estimates the average sensitivity to gammas to be only 
25% of that for neutrons. Thus, delayed gammas in the 
time range of interest, whose average energy was about 





etek 5. 8 ree. 


¢ TIME-OF-FLIGHT DATA *0.204 
* PHOTOGRAPHIC PLATE DATA 





N(E)=1765 VE @°77E 








a ee 


























E, ( 


Fic. 9. Linear presentation of U** fission neutron spectrum. 


that for the prompt gammas, would not affect these 
data significantly unless they were in excess of about 
10% of the prompt yield. 

It should be noted that the time-of-flight data were 
taken for an energy of the primary neutrons of 5 to 80 
kev, whereas the photographic plate data were taken 
with thermal neutrons. However, the evaporation 
model of fission, which has been applied with some 
success to calculations of fission spectra by Leachman,'® 
suggests that this difference in bombarding energy 
should have negligible effect on the spectrum. 


4 See W. J. Whitehouse in Progress in Nuclear Physics, edited 
by O. R. Frisch (Pergamon Press, London, 1952). 
15 R. B. Leachman, Phys. Rev. 101, 1005 (1956). 
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Semiempirical Model for Direct Nuclear Breakup Reactions* 
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A semiempirical model describing the direct breakup of light nuclei by low-energy nucleons is proposed. 
The model is based upon the assumption that a statistical equilibrium is established with respect to the 
incident particle and (y—1) tightly bound subgroup components of the target nucleus inside of an energy- 
dependent interaction volume. The interaction volume is taken to be an oblate spheroid which is oriented 
along the direction of the incident particle path, and which has a minor axis equal to the de Broglie wave- 
length 4, and a major axis equal to (R+a4), where R and a are parameters characteristic to the particular 
reaction involved. The direct breakup cross section is calculated for the Be®(n,2n)Be® and C!2(n,n’)3Het 


reactions. 





I. INTRODUCTION 


HE problem considered in this paper is that of 

the direct breakup of a light nucleus into a 
particular number of tightly bound subgroup compo- 
nents of that nucleus by a low-energy incident nucleon. 
The conditions that the target nucleus have a low 
atomic number, and that the energy of the incident 
nucleon be small, are imposed in order to assure that 
the number of energy levels of the compound nucleus 
available to the incident nucleon is small, and thus the 
probability of compound nucleus formation is very 
small. 

The model proposed for breakup reactions is based 
on the assumption that, within a volume of interaction 
of the projectile nucleon with the (v—1)-particle sub- 
groups of the target nucleus, a statistical equilibrium 
occurs with respect to the center-of-mass motion of the 
(v—1)-particle subgroups. The projectile nucleon then 
shares its energy and momentum with the (v—1)- 
particle subgroups and, in the final state, v-free particles 
emerge isotropically. 

The purpose of this calculation is to obtain an 
expression for the direct breakup cross section without 
the necessity of an explicit treatment of the details of 
the nuclear forces which exist between the projectile 
nucleon and the particles contained in the target 
nucleus. The basic assumption of statistical equilibrium 
being established inside of an interaction volume is 
analogous to that used by Fermi! in his treatment of 
multiple meson production. 


Il. BREAKUP CROSS SECTION 


Let us consider a box of volume V to contain a target 
nucleus and a projectile nucleon with a relative velocity 
v;. The cross section for the breakup process is 


Fe WisV/0i, (1) 


where W,,; is the transition probability per unit time of 
going from the initial state {7), which describes the 


* Work was performed under the auspices of the U. S. Atomic 
Energy Commission. 
+ Now at Missile Systems Division, Lockheed Aircraft Corpo- 
ration, Van Nuys, California. 
1. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950). 


free particle states of projectile and target nuclei, to 
the final state | f) which describes the free particle 
states of the v ejected nuclei. 

The probability of going from state |7) to state | f) 
is Widt=Pj;. Further, Piz is the product of the 
probability that a nucleon in a volume V will be found 
in an interaction volume 2 multiplied by the probability 
of going from state |) to state | f). Thus 


W isdt= Py= (Q/ V)Pos= (Q 'V)W oydt. (2) 
Substituting Eq. (2) into Eq. (1) gives 
ois= Wo Q/0;. (3) 


It is shown in S-matrix theory that Wo, is given 
precisely by the expression 


Woays= (2m/h)| (f|S|)|%p,, (4) 
where p; is the number of final states per unit energy, 


|2)= | po ag™ ; «+» pa” ag) (5) 


is the manifold of state vectors comprising the state of 
v particles inside of an interaction volume Q, 


| A= | pp ary™ 5 ++ + pp ary) (6) 


is the manifold of state vectors comprising the final 
state of v particles in free space, and S is an operator 
which projects |Q) onto | f). In Eqs. (5) and (6), p 
represents the energy-momentum four-vector of the ith 
particle, and a‘ represents all other constants of the 
motion associated with that particle. 

If V. represents the total possible number of a states, 
then the cross section, calculated as an average over a 
states, is 


2rQps 


oy 


1 
weg ond ae 2 C0101 S| aaa). (7) 


Ng MQ a 


Following arguments given by Fermi,! the matrix 
element is given by 


1 QQ, 
DD [Kh 7 |S pu aa®)|*=De(—) - 


Ng ag ao 
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where D is a constant with dimensions of energy, and 
will be taken to be the potential well depth of the 
target nucleus. Combining Eqs. (8) and (7), the cross 
section becomes 
2nD* Q” 
ois= Py. (9) 
ho; Vr 


Ill. DENSITY OF FINAL STATES 


The number of final free-particle states per unit 
energy interval is 


d 


py=V TI (2141) {| 
ist dW | (24h) 8» 


x f Teraceo(w-r——)], ao) 


where the product of the two delta functions insures 
that the laws of conservation of momentum and energy 
hold, and where (2/;+1) is the spin degeneracy of the 
ith emitted particle. The integral appearing in Eq. (10) 
has been evaluated by Milburn’ and the following 
result is obtained for the density of final states: 


VT] (20-+1)(2n)? TT Mi 
i=l i=l 
pr= since sabia woe (11) 


(2h)*-T[3(v—1)/2] (= Mu.) 


i=l 





W is the total kinetic energy in the final state, and by 
conservation of energy is just E+6&, where E is the 
initial relative kinetic energy, & is the Q value, and the 
plus and minus signs refer to exothermic and endo- 
thermic reactions, respectively. Substituting Eq. (11) 





! U 


Fexp * 3002 100mb 
Ftheor “400 mb 
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Fic. 1. The cross section for the direct breakup reaction 
Be®(n,2n)Be®. The circle represents the (,2m) cross section 
obtained from the experimental values of the reaction cross 
section and the (n,He*) cross section. ¢ represents the cross section 
averaged over the Ra—Be source of neutrons. 


2 R. H. Milburn, Revs. Modern Phys. 27, 1 (1955). 
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into Eq. (9), and expressing the initial relative velocity 
as [2E/y }*, where u is the reduced mass of the projectile 
nucleon, the cross section is 


II (2/:+1) 


i=] 


2Gr-4) (2p BB) 2PT 3 (y— 1)/2) 





o=Q” 


M3 
py! I D*(E+ &)®-8/2 


a u.) E} 


i=1 


(12) 


he? 


IV. INTERACTION VOLUME 


The assumption is made that the incident particle 
enters into a volume of interaction with the target 
nucleus and instantaneously shares its energy and 
momentum with the (v—1) tightly bound subgroup 
components of the target nucleus. Classically, the 
assumption is made that the interaction takes place at 
a given point along the incident particle path. However, 
if one invokes the uncertainty principle, it turns out 
that the smallest segment of the incident particle path 
along which the interaction can take place is 2A. It is 
further assumed that as the initial energy increases the 
cross-sectional area of the interaction volume, as seen 
by the incident nucleon, approaches a constant value. 
The shape of the interaction volume chosen to satisfy 
these two assumptions is an oblate spheroid oriented 
along the direction of the incident particle, with the 
minor axis equal to the de Broglie wavelength 4, and 
the major axis equal to (R+ a4), where R and a are 
parameters which are characteristic of the particular 
breakup reaction involved. Thus, the interaction vol- 
ume is taken to be 


Q= ($n)(R+aX)". (13) 








Experimenta! cross section 
Frye, Rosen end Stewart, 
Phys. Rev. 99,1375 (1955) 


——~ Theoreticel curve 
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. 2. The cross section for the direct breakup 
reaction C#(n,n’)3He‘. 





SEMIEMPIRICAL MODEL FOR BREAKUP REACTIONS 


The assumption of the establishment of statistical 
equilibrium inside of an interaction volume, together 
with the spheroidal shape of the interaction volume, 
constitutes the description of the proposed semi- 
empirical model for nuclear breakup reactions. 

In order to illustrate the energy dependence of the 
cross section and verify it with some experimental data, 
the two-body breakup cross section for the Be®(m,2”) Be® 
reaction, and the three-body breakup cross section for 
the C(n,n’)3He' reaction will be calculated in the next 
sections. 


V. TWO-BODY BREAKUP CROSS SECTION 


The cross section for a two-body breakup (v= 3) is 


W2r-+1)—" 
om] T (20:41) — 
i=l 27h 


ah 6 
xD(14— R+—— ) cm’, (14) 
E (2uE)! 


Be’(n,2n)Be® Reaction 


Substituting the values [];~:°(2/,+1)=2x2x1=4, 
6=1.656 Mev, and D=40 Mev; and expressing 
R+[ah/(2uE)*] in units of 10-" cm, the Be®(n,2n)Be* 
direct-breakup cross section becomes 


1.840\27  5.080a\° 
=6.177(1- ) (e+ . ) mb, (15) 
€ € 


where ¢ is the incident neutron energy in the laboratory 
system of coordinates, in units of Mev. 

Beyster ef al.’ have measured the total reaction cross 
section for 4.07-Mev neutrons on Be’, and they obtain 
the result ¢,=620+30 mb. Allen ef al.‘ have measured 
the cross section for the Be*(m,He*)He® reaction, and 
find that at 4.07 Mev, o(m,He*)= 50 mb. If one assumes 
that the total reaction cross section is the sum of the 
(n,2n) plus the (,He‘) reaction cross sections, then 
a (n,2n)=570+30 mb. 

The mean cross section for the Be®(,2”)Be® reaction 
has been measured for the Ra—Be neutron energy 
spectrum.® The result obtained is ¢=300+100 mb. 
The Ra—Be neutron spectrum has been measured by 
Teucher.*® 


3 Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 
(1955). ‘ 

4 Allen, Burcham, and Wilkinson, Proc. Roy. Soc. (London) 
A192, 114 (1947). 

5 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

6M. Teucher, Z. Physik 126, 410 (1949), 


673 


The following choice of parameters in Eq. (15): 
R=1.39, a=0.463, 


gives a cross section which is in reasonable agreement 
with the above data (see Fig. 1). The cross section 
weighted with the Ra—Be neutron spectrum® gives a 
mean cross section ¢=400 mb. 

Owing to the lack of experimental data on this 
reaction, the important thing to note about Fig. 1 is 
the shape of cross-section curve, which is the genera] 
shape of the two-body breakup cross section predicted 
by this model. 


VI. THREE-BODY BREAKUP CROSS SECTION 
The cross section for a three-body breakup (v= 4) is 


4 


I[(27:+1) ‘ IT Ma 


i=l 6 j=l 
am ger 
(zm) 

i=] 


6\ 7/2 ah 8 
xpE(1+—) (2+) cm*. (16) 
E (2uE)* 


C!?(n,n’)3He* Reaction 


Substituting the values ]],~:4(27:+1)=1K1xX1X2 
=2, 6=7.278 Mev and D=40 Mev; and expressing 
R+([ah/(2uE)*] in units of 10-" cm, the C!"(n,n’)3He! 
direct breakup cross section becomes 


7.86\ 7? 4,.96a\ 8 
7=0.316( 1-—) (Re ) mb, (17) 
€ 


€ 


where ¢ is the incident neutron energy in the laboratory 
system of coordinates in units of Mev. 

In Fig. 2 the cross section is plotted for the following 
choice of parameters: 


R=0.77, a=1.17. 


The experimental cross sections shown in Fig. 2 were 
observed by Frye et al.’ 

It is noted that the agreement between the theoretical 
curve and the experimental points is fairly good up to 
the vicinity of 20 Mev. This can be explained in terms 
of a higher probability for compound nucleus formation 
in this energy region. The formation of C'* and its 
subsequent modes of decay then compete with the 
direct breakup process, and the model is no longer 
applicable. 

The author wishes to express his thanks to Dr. 
Warren Heckrotte and Dr. William Schulz for dis- 
cussing this problem with him. 

7 Frye, Rosen, and Stewart, Phys. Rev. 99, 1375 (1955). 
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The differential cross section for the elastic scattering of nitrogen by nitrogen is calculated approximately 
by using a classical model which has been found previously to account for the elastic scattering of alpha 
particles by heavy nuclei. The effective mean free path in the collision process is found to be 15 to 35 times 
smaller than the interaction radius (twice the radius of a single nitrogen nucleus), indicating an extremely 
strong interaction when two “chunks” of nuclear matter collide. 





I. INTRODUCTION 


O explain the observed angular distributions of 
alpha particles elastically scattered by heavy 
nuclei, a simple classical model was proposed. It seems 
to be worthwhile to record briefly to what extent this 
model can also account for the angular distribution of 
nitrogen elastically scattered by nitrogen which has 
been measured recently.” 


Il. THEORY 


Except for the modification of the formulas to take 
into consideration the identity of the incident and target 
nuclei and the obvious necessity of distinguishing be- 
tween the center-of-mass and laboratory frames of 
reference, the approach is exactly the same as that used 
for alpha-particle scattering.' The angular distribution 
in the laboratory system is found to be 


doe} 


Pe? 
—“@=(— ) {csc97LE(8),6 | 
dQ 2E 
+sec97[E(34—8), 5]}4 cosé, (1) 


where @ is the laboratory scattering angle, E is the 
energy of the incident nitrogen nucleus in the laboratory 
system, 6 is the ratio of the diffuseness distance d to 
the interaction radius R, and the ratio ~ of the apsidal 
distance D to the interaction radius R is given as a 
function of energy and angle by 


Le 
£(6) =——(1+ csc). (2) 
RE 


The transmission coefficient T(£,5) is defined as 


T(§,5) 8 exp[ — (2R/lo)h(E,5) J, (3) 


with plots of #(£,5) given in reference 1. The interaction 
radius R is taken to be: R= 2r,A!. The charge and mass 
parameters appropriate to nitrogen are Z=7 and A= 14. 
The radius and diffuseness parameters were assumed 


* Work performed under contract with the U. S. Atomic Energy 


Commission. 
1C. E. Porter, Phys. Rev. 99, 1400 (1955). 
2H. L. Reynolds and A. Zucker, Phys. Rev. 102, 1378 (1956). 


to be ro=1.3K10-" cm and 6=0.25, the latter cor- 
responding to an edge diffuseness distance of about 
0.4 10-" cm for each nitrogen nucleus. 


III. RESULTS AND DISCUSSION 


Figures 1(a)-1(d) show the available data? and 
calculated results. The energies range from 15.0 to 
21.7 Mev and the angles from 10 to 55 degrees. Calcu- 
lated curves are labeled by various values of R/lo, 
except for the 15-Mev data in which case there is 
essentially no collision (the transmission factor T 
remains unity for all angles) and the calculated curve 
is unaffected by varying R/I. As the energy is increased, 
the amount of mutual penetration of the nitrogen 
nuclei increases, and changing R//) has more effect. 
This is most evident from the plot for F=21.7 Mev. 

Since the model is a completely classical one, it is 
perhaps more valid in discussing the amount of ab- 
sorption needed to fit the data to avoid basing con- 
clusions on regions of the data where wave-mechanical 
effects seem to be strongly indicated. The oscillations 
observed in the 15.0-, 17.7-, and 19.2-Mev data are 
accounted for by the interference term in the Mott 
formula.? In the 21.7-Mev data, the flattening in the 
vicinity of 45 degrees is also a diffraction effect and is 
explained by Blair’s model.?* For the latter reason, 
there does not seem to be too much sense in judging the 
model discussed here by the agreement at the minimum 
of the calculated curves; the region of drop from the 
R/l=0 curve seems to be a more appropriate region 
to use to determine the “best” value of R/lo. In any 
event, it is safe to conclude that the ratio R/Jp lies 
somewhere between 15 and 35. This conclusion under- 
lines the extremely strong nature of the interaction 
which takes place when two “chunks” of nuclear matter 
collide. 

ACKNOWLEDGMENTS 


The writer would like to thank Dr. A. Zucker for 
making his data available in advance of publication 
and Betty Oppenheim for carrying out the numerical 
calculations. 


3 J. S. Blair, Phys. Rev. 95, 1218 (1954). 





ELASTIC SCATTERING OF N 








100 


E=15.0 Mev E=17.7 Mev 


(@) (barns/sterad) 
(@) (barns/sterad) 


dO) 
dQ 
doe, 
dQ 


Fic. 1. Plots of the ye 4 
angular distribution of =r, 
~~” 


the elastic scattering of 
nitrogen by nitrogen 
(Z=7, A=14). The 
points are experimental 
data from reference 2. 
Calculated curves based 
on Eq. (1) are shown for on 


various values of E and (0) 
1 











1 











R/lo: (a) for E=15.0 : L 1 L 1 1 

Mev the calculated 10 20 30 40 20 30 40 50 60 
curve is not sensitive to 6 (DEGREES) 6 (DEGREES) 

R/lo; (b) for E=17.7 1 1 1 1 : : R 
Mev, R/lo=0, 35; (c) 
for E=19.2 Mev, R/l 
m0, 18, 38; td) tor E =19.2 Mev E=21.7 Mev 








E=21.7 Mev, R/l=0, 
7, 15, 35. In all cases, 
6=0.25 and R=2(1.3 
<10-)At cm. Figure 
1(d) contains a curve 
for R/lo=35. The mini- 
mum value not shown 
is 0.015 barns/sterad at 
45 degrees. 


fo) 


(@) (barns /sterad) 
(9) (barns/sterad) 


dO 
da 
dO, 
da 





(Cc) 

| i i n " 

"0 10 §=6©20 30 40 [ 30. = 40 50 
6 (DEGREES) @(DEGREES) 




















PHYSICAL REVIEW VOLUME 


103, 


NUMBER 3 AUGUST 1, 1956 


Neutron Thresholds in the Deuteron Bombardment of Neont 
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The counter ratio technique has been used to detect neutron thresholds in the deuteron bombardment of 
neon. Energy levels in Na”, observed in the Ne*(d,n)Na*! reaction, were found at 1.46+0.04 and 2.426 
+0.037 Mev. The latter state is bound by only 268 kev from dissociation into Ne®+ / and will influence 
the cross section for the Ne®(,7)Na* reaction at low energies. Two additional thresholds were observed 
which are attributed to the Ne*(d,n) Na* reaction. The neutron yield indicates that for bombarding energies 
above 2.5 Mev a large fraction of the neutrons from the Ne*(d,m)Na*! reaction leave Na*! in the excited 


state at 2.43 Mev. 





INTRODUCTION 


HE counter ratio technique has been very suc- 
cessful in the measurement of the energies of 
excited states in the light nuclei produced in (p,m) and 
(dn) reactions.'~* This procedure makes use of two 
paraffin-moderated BF; counters, one preferentially 
sensitive to neutrons with energies up to about 300 kev 
and the other sensitive only to those neutrons whose 
energy is greater than about 300 kev.’ An abrupt 
change in the number of low-energy neutrons relative 
to the number of fast neutrons as the bombarding 
energy is increased indicates a neutron threshold and, 
consequently, an energy level of the residual nucleus in 
the reaction being investigated. This technique has 
been applied in the deuteron bombardment of neon in 
an effort to investigate the level structure of Na*, 
formed in the Ne”(d,n)Na*! reaction (Q=0.225 Mev). 
Previously, a study of the Ne” (p,7)Na”! reaction had 
established’ an excited state in Na”! at 3.57 Mev. On 
the basis of the positions of the low-lying states in the 
mirror nucleus, Ne*!, there should be three levels in 
Na*! below 3.57 Mev.® The results of Swann and 
Mandeville® and of Middleton” indicate the possibility 
of states at 0.40 and 2.40 Mev. No other information 
has previously been available concerning states below 
an excitation energy of 3.57 Mev. 


t At the Rice Institute, this work was supported in part by the 
U. S. Atomic Energy Commission; at the California Institute of 
Technology, the work was supported by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 
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An energy level near the binding energy of a proton 
in Na*! (2.452 Mev) would be expected to influence 
the cross section for the radiative capture of low-energy 
protons by Ne”. An enhancement of the Ne”(p,7)Na?! 
yield appears necessary in the theories of the synthesis 
of the elements in helium-burning stars. The effects of 
the present investigation of Na*! energy levels on the 
calculated reaction rates of the Ne-Na cycle in stars 
will be presented in a later paper.!! 


EXPERIMENTAL PROCEDURE 


The details of the counter ratio technique have been 
described previously.'~* In these experiments, solid 
targets were used exclusively in the measurement of 
threshold energies. Since neon is chemically inert, it is 
difficult to prepare a solid target containing a sufficient 
amount of neon to make neutron measurements pos- 
sible. For this reason, a gas cell containing natural neon 
(90.9 percent Ne”, 0.26 percent Ne*', and 8.8 percent 
Ne”) was employed. The neon gas was spectroscopically 
pure.!? The gas cell was a platinum tube, } in. in 
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Fic. 1. Counter ratio curve for the O!*(d,n) F!"* threshold corre- 

sponding to the first excited state of F!7 measured with a solid 

W.0; target and with a gas target. The 0.10-mil nickel foil was 
used with the gas target. 


uJ. B. Marion and W. A. Fowler (to be published). 
12 Manufactured by the Linde Air Products Company, Buffalo, 
New York. 
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diameter and 1.5 in. in length. The entrance aperture, 
} in. in diameter, was covered with a nickel foil, either 
0.025 mil or 0.10 mil in thickness. Gas pressures of 5 in. 
Hg were used. This amount of neon is about 135 kev 
thick to 2-Mev deuterons. During prolonged periods of 
bombardment with beam currents of 0.5 microampere, 
no leakage was detected. The usual arrangement of the 
neutron counters was employed.!~* 

Since the shape of the counter ratio curve to be 
expected at a neutron threshold when using the gas 
target was not known, measurements of the O!*(d,n) F!"* 
threshold corresponding to the first excited state of F!” 
were made with the gas target and with a solid W,0; 
target. The results are shown in Fig. 1. The bombarding 
energy at this threshold has been previously determined? 
to be 2.3930.004 Mev. The reason for the dip at the 
peak of the ratio curve taken with the solid target has 
been discussed previously.? When the gas target with 
the 0.10-mil nickel foil was used, the threshold energy, 
as determined by the intercept of the linear portions 
of the counter ratio curve, was found to be 2.625 Mev. 
Figure 1 shows that the threshold obtained with the 
solid target rises much more sharply than does that 
obtained with the gas target. By extrapolating the 
linear portions of the gas target curve, however, a well- 
defined energy may be obtained. This procedure, carried 
out on the O'%(d,n)F!™* threshold, serves to determine 
an “effective thickness” of the nickel foil at 2.62 Mev, 
by which is meant the energy shift from the solid 
target threshold to the intercept of the extrapolated 
linear portions of the gas target curve. By using the 
“effective thickness” of the foil measured in this 
manner, straggling effects are automatically taken into 
account; furthermore, if other threshold energies are 
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Fic. 2. Counter ratio and yield of neutrons in the forward 
direction from the deuteron bombardment of neon from Ey=1.1 
to 2.1 Mev. The gas target with the 0.025-mil nickel foil was used. 
The pressure of natural neon was 5 in. Hg. The upper scale gives 
the “effective thickness” of the foil as a function of the bom- 
barding energy. 
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Fic. 3. Counter ratio and yield of neutrons in the forward 
direction from the deuteron bombardment of neon from Ey=2.2 
to 3.0 Mev. The gas target with the 0.10-mil nickel foil was used. 
The pressure of natural neon was 5 in. Hg. The upper scale gives 
the “effective thickness” of the foil as a function of the bom- 
barding energy. 


determined by the linear extrapolation technique, they 
may be measured to an energy of 10 kev or better. 
The “effective thickness” of the foil at 2.62 Mev was 
232 kev, and the thickness at other energies was ob- 
tained by normalizing this value to the stopping cross- 
section curve for nickel as given by Fuchs and 
Whaling.” The difference between the “effective thick- 
ness” and the thickness calculated from Fuchs and 
Whaling’s curve for a nominal 0.10-mil nickel foil is 
only 10%. 


RESULTS AND DISCUSSION 


The counter ratio and the yield of neutrons in the 
forward direction“ from the deuteron bombardment of 
neon were measured over the energy range from 1.1 to 
3.0 Mev, using the deuteron beam from the Rice 
Institute Van de Graaff accelerator. From E,;=1.1 to 
2.1 Mev, the 0.025-mil nickel foil was used; these 
results are presented in Fig. 2. From E,= 2.2 to 3.0 Mev, 
the 0.10-mil foil was used ; these results are presented in 
Fig. 3. Four thresholds, marked A through D, were 
observed. The threshold energies, Q values, and excita- 
tion energies are given in Table I. 


1 R. Fuchs and W. Whaling (unpublished). 
4 By “forward direction” is meant the forward cone of half- 
angle 15°. 
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TABLE I. Neutron thresholds in the deuteron 
bombardment of neon. 








a ~ oe 


oil 
thick- 


ness 
(kev) 


Excitation 
energy* 
(Mev) 


1.46 +0.04 

8.435 +0.021 
2.426 +0.037 
9.012 +0.024 


Threshold 
reaction 


A> Ne™*(d,%)Na™ 


Q value (Mev) 


—1,24 +0.02 

—1.866 +0.010 
—2.201 +0.007 
—2.443 +0.015 


Ea (Mev) 


1.45 +0.02 86 
2.29240.010 256 
2.654 +0.007 231 
2.887 +0.015 222 





Cc | 
De Ne**(d,n)Na® 








* Calculated by using the mass values and uncertainties list by A. H. 
Wapstra, Physica 21, 367 (1955). 

> See reference 15. 

¢ Assumed due to Ne*?; see text. 


Threshold A is assigned'® to the Ne*(d,n)Na*! re- 
action since it indicates a state in Na*! at 1.46 Mev 
which is close to that of a known level® (1.73 Mev) in 
the mirror nucleus, Ne*!. Similarly, threshold C yields 
a Na* level at 2.426 Mev, mirror to a known Ne*! 
level (2.80 Mev); furthermore, the magnitude of this 
effect makes it almost certain that it is due to the 
most abundant (91%) isotope, Ne*. The thresholds 
B and D do not correspond to mirror levels if they are 
due to the Ne”(d,n)Na” reaction, and since these 
effects are small compared to threshold C, they are 
probably due to the Ne?*(d,n)Na™ reaction and have 
been listed accordingly in Table I. A further investiga- 
tion with enriched neon isotopes will be necessary to 
establish this point with certainty. 

In order to determine if all of these thresholds were 
due to neon, the gas was removed from the cell and 
the experiment repeated. Two weak thresholds, due to 
oxygen in the nickel foil, were observed. The magnitudes 
of these effects were too small to be observed when the 
neon bombardments were made. These measurements 
also served to obtain the background counting rates 
and these have been subtracted from the yield curves 
of Figs. 2 and 3. The background in the modified 
long counter amounted to about 30% over most of 
the energy range studied. The absolute cross sections 
are based on the long counter efficiencies previously 
measured,”~* and are probably accurate to about 40%. 

The neutron yield shown in Figs. 2 and 3 increases 
smoothly except for a few broad resonances up to the 
threshold for emission to the 2.43-Mev state. For 
energies above the threshold, the yield increases much 

16 This threshold appears to be a real effect and not associated 
with the nearby resonance although it is known® that resonances 
can affect the ratio curve when there are low-energy neutrons 
present. In the case of threshold A, however, there should be only 
two other neutron groups present, the ground state group and 
that to the first excited state (which as yet has not been detected 
with certainty). On the basis of the mirror levels in the Ne*, 
these groups should have an energy difference of only 350 kev 


and consequently there should be no neutrons present at the 
resonance with energies low enough to affect the ratio curve. 
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Fic. 4. Energy levels below 5 Mev in the mirror 
nuclei Ne# and Na”. 


more rapidly and strongly suggests that a large fraction 
of the neutrons emitted in the Ne”(d,n)Na*! reaction 
leave Na*! in the 2.43-Mev state. This effect has been 
observed in other (d,n) reactions when an intense 
threshold occurs near 2.2-2.5 Mev; the most pro- 
nounced case is found in the N(d,n)O™ reaction.? 
If thresholds B and D have been correctly assigned to 
the Ne**(d,n)Na®™ reaction, these thresholds must also , 
be rather intense since they appear to be as much as 
10% of the Ne**(d,n)Na”! threshold C and the abun- 
dance is only 9%. 

The energy levels which are known below 5 Mev in 
the mirror nuclei Ne*! and Na?! are shown in Fig. 4. 
The Na?! level at 2.43 Mev should affect the 
Ne”™(p,y)Na”! cross section at low energies much more 
strongly than will any other Na?! level, since it is 
bound by only 26+8 kev.’® 
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Nucleon Tunneling in N'‘+N" Reactions* 
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The tunneling process is considered as a partial explanation of observations by Reynolds and Zucker on the 
reactions N¥(N4,N)N!5 and N“(N*,C)0"5, The theory of reactions of this type is first formulated in 
reasonably general terms, employing a classical mechanics treatment of the motion of the colliding nuclei 
and of the reaction products. The starting point is a set of adiabatic (fixed centers of mass of heavy aggre- 
gates) wave functions, which is transformed to a related system of functions insuring a better initial con- 
vergence of the iteration procedure. The anisotropy of transfer inherent in the p-nucleon eigenfunctions is 
taken into account but finally eliminated by the consideration of extreme j-j coupling shell structure eigen- 
function assignments, as well as the spin and statistics of the nuclei. The effect of antisymmetrizing the 
wave function with respect to neutrons and protons in the incomplete shells is worked out. The relation of 
the angular distribution problem presented by the case of dominant Coulomb effects to a popular form of 
stripping theory is discussed, with the conclusion that the classical dynamics approximation to the motion 
of the colliding nuclei is adequate. The dependence of the total cross section on energy and of the differential 
cross section on angle, when compared with experiment, indicates the presence of another reaction mechanism 


participating especially at the lower energies. 





I. INTRODUCTION 


UCLEAR transfer reactions have been observed 

by Reynolds and Zucker,! Walker, Chackett, 
and Fremlin,? and by Farragi.’ The first of the three 
papers just quoted contains an account of quantitative 
measurements on the reactions N'*(N“,N™)N!® and 
N*(N4,C5)O!5, In the other work referred to above, 
the general nature of the reactions is ascertained or 
made probable, but the larger energy spread of the 
incident beam makes comparison with theoretical 
prediction, more difficult. In the present paper special 
attention is given, therefore, to the two reactions 
resulting from the bombardment of N“ by N". 

It has been pointed out by Breit, Hull, and Gluck- 
stern‘ that the transfer of a nucleon in reactions of this 
type should give information regarding the nucleon 
density at the nuclear surface, and the process con- 
sisting of the tunneling of nucleons through the region 
of negative kinetic energy beyond the nuclear surface 
should be amenable to reasonably precise calculation. 
The work reported on below has been carried out in 
order to see to what degree the tunneling process 
represents the whole situation. The combined evidence 
of the observations of the variation of the total cross 
section with energy and of the character of the angular 
distribution at different energies will be seen to leave 
little doubt about the insufficiency of the tunneling 
mechanism as an explanation of the whole phenomenon. 
The reaction yield does not depend on energy nearly 
as critically as the tunneling picture suggests, nor does 
the angular distribution show the expected sharp dip 


* This research was supported by the U. S. Atomic Energy 
Commission and by the Office of Ordnance Research, U. S. Army. 
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at 90° scattering angle. It has to be concluded therefore 
that another process is taking place in addition to the 
leakage of neutrons or protons through the regions of 
negative kinetic energy. The possibility that virtual 
state formation is responsible for the discrepancy will 
be discussed in another publication.°® 

The transfer of a nucleon between the two nuclei is 
treated in the semiclassical approximation® which has 
been successful in giving an approximate account of 
Coulomb excitation.’ The validity of the approximation 
is understandable as a result of the relatively large 
mass of the N™ nuclei which makes their wavelength 
short in comparison with the distance of closest 
approach. The work on Coulomb excitation shows 
furthermore that the agreement between classical and 
quantum-mechanical integrals is very much better than 
simple considerations on the basis of the JWKB method 
would lead one to expect. There are in fact compensa- 
tions* in the distribution of quantum-mechanical and 
classical densities which, when combined with the rela- 
tive smallness of the distance penetrated in the region 
of negative kinetic energy as compared with the distance 
of closest approach, contribute to the generality of this 
phenomenon. This expectation is corroborated by the 
presence of analytically established connections® between 
the integrals entering the theory of Coulomb excitation 
for cases of large angular momenta, as well as by the 
direct numerical comparison’ which has partly been 
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already mentioned. In the Coulomb excitation problem 
the principal error of the SCT (semiclassical treatment) 
lies in the employment of classical rather than quantum 
values of weighting factors, the errors in the radial 
integrals being of the order of one percent in typical 
cases. There appears to be no essential reason for 
expecting the present problem to differ from the case 
of Coulomb excitation in this respect, since the values 
of the parameters are no less favorable. 

The transfer reactions in N“+N" are characterized 
by the special circumstance of nearly equal binding 
energies of the last neutron in N“ and N™ and of the 
last proton in N™ and QO". The differences in these 
binding energies are only 0.3 Mev. The treatment of 
the transfer has to be adapted therefore to the calcu- 
lation of coupling effects which are peculiar to such 
cases. The calculations have been made by the following 
methods: (a) potential-well models for binding the 
nucleons, employing the method of a previous paper," 
with identical and nonidentical potential wells, (b) a 
treatment involving no specializations regarding the 
character of the forces to which the nucleon is subjected 
inside the nucleus, but relying instead on the employ- 
ment of information regarding the radial logarithmic 
derivative of the wave function at the nuclear surface. 
The two treatments give nearly the same energy de- 
pendence. Treatment (b) will be presented first. 
Numerical results based on a potential-well model 
treatment will then be given. 

In Sec. II adiabatic functions suitable for the present 
and allied problems are introduced. Two transfer 
functions called h,, h_ are defined for neutrons and the 
transfer equations are worked out in terms of general 
properties of the wave functions. Quantities P,, P_ 
interpretable as potential barrier penetrabilities are 
defined in this connection. The special circumstance of 
approximate equality of binding energy of the trans- 
ferred neutron and the associated resonance phe- 
nomenon are then considered. In Sec. III the appli- 
cation of adiabatic functions to the transfer problem is 
discussed together with the role of anistropy caused by 
different barrier penetrabilities of the sublevels of 
degenerate states. The convergence of a calculation 
based on adiabatic functions is then examined with the 
conclusion that for the resonance case it is often poor. 
Derived functions @, # having more pronounced space 
localization and insuring more rapid convergence of 
iterations are introduced. The resultant equations 
describing transfer are interpreted in terms of the 
energy matrix in the reference system of the localized 
functions. These could have been set up at the beginning, 
but the relations of the method to that of adiabatic 
functions would not have been clear and the possibility 
of introducing the transfer functions h,, h_ would have 
been more difficult to discuss. In the presentation as it 
stands, the starting point is concerned with stationary 


1 G. Breit, Phys. Rev. 102, 549 (1956). 
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states for fixed positions of the centers of mass of the 
heavy aggregates and the remainder of the discussion 
involves straightforward transformations. The reduc- 
tion to the energy-matrix type of equation such as Eq. 
(11) involves dropping a small term considered in rela- 
tion to Eq. (10.4). Complications arising from the 
rotation of the anisotropy axis with respect to the 
laboratory system are not discussed because the special 
values of spins and the extreme j-j coupling nucleon 
configuration assignments make the transfer function 
isotropic, as shown in Sec. IV. 

Here the spin-orbital combinations are considered in 
detail and so is the effect of the antisymmetry of the 
wave function in the neutrons of both nuclei. The rela- 
tive probabilities of the transfer taking place from 
incident states of total spin 1 and 0 are also worked 
out here. It is found that the transfer functions are 
isotropic even though they would have been anisotropic 
for the transfer of a single p-neutron bound to a spinless 
core in the initial and final nuclei. The dependence of 
the barrier penetrability on the distance between the 
colliding nuclei turns out to be the same as though the 
neutron were in an s state, as is seen in Eq. (15.7). The 
role of the identity of the colliding nitrogen nuclei is 
taken up next and the effect of antisymmetry on wave 
functions ¥,“ unsymmetrized with respect to the 
valence nucleons which are contained in the two nitrogen 
nuclei is considered. This is done in relation to Eq. 
(16.4). The effect is found to be represented by a factor 
2 in the cross section and is related to a similar factor 2 
arising in the fictitious case of two C® nuclei considered 
as having, first, nonidentical, and second, identical C” 
cores. The section ends with taking into account wave 
function antisymmetry on the general form of the 
angular distribution function in terms of that for non- 
identical particles. 

In Sec. V the angular distribution of the reaction 
products is calculated in an approximate manner. The 
characteristic differences between the heavy-particle 
case of the nitrogen reactions and the light-particle 
case of (d,p) reactions are first considered. It is shown 
that the forward pattern of usual stripping theory is of 
minor importance in the heavy-particle case. On the 
other hand, there appears a maximum in the backward 
direction in the case of nonidentical particles. The rela- 
tionship between the matrix element type of calculation 
employing ingoing and outgoing wave modifications of 
the incident and final waves to the semiclassical theory 
is examined, and the effect of the strong Coulomb repul- 
sion between the heavy particles is brought into evi- 
dence in connection with Eqs. (17) to (18). After this 
justification of the employment of the semiclassical 
approximation, the relationship of the two methods is 
considered in more detail for the special case of the 
Coulomb field in relation to Eqs. (18.3) to (18.8) and 
from a more general standpoint in Eqs. (19) to (19.4). 
The semiclassical method is adopted from here on, and 
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the angular distribution is worked out as in Eqs. (20) 
to (23.1). 

In Sec. VI the final reductions for comparison with 
experiment are made, the variation of yield with energy 
is worked out, and the angular distribution is calculated. 
The comparison between neutron and proton transfer 
is made here on an approximate basis. It is concluded 
that the tunneling process is insufficient as a complete 
explanation of the observations. 


Notation 


The following is a list of the more important symbols 
in approximate order of occurrence. 


x, y, = coordinates of nucleon (neutron or proton) with 
respect to /eft nucleus. 

r= (2+ y?-+-2°)!, 

R= distance between heavy particles. 

S=surface of nucleus. 

(x’,y’,2’)=coordinates of nucleon referred to right 
nucleus. 

= (a:’2--y’2-4 2/2)4, 

h_ and h4=radial parts of nucleon wave function. 

u=nucleon wave function outside the nuclei (w= A,h,. 
+A_h_). 

Ly= dhy,/hy4dr; |= dhe_/he_dr. 

P,= hy,/hes, P_= ho_/hy. 

a; is defined in relation to (A—a?)y=0. 

aa; if a1 = aA2= a3. 

q=aR. 

A= [a(_—- [,)/d(a?) ], (a=ao). 

A= [a (fo4.— I.) /d (a?) |, (a=ay). 

Bi= — (hi4/hs_-) (i4—h_)/M1. 

Bo= — (hto_/ha,) (to_-—l24)/Az. 

A= 103 (a10?—ava0?) +67 }*| . 

a,=A,Br4, a=A_ pr. 

B= (8182). 

6 is defined by tan6=a,/a_. 

X= (a0? —a207)/ (28). 

yi= (G-— his) /aa, Yo= (Lop —Ea_)/ro. 

u= wave function corresponding to u. 

Gs Qty ***Qny ***Yntm, *** are general coordinates. 

¥1, ¥2= wave functions for isolated nuclei (y; for N", 
v2 for N"). 

W= wave function of the whole system. 

¢1= wave function of residual nucleus (N"). 

¢2= wave function of capturing nucleus (N") before 
neutron entry. 

N, Ni, N2, Nu, N»= normalization factors for V, ¥1, P2, 
u, 0. 

u=uc—vs, s=sind. 

d=us+vc, c= cos. 

Yu, Y= functions y corresponding to @ and 3. 

d,, 4,= coefficients of a and # appearing in y. 

E,, E,, E., E,=energy eigenvalues corresponding to 
u, 0, U, Dd. 

I;, I7=total spin of incident and product nuclei, re- 
spectively. 
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AL, hL;=relative orbital angular momentum before 
and after the collision. 

m4, ¥=p! wave functions of proton and neutron, re- 
spectively. 

Xm’=spin functions of jth nucleus, m indexing the 
component along the z axis. 

(1)m, 0o= spin 1 and spin 0 functions for the initial state. 

Sm, So=spin 1 and spin 0 states of two neutrons. 

Qmny Smn= antisymmetric and symmetric combinations 
of orbital wave functions. 

v,/, V;Y =unsymmetrized initial and final state wave 
functions. 

v,;5, YA =symmetrized initial and final state wave 
functions. 

I= factor of exponential in Coulomb wave. 

k=2m times the wave number of the appropriate par- 
ticle, as indicated by a subscript. 

P subscript refers to N® part of incident particle. 

D subscript refers to whole bombarding particle. 

T subscript refers to the target (N™) nucleus. 

£= internal coordinates of N™ or target. 

In, Sn=spatial and spin coordinates of neutron. 

x=functions describing internal relative motion [in 
Eq. (17.4) ]. 

6=scattering angle in c.m. system. 

€, w=parameters of the classical orbit for the initial 
State. 

n=e/hv. 

x°, y°, x7°, ye°= coordinates convenient for the descrip- 
tion of the classical orbits of initial and final state. 

E,=minimum bombarding energy for contact of nuclei. 

hw= E,— EB, 

go= coordinates of nucleon transferred [in (26)-(27) ]. 

h_=radial factor of wave function occurring in (7.1), 
not necessarily for eigenenergy. 

(W1*) s= average value of wave function on S. 

x= 2m times the wave number of particle in the nucleus. 

7», 7,= total cross sections for the transfer of proton 
and neutron, respectively. 


II. ADIABATIC FUNCTIONS 


The calculation will be made in terms of adiabatic 
wave functions corresponding to stationary positions 
of the heavy particles and a neutron or proton tunneling 
between them. Recoil actions on the heavy aggregates 
are neglected. The only adiabatic functions taken into 
account are those corresponding to the ground states 
of the colliding nuclei before collision and to the reaction 
products after the collision. It will be seen that the 
calculation is very similar to one in terms of the energy 
matrix referred to unperturbed initial and final states. 

The adiabatic functions will be introduced first for 
a simplified case in which the spins of the particles are 
not considered. The two heavy fragments, a distance R 
apart, are exchanging a nucleon, the displacements of 
which from the centers of the aggregates having centers 
at O and O’ are denoted, respectively, by r and r’. For 
large values of R, and neglecting the effect of the 
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Coulomb field on the nucleon the p-nucleon wave 
functions outside the left nucleus have the form 


zy svi 1 
(- a -) <a J (1) 
r¢rriiar (ar)? 


where a is determined by the binding energy of the 
nucleon as will be discussed more fully later. The 
direction of the z axis is from O’ to O as in Fig. 1. As 
O’ approaches O, this wave function becomes affected 
by the proximity of O’. For any R, there are three 
eigenstates arising from the three functions listed in 
(1) in the process of adiabatic transformation. For any 
one of these states, the system of nucleons moving 
about the fixed centers O and O’ has a definite energy. 
When the neutron is at a point such as » in Fig. 1 in 
the space between the heavy nuclei, the latter are in 
their ground states, such as the ground states of N™ 
and N"™ in the transfer of a neutron from N"“ to N", 
and their energy is well defined. The neutron energy is 
thus well defined also as the difference between the 
total energy and the sum of the ground state energies 
of N® and of N“. The wave equation for the neutron in 
the space between the heavy nuclei thus has the form 


(A—a2)¥=0, (i=1, 2, 3) (1.1) 


where the a; have, in general, different values for the 
states arising from the three functions listed in Eq. (1), 
the differences in the a; arising from the energy dif- 
ferences of the three states. Each of these three functions 
can be analyzed in terms of spherical harmonics on S’, 
and therefore in terms of solutions of Eq. (1.1) corre- 
sponding to definite values of the orbital angular 
moment about O’. Calculation shows that the p parts 
of such an analysis are, respectively, 


oa 1 } (= 
L aR (aR)? 3 

-3(") ache | Peete }(2) 
27 aR(ar’)'|L aR (aR)? & 


E 2 2 Z 
bic-O) 
LL (aR)? r’ 


The three p states of O thus become coupled to three p 
states of O’. There are accordingly six adiabatic states, 
one pair of such states arising from each pair of states 
characterized by angular functions x/r, x’/r’ in the 
decoupled condition. It is useful to introduce the coef- 
ficients of the angular functions x/r and x’/r’ as follows: 








h2(S)=h(S)=h-“(8)=| — 


1 
— exp(—ar), (1.3) 


ar (ar)? 


h_*(S')=h»(S')=3 (4/2), (ar’)/(ar’)*) 


XL (1/q*)+(1/¢*) Je, (1.3’) 
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with 


g=aR, (1.4) 


h_*(S’)=—3(m/2)§[1y(ar’)/(ar’)*] 


XL(1/q)+ (2/9?) + (2/9) Je, (1.5) 


and also 


hy*(S") =hy"(S’) =hy*(S’) 


eae 
” [+] exp(—ar’), 


ar’ (ar’)? 


(1.6) 


h,(S) =h,¥(S)=3(x/2) {Ty (ar)/(ar)*] 
XL(1/9?)+ (1/¢°) Je, 

h,?(S) = —3(/2)'[I;(ar)/(ar)*) 
XL(1/q)+ (2/q) + (2/¢*) Je-*. 


(1.7) 


(1.8) 


The designations S, S’ show at which surface the ex- 
pression is convenient to use. The primary definition of 
the h_ is in Eq. (1.3), that of the h, in (1.6). Equations 
(1.3), (1.7), (1.8) are not literally correct but are 
restricted to the coupling of p states. 

If the coupling takes place without changing the 
configuration assignment of the particles inside S and 
S’, then the neutron state between S and S’ can be 
described as a linear combination of h_ and a corre- 
sponding 4,. The boundary condition at r= is 
satisfied by this choice provided the primary meaning 
of h_ or h,. is understood. At S and S’ the linear com- 
bination must now be joined smoothly to the internal 
functions. The form of the conditions on the linear 
combinations obtained in this manner is independent 
of whether one is dealing with h7, h¥, or h? and the 
specification of the h_, hy pair of functions may be 
omitted therefore for the present. 

The combination of radial factors at S and S’ may 
thus be written symbolically in the form 


u=A.h,+A_h_, (2) 


and the conditions on the radial logarithmic derivatives 
[ at S and S’ give 
A_/A,= _ (A14/h_) (L4- 1,)/ (_- L) 

= — (ho, /he_-)(l4.—b)/(le-—-le), (2.1) 
where 
hy_=h_(r), (at S) 
ho=h_(r’), (at S’) 


[._ = dhy_/h»_dr’. 


(2.2) 
(2.3) 
(2.4) 


hi =hy (r), 
ho, =h (r’), 
b4=dh,/h4dr, ---, 


The quantities [;, I, are, respectively, the logarithmic 
derivatives of the radial function with respect tor at S 
and 7’ at S’. From Eq. (2.1) it follows that 


(L_—hh) (lap — le) = Py P- (h4—l)(b-—-b), (3) 


where 
(3.1) 


P= hy/hex, P_=ho/hv. 
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The quantity P, is a measure of barrier penetration 
for a wave function starting on the right nucleus, while 
P_ is a similar measure for a function starting at the 
left nucleus. The logarithmic derivatives [, and I, are 
determined by the boundary conditions for the other 
nucleons and by the energy. It is supposed that the 
wave function for which two nucleons have left the 
interior of S and are interacting with the nucleons 
inside S’ is negligible. The reason for doing so is that 
the penetration factors enter to a higher order for such 
interactions. It is also supposed that the tunneling 
effect is sufficiently weak to make it unnecessary to 
take into account more than first order changes in the 
logarithmic derivatives with energy. The energy of the 
coupled states is determined by Eq. (3). If the nuclei 
are very far apart, P;= P_=O and there are then the 
obvious solutions corresponding to =I, and [p=I2,. 
For the first of these the nucleon is attached to S, for 
the second to S’, and the values of a are accordingly 
those corresponding to a neutron escaping from S$ with 
an energy equal to the binding energy of the neutron” 
leaving S. 

In the case of the N'*+ N" transfer reactions the two 
roots of Eq. (3) are close together, the binding energies 
of the last neutron being nearly the same in N“ and N"®. 
There is therefore a non-negligible resonance effect 
between the states originating in the conditions [,=[,_ 
and [,=I.,. The adiabatic wave functions are also 
affected by this type of resonance and approximations 
to these wave functions may be worked out as follows. 
When one drops higher than first-order effects of energy 
changes on the [, Eq. (3) becomes 


(a? —a107) (a? —ar20?) AAP P_(Li4—L) (p_—e), (4) 


where 


A= [0(4-—h)/a(@?)], 
h2o=[0(L24—2)/9(?) J, 
and ao, ao are determined by 
1,—L_=0, 
I,—[2,=0. 


(4.1) 
(4.2) 


(a=ao) 


(a=az9) 


(4.3) 
(4.4) 


(a= a0) 


(a=a9). 








Fic. 1. Sketch illustrating choice of coordinates. Here r and r’ 
are the position vectors of the neutron m relative to the centers of 
the nuclei, O and O’, respectively. The nuclear surfaces are desig- 
nated by S and S’. The nuclear centers lie on the z axis, and are 
separated by a distance R. 


2 The binding energy (= —tightness of binding), is used here 
as a negative number for a stable nucleus. 


IN Ni 


+ N'!* REACTIONS 683 


Introducing 
(4.5) 


(4.6) 


Bi=— (hay /ir_) (h4—h_)/m, 
B2= _ (ho_/he+) (f,_— 124) /da, 


and 


a_=A_B,"}, (4.7) 


the joining conditions expressed by Eq. (2.1) take the 
form 


(a2?—a?)a,+Ba_=0, Bayt (ay’?—a*)a_=0, 
with 
B= (B;82)!;  B?= (PsP_/Ad2) (Li4—L_) (le_—Te,). (4.9) 
It follows from Eq. (4.8) that 
(a?— 10") (a?— a9”) — 8? = 0. (5) 


According to the second of the two forms for 6 in Eq. 
(4.9), this quantity is reasonably sensitive to @ since 
it contains the barrier penetrabilities. It is nevertheless 
useful to solve Eq. (5) for a’, treating 8 as a parameter 
because an approximate value of a can be used in 8 
and the result improved by iteration. The roots of Eq. 
(5) for a? will be called a;* and a,”, the choice of sub- 
scripts being made such that as 6? decreases to zero, a,” 
approaches ayo” and a” approaches a”. Explicitly, 


ay = $ (ayo? +a?) +A, 
a” = } (ayo? +a20°) — A, 
a= 3 (ar19°? ++.a120") wets A, 


ay” = 3 (aro? arn”) +A. 


a= A Br, 


(4.8) 


(e119 > 20°) (5.1) 


while 


(a2? > aio") (5.2) 


Here 
A= | [4 (a1? —a29?)?+8? }!] . (5.3) 
With these definitions, Eq. (4.8) gives 


a,/a_=tané, (a=a}) 


a,/a_=—cot@, (a=az) 
with 


26=arctan[_28/ (a10?— a0”) |. 
All conditions of coupling are represented by varying 6 


in the range —7/4<0<7/4. These ranges correspond 
to the forms 


tand= —x+ (1+ ’)!, 
tand=— — (1+ ?)!, 


(10? > a20°) 


5.7 
(110? <arg0") at 
with 


x= (210° — a9”) / (28). (5.8) 


The angle @ is the angle of rotation of the principal axes 
for a”. 

Without approximations the ratio of the radial wave 
functions at the nuclear surfaces, u(r’)/u(r), may be 
represented by 


1 L_—-|, 


u(r’) Li —b 
— =P nen, 


lu—-l 





u(r) lo —Io_ “feb P, [,_—lI, 
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Since [,_—l, involves P,P_ when 1,1), the last of 

these forms shows that in this case u(r’)<au(r) for weak 

penetration. In the approximation of Eqs. (4) to (5), 
u(r’) viP_\! y2 tan6+8 
ee 
u(r) 


B tand+7: 
u(r’) (~) Y2—8 tand 


(6.1) 
yoP +. 


u(r) 
Ti™= (_—b) M1, 


(6.2) 


—, (a=a2) 
y2P,7 B—y, tané 
with 

7 (f25—[o_)/Ao. (6.3) 
For 6=7/4, the root a; gives a symmetric function 
in the sense that a,=a_, while a2 gives an antisymmetric 
u. For 6= —2/4, the roles of the symmetric and anti- 
symmetric functions with respect to a and az are 
reversed. 

The normalization of the wave function is determined 
by the integrals over the configuration space of all the 
particles. It is impractical to calculate it on account of 
the difficulty of the many-body problem. However, it 
is possible to introduce the integrals for isolated nuclei 
as parameters and to express the normalization integral 
of the adiabatic wave function in terms of the nor- 
malization integrals of separated nuclei. The latter are 
of the same type as those which enter the theory of 
reactions caused by neutron bombardment, but the 
energy is so different in the present case that a truly 
quantitative use of data on neutron-induced reactions 
is also very difficult. In the space outside both S and 5S’ 
and for a=ay, 


u=N,[ (y2/P+)*(hs/he,) sind 
+ (y1/P_)*(h_/hy_) cos6]. 


The corresponding formula for a=az2 is obtained by the 
replacements u— v7, N,—N,, 6—42+86. It is im- 
portant to use here the primary meaning of h_ and h,, 
viz. that of Eqs. (1.3) and (1.6) rather than the values 
which are convenient for joining purposes only, such as 
in Eq. (1.3). The wave function corresponding to u is 


Yu= Null. (¥2/Ps)*(x'/r’) (hs. /he,) sin8 
+ (y1/P_)*(x/r)(h_/hy_) cos0], 


a specialization to one of the three directions of the p 
state having been made. The part of the above ex- 
pression containing 4_/h,;— would join smoothly to the 
internal function inside S if it were not for the changed 
energy. For reasonably large R this change is small and 
may then be neglected. For isolated nuclei the wave 
functions will be denoted by y¥; and yo, the function y; 
referring to the nucleus containing the neutron before 
capture (N") and y-2 to the nucleus which the neutron 
enters after capture (N'®). The coordinates of the 
neutron will be denoted collectively by g, the coordi- 
nates of other nucleons in the first nucleus by qi, go, 
-+*, gn, and the coordinates of other nucleons in the 
second nucleus by gni1, Gn+2, ***; Ynt+m- Lhe wave func- 


(6.4) 


(6.5) 
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tions ¥; and y will be normalized by 
f ¥1°dqdqidqo- - -dqn 
= f vetdadanssdgnss 5 *dnim= 1. (7) 


Considering the wave functions with angular depend- 
ence x/r and x’/r’, and extending them beyond the 
nuclear radii by continuation employing the Schroe- 
dinger equation for each nucleus, the functions ¥ and 
v2 assume the forms 


¥i=Ni(x/r)[h_(r)/hi—Jer(q1,°**5Qn), (> a1) 


y= N2(x" ‘hs. (r’)/hos ]e2( Gn. he ded Masa), 
(r’> a2) (7.2) 


the first of which applies when the neutron has left the 
first nucleus, the second when the second nucleus has 
been dissociated. The nuclear radii for nuclei 1 and 2 
are denoted by a; and ae, respectively. The wave 
function of the residual nucleus (N") left by the neutron 
is called ¢, while g2 is the function of the capturing 
nucleus (N"™) before it has been entered by the neutron. 
The wave function of the whole system is 


(7.1) 


W=WV (G5 91,925" * Inj Yngiy* **sQntm)s (7.3) 


and it has to be normalized by 


(7.4) 


J vada: *dgndgnyr***Egnim= 1. 


Since the nuclear surfaces S and S’ do not intersect, 
the configuration space can be divided into three parts 
according to the three possibilities : 


(I) r<a,, (II) r’<a., (IIL) r>aq, r’>a. 


Region (I) corresponds to the condition before escape, 
II to that after capture, III to the tunneling stage. In 
accordance with Eq. (6.5), one has for region ITI, 


(in III) (7.5) 


where by w is meant the expression in Eq. (6.5). The 
two parts of y corresponding to the two terms in 
brackets in Eq. (6.5) give rise to two parts of Y which 
can be joined smoothly to constant multiples of yi¢g2 
and of Ye¢i, respectively, making use of Eqs. (7.1), 
(7.2). One has thus 


v= (N/N1)(y1/P_)* cosige, 
v= (N/N2) (y2 /P,)3 sinte¢1. 
The normalization condition on N is accordingly ob- 
tainable by direct substitution of Y into the normaliza- 


tion integral by means of Eqs. (7.5) and (7.6). In this 
calculation, there occurs the integral of 


(x/ 1) orLh- (r)/h -/ 


V=Ve¢i¢r, 


(r <a) 


<a) (7.6) 
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over the region outside both S and S’. Since the main 
interest is in appreciable nuclear separations R and 
since r is the distance from the center of S to the 
neutron, this integral may be approximated by extend- 
ing the integration over all of the space outside S. 
Similarly the integral containing (x’/r’)? can be ap- 
proximated by extending the integration over all of the 
space outside S’. These approximations result in the 
occurrence of the same combinations as occur in 
integrating y,° and y.* over their configuration space. 
The energy of the adiabatic state is only slightly dif- 
ferent from the energies of the isolated nuclei, and 
therefore only a small error is made by replacing the 
combinations by unity. The normalization condition 
thus becomes 


1/N?= (y:1/N °P_) cos*0+ (y2/N2P,) sin’0 
+2(yi72/P,P_)! sin6 cosé 


xf (xx"hyh_/rr'he,hy)dg, (8) 
Il 


where subscript III on the integral means that it is 
extended over r>a, and r’>4a, the space outside both 
Sand S’. The normalization conditions on y and 2 give 


we=[1— ff vind . tga) / (sh. /rin J, (8.1) 
I 
we-[1- f v2dgqdgqn41° . Agen] / 
I 


fh ng). (8.2) 


Here the subscripts I and IT refer to the regions defined 
just before Eq. (7.5), and the integrals in the de- 
nominators of Eqs. (8.1) and (8.2) are taken over the 
space outside S and S’ respectively. Since the integral 
in Eq. (8) vanishes for large internuclear distances and 
since its value depends on the existence of an overlap 
of hy and h_, the first two terms are usually a good 
approximation to the value of 1/N?. 


Ill. TRANSFER IN TERMS OF ADIABATIC 
AND FIXED FUNCTIONS 

So far the adiabatic functions have been considered 
without bringing in the changes which occur as a result 
of the relative motion of the nuclei. The following 
special circumstances enter. (a) The particle transferred 
is in a ~; state. The functions h_, hy of the preceding 
section differ for the three possible p states. There is 
thus an anisotropy of transmission depending on the 
orientation of the axis of angular dependence with 
respect to the internuclear line. (b) On account of the 
anisotropy, it is necessary to distinguish between the 
adiabatic wave functions in the laboratory coordinate 
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system and in the coordinate system whose z axis 
rotates with the internuclear line. If the transfer were 
that of a spinless neutron uncoupled to other nucleons, 
the distinction between the two coordinate systems 
would have been important. (c) The probable nuclear 
configurations of N® and N* on the 7-7 coupling model 
re-establish isotropy of the transfer as will be seen 
presently. 

For these reasons, the details of distinctions between 
stationary and rotating systems for anisotropic transfer 
are not needed for the immediate application. It is 
necessary, however, to discuss the solution of the 
equations resulting from expressing the wave function 
in terms of adiabatic functions. According to Eqs. (5.4) 
and (5.5), there are two adiabatic functions arising out 
of the two states being coupled by tunneling. The 
radial factor for one of them is as in Eq. (6.4). That for 
the second is obtainable by changing 6 — $+ and is 
therefore 


v= NL (y2/P+)3(h4/h2) cosd 


— (y1/P_)'(h_/hy_) sind]. 6.4’) 


This expression is symbolic oniy, the angular dependence 
being omitted. The corresponding wave function in the 
space between the nuclei is 


Yo= Nol (y2/P+)*(x/r) (h4./h24) cosd 
— (y1/P_)*(x’/r') (h_/hi_) sind). 


The difference in the energy of y,, and y, produces only 
a slight effect on the space dependence of h,/ho, and 
h_/hy and will be neglected. It will be assumed that 
for any R one may approximate 


Y=dutayr, (9) 


i.e., the entrance of other states is assumed to be unim- 
portant. Substitution of y into the wave equation gives 
two simultaneous equations connecting dy, @,, da,/dt, 
and da,/dt. Before the collision, while the neutron is in 
nucleus 1 and while 6=0, a,=0. One would be tempted 
to solve the equations on the assumption that | a,/a,,|<«1 
throughout the collision. Such an assumption is not 
justifiable, however, in the general case. An obvious 
exception to it is formed in the case of complete de- 
generacy for which a;o=a29 so that @= 2/4. In this case 
the adiabatic functions y, and y, do not correspond to 
localization of the neutron in one or another nucleus. 
For any other case, however, R—> © gives B=0 and 
localization results according to Eq. (5.6). Nevertheless, 
if the nuclei are close enough to make 


Ix|«1, 


(6.5’) 


(9.1) 


the adiabatic functions become essentially like those for 
exact degeneracy and the neutron is not even approxi- 
mately localized in one of the nuclei. This condition can 
be obtained even if 6 is very small by making | a0? —a20?| 
small enough. If |a,| were 1 during the collision, 


one would obtain, therefore, a practically 50% prob- 
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ability of transfer close to the perihelion which would 
decrease again at the end of the orbit. This is obviously 
not the case, and the assumption |a,,|=1 cannot be 
generally applicable therefore. Accordingly |a,| is not 
in general <1, and successive approximations arranged 
with a,=0 as the starting approximation do not neces- 
sarily converge rapidly. These circumstances enter only 
if there is approximate resonance and the important 
parameter is x. Estimates show that in the case of the 
N“+N" reaction, |a,/a,|«1 for E=10 Mev but that 
this approximation is not applicable for E=15 Mev. 
For these reasons, the successive approximations will 
be arranged in terms of such linear combinations of 
adiabatic functions as to make them correspond to the 
nucleons being mostly in one or the other nucleus 
throughout the collision. This part of the calculation is 
appreciably simplified if it is assumed that 
Nu=N,. 


v1=Y72; (9.2) 


Since in the application one would have difficulty in 
assigning values to differences of these quantities, the 
more complicated general formulas will be omitted. 
Instead of u and 2, the functions 


u=uc—vs, d=us+vre, (9.3) 
with 
(9.4) 


s=sin#, c=cos6 


will be used. The @ and 0d correspond to the neutron 
being very nearly in the left and right nuclei, respec- 
tively. The functions y corresponding to @ and #6 will 
be called y, and y,, respectively. Instead of (9), one has 


V=G4.4 Go, (10) 
so that 
(10.1) 


Gyu=AyC—Ay8, A =a,8+a,c. 


Substitution in the wave equation gives 


P Ov 1 
day/at+4a,+R( 1 — a+ (Ea E,) 86 
aR h 


1 
ale ae = 0, 


: dv a 
da,/di—64,,— #( — ict (East+Ee0, 
OR h 


i 
Ta eee 8, 


where E, and E, are the energy eigenvalues corre- 
sponding to the adiabatic functions wand», respectively. 
The orthogonality of « and v has been made use of in 
obtaining (10.2) to set (u, dvx/98R)=— (du/AR, v). Both 
u and v have been taken to be real since the p functions 
can always be chosen in this manner. From (9.3) one 
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obtains 


00/00=—u, (u, dv/d0)=—1, 


and hence, 
2 Ov 
14 (u—)=( u, 6) = (« @- R— —), (10.4) 
aR oR 00 
where Dv/DR takes into account variations of the adi- 
abatic function taking place apart from @. Since this 
leaves only the slight changes in &@ and 6 caused by 
energy dependence, these terms are very small and will 


be neglected. One obtains thus from (10.2) 


(10.3) 


i 
da./dt-+- UE) +4 (E,— E,) cos20 ]d, 


i 
+—(E,—E,) sin26a,=0, 
2h 
(10.5) 


i 
d8,/dt-+{Xe) —}(E,—E,) cos20]4, 
a 


+—(E,—E,) sin264,=0, 
2h 


with 


(E)=(E,+E,)/2. (10.6) 


Employment of Eqs. (5) to (5.3) in (10.5) gives 


ear ih 
(- +8. a, ——6i,=0, 
dt h 2M 


"fe oe ih 
—+-B. )a.—— 84, =(), 
dt h 


4 


with 


E,=—(/2M)axe, B,=— (h®/2M)az*, 


where £ is as in Eq. (4.9). Equation (11) suggests the 
interpretation that the energy matrix in the reference 
system of @ and 0 has the diagonal elements E,, and 
E,, its nondiagonal element being — (#?/2M)8. Equa- 
tion (11) is simpler to use than corresponding relations 
in terms of adiabatic functions. The reason for intro- 
ducing the latter is that they give a derivation of 8 and 
also that it appeared useful to demonstrate that a 
consistent use of adiabatic functions combined with 
consideration of convergence leads to the consideration 
of the energy matrix with respect to unperturbed 
functions in separate nuclei. It should be pointed out 
that the choice of the y,, Y, in preference to ¥,, ¥, has 
been made without a real proof regarding the functions 
¥., ¥» being the best for securing rapid convergence, the 
considerations being largely intuitive in this con- 
nection. The usefulness of the adiabatic functions in 
deriving 6 has been that considerations regarding 
joining of functions are natural in a calculation of 
energy levels for stationary nuclei and that these 
considerations simplify the calculation of 8. 


(11.1) 
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In extending Eq. (11) to the case of spin coupling 
and coupling to other nucleons in the two nuclei, it 
will suffice to consider the modifications in the energy 
matrix caused by the introduction of these changes in 
the wave function. It may be noted here that a treat- 
ment in terms of adiabatic wave functions constructed 
from the integral equation, as proposed previously," 
leads to the same final results. This treatment will be 
discussed in a separate publication.” 


IV. EFFECT OF SPIN AND OTHER COUPLINGS 


Since N"™ obeys Einstein-Bose statistics, the initial 
states have total nuclear spin J;=0 or 2 for even Li, 
and spin 1 for odd L;. Here L:# denotes the angular 
momentum of relative motion of the nitrogens before 
the collision. Denoting similarly the relative orbital 
angular momentum after the collision by Lh and the 
total spin of product nuclei by J;, combined require- 
ments of conservation of total angular momentum Jh 
and of parity restrict the possibilities to those listed in 
Table I. The general selection rules are seen to allow 
changes of relative orbital angular momentum L by 
AL=0, +2. The possibilities are more severely re- 
stricted if a specific model for the nuclei is used. Referring 
to protons by the letter 7, to neutrons by », to p 
single-particle functions by p, and designating the total 
angular momentum in units # by a subscript, it is 
convenient to introduce single-particle functions 


(p"))-=v-. 
(12) 


Here subscripts + and — refer to the sign of the pro- 
jection on the axis of quantization of the angular 
momentum of a particle in a p; state. The p-shell 
neutron configurations of N™, N™, and N!* will be taken 
to be (p3)*, (p1)*ps, and (p;)*(p;)®, respectively, and a 
similar assignment of proton wave functions will be 
used. This assumes that transfer takes place to the 
ground state. It appears very probable” that pure j-j 
coupling does not apply to these nuclei. The qualitative 
features of the angular distribution curve, viz., the 
strong peaks in the forward and backward directions, 
should not be affected by intermediate coupling since 
they are caused primarily by the presence of the factor 
exp[ — 2a(R—2a)] which is present for all tunneling 
processes, and do not depend much on the powers of 
1/R which are affected by assumptions regarding the 
coupling. Disregarding particles in closed shells, the 
incident conditions of the two nuclei are described by 
the functions 


(p%)4=74, (P% =m, (Ps )4=%4, 


(x41,x40,x41) = (wi,v’,, [wi, vi_+ni_vi, )/V2, m_vi_), 
(j=1,2) (12.1) 
13M. E. Ebel (to be published). 


4D). R. Inglis, Revs. Modern Phys. 25, 390 (1953) ; B. Jancovici 
and I. Talmi, Phys. Rev. 95, 289 (1954). 
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TABLE I. Values of L; allowed by conservation of J 
and of parity. 








Even Li Odd Li 
0 1 } 1 J 
L; Li 
L;+2, Li 





Ly 
Ly, Li;-2 Ly+1 


L;, L:-—2 
Lix2, Li 
L;+2, L; 


L; Ly 
L;+2,L; Ly-1 








corresponding to spin 1 for each N"™. In the final state 
the neutrons in N'* form a closed shell and, referring to 
N" as the second nucleus, the N® contains the proton 
m while N!® contains 7’, v', and v*. For fixed centers of 
mass of the nitrogens, there are four final state functions 


(m',9*,, [ol ye?_-+-m!_a*, | v2, w'_1*_) 
X yr, v2 = (1/1, 1%, 1/_1), 


[9 — a! ](P',v?@_—p_v*,)/2=M%, 


(12.2) 
(12.3) 


the first three giving total spin 1, the last spin 0, and 
spin projection being indicated by a subscript. Since 
the functions v!,, v'_ refer to different situations before 
and after collision, the functions after collision are 
denoted by #. Since the nitrogen nuclei are heavy in 
comparison with the neutron, the exchange of linear 
momentum when the neutron is leaving or is absorbed 
by a nucleus is relatively small and the orbital angular 
momentum of the heavy particles is approximately 
unchanged. Formally the same may be seen from the 
fact that the Hamiltonian of three mass points with 
masses m3, <M, M2 and potential energy V;(r13) 
+V(r23) commutes with the relative angular mo- 
mentum operator of M, and M». On account of the 
presence of R2—R,; in the physically important operators 
representing relative motion of M,+mzs with respect 
to M; and of M; with respect to M2+mz, these operators 
do not exactly commute with the Hamiltonian and 
some exchange of orbital angular momentum is ex- 
pected for the more distant collisions. In these cases the 
large lever arm increases the importance of the small 
exchange of linear momentum. Since the tunneling 
effect decreases rapidly with distance, this angular 
momentum transfer will be neglected. The conserva- 
tion of total angular momentum now implies that 
the sum of nuclear spins be conserved because it 
commutes with the Hamiltonian in the same approx- 
imation. It is unnecessary to consider therefore the 
states with initial nuclear spin 2 because this spin 
cannot be reproduced by the final available values 
of 0 and 1. It may be noted, however, that at 
low bombarding energies the approximation used is 
more questionable, distant collisions being then rela- 
tively more important, and that the arguments given 
do not exclude the possibility of an increased importance 
of incident states with total spin 2 at low energies. 
Estimates indicate, however, that for 10-Mev bom- 
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barding energy such effects are not serious. The 
incident-state spin functions are 


(1)1= Odio xox? D/V2,  (Do= OP x") /V2, 
(1)a= (x4ox*-1—x'-1x°0) /V2, (12.4) 


(O)o= O71 — x4 0x70 + x11x71)/N3, (12.5) 


the values of the spin and its projection being indicated 
in parentheses and as a projection, respectively. 

The assignment of configurations to the particles does 
not imply that the wave function is described by such 
combinations as in Eqs. (12.2) and (12.3). Since it is 
not practical, however, to calculate corrections to these 
functions arising from interactions within the same 
nucleus, these functions will be used in a literal sense. 
Interactions between wave functions of the same con- 
figuration have no off-diagonal elements between the 
functions describing space degeneracy. Central forces 
spoil 7-7 coupling and the self consistency of the model, 
which is admittedly imperfect in this respect. 

It is seen from Eq. (1.2) that the coupling of the 
orbital functions by tunneling action is anisotropic, the 
wave function with a lobe along the internuclear line 
OZ being transferred differently from the two other 
functions. The anisotropy complicates the consideration 
of transfer, which will be made, therefore, in two steps. 
In the first, the effect of equal coefficients of x’/r’, 
y’/r’, and 2’/r’ will be considered, in the second the 
effect of coupling through z alone will be taken into 
account, and the total effect will be obtained through 
the superposition of the two effects. The transfer 
depends on the off-diagonal energy matrix element. The 
form of Eqs. (12.2) and (12.3) shows, therefore, that 
one needs only the antisymmetric part of the wave 
function obtained by considering the transfer of the 
orbital functions. 

For the isotropic type of transfer, one obtains for the 
antisymmetric parts 


A.P. 
A.P. 


(1):= a9, (v'v*_— v'_v*,)/2, 
(1)o=[ (4'y9*_+2'_2*,)/V2] 
X (vy v?_— v_v?,)/2, 
A.P. (1).=2'*_(v',r*_— v_v*,)/2, 
A.P. (0)o= (V3/4) (2',2°_—2'_2*,) 
X (vv vy). 


(12.6) 


(12.7) 


The off-diagonal energy matrix element between the 
initial and final states contains firstly factors arising 
from the combinations of *', with »',, *_ with v_, 
which are the same, and secondly factors arising from 
the scalar products of the antisymmetric parts of the 
(1); and of Oo with the 1/; and 0’. The form of the 
functions listed for the three functions of spin 1 in Eq. 
(12.6) and for the function of spin 0 in Eq. (12.7) 
shows that these off-diagonal elements vanish except 
for the combinations of (1); with 1/; and of (0); with 0’. 
On comparing (12.6) and (12.7) with (12.2) and (12.3), 
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the coefficients multiplying the factors coming from the 
v and # energy elements are seen to be 


(1/v2, 1/v2, 1/V2, v3/2). (12.8) 


The orbital neutron functions may be written as 


(t1,t40,4_1) = (3/4ar)4 
X(— (at+iy)/v2r, 2/r, (x—iy)/V2r]R(r), 


with the normalization 


f R*r’dr=1. 
0 
In terms of these, 


v1, = (woa—V2u,8)/V3, v= (V2u_1a—u08)/V3, 


(13) 


(13.1) 


(13.2) 


where a and @ are the usual spin functions. On account 
of anisotropy, the energy matrix elements of um in one 
nucleus with the # of the other differ from those for 
u, and u_;. This effect may be represented by the 
changes 


vimvw+Aua!, vi v'_—Au'', (13.3) 


in the p; states of the transferred nucleon, which cause 
corresponding changes in the x';, viz., 


(x! 1X!0jX'-1) _— (x! 1X'0,x'_1) 


+Aulo(a'rt,, [—B'r',+a'n'_]/v2, —B'r'_). (13.4) 


These changes give rise to changes in the (1); and (0) 
functions which have the following parts antisymmetric 
in the two neutrons: 


A.P. [Aa(1)1J=[4/2(6)4] 
X (S71E+ S*0(S0@1,0— SoSo,1)}, 
A.P. [Aa(1)0J=[4/2(6)*] 
X (S%0Z+ 5% 0(S1@o,1+S_1@o,1)}, (14) 
A.P. [Aa(1)_1]=[4/2(6)*] 
X {S*_ E+ S*9(So@_1, 0+ So8o,-1)}, 
where 


(14.1) 
(14.2) 


(S1,S0,S_1) = (a'a’, [a's*+-a°8! /v2, 616), 
So= (a'8*— a6") /V2 


are spin states of the two neutrons corresponding to 
resultant spins of one and zero, respectively, 


($71,570,571) 
= (wl a,, [aya +la’, ]/v2, wa) (14.3) 


are functions of angular momentum 1 arising by vector 
coupling of the ; protons, 


5 0= (ya_—2'_a,)/V2 (14.4) 


is similarly the function of angular momentum zero, 
= $1Qo,-1— So$o,0+S_11,0 (14.5) 
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with 


Qmn=U nt n—U ptm, Smn=U ment Wm, (14.6) 


the superscripts denoting the two neutrons, as pre- 
viously. It is also found that 
A.P. A4(0)o= (A/12){ S*cE—S*1(So@_1, 0+ SoSo1) 

+S$7(S1@o,-1+S_1@o, 1) 

— S*_1(So@1,0- SoSo, )} 6 GAA 

The neutron function of the final state can be expressed 
as 
So= (vv — v'_v*,) /V2=[@o,-1S1+ @_1, 10 

+ Qi, oS_1t (81,-1— 480, 0)So]/3. (14.8) 
It readily follows from Eqs. (14) - - + (14.8) that 
(So, A.P. Aa(1)j)= [A/ (6)*)S*;, (j= 1, 2, 3) (15) 
(5%, A.P. Aa(0)o)= (A/2)5%. (15.1) 


The changes in the functions w'; corresponding to Eq. 
(13.3) are, according to Eq. (13.2), 


(u!,,u0',v_1) ae: (wy, (1+v3A uo, u'_,), (15.2) 


the isotropic part being now included. According to 
Eqs. (15) and (15.1), the inclusion of the anisotropic 
part thus changes the coefficients listed in (12.8) 
through the addition of 


A(1/1/6, 1/+/6, 1/+/6, 4). 
Combining the two, there results the set of coefficients 


where the result is expressed in terms of V3A since 
this combination enters Eq. (15.2). It is seen that the 
effect of the anisotropy does not change the ratios of 
the matrix elements between the initial and final states. 
In the notation of Eqs. (1.7), (1.8) the isotropic part 
corresponds to the factors [1/g?+1/g* Je~4, while 1+3A 
corresponds to the factor 


(15.3) 


tee eae 
1+v3A > [---5-3|- 
q¢ ¢ 


: ate ae ae, 
-|-+5]e-| +t | (15.5) 
g g If ¢ 

On the same scale, 1+ (v3A)/3 of Eq. (15.4) corre- 
sponds therefore to 


1+v3A/3— —e~*/(3q), 


and the net effect is as though 


(= ee ‘s *\ EI (or’)/(ar’) 
seh ra yk () Ker or) 


U 


ety sx y' 3s 
q r’ r’ a 


(15.6) 
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instead of Eq. (1.2). The special circumstances regard- 
ing nuclear spins and configuration assignments thus 
resulted in making the dependence on R which enters 
q such as applies to an s state. It will also be noted that, 
according to Eqs. (12.6), (12.8), (15), and (15.1), the 
part of the energy matrix responsible for the coupling 
of the states of one nucleus to the other has elements 
only for the 1/; coupled to the (1);, with the same j, 
and for 0/9 to 0o. For the first three, one deals with a 
constant times the unit matrix as is seen from Eqs. 
(12.8) and (15). As the nuclei pass each other the 
coordinate system of Fig. 1 is rotated, and the energy 
matrix has been considered above with respect to this 
rotating system. On account of the simplifications in its 
form, however, it remains unchanged on transformation 
to the coordinates of the center-of-mass system since, 
for both submatrices referring to angular momenta 0 
and 1, the matrix undergoes a similarity transformation 
and, being in both cases a constant times a unit matrix, 
it remains unchanged. The complexities of anisotropic 
transfer combined with the rotation of the axis of 
symmetry thus do not enter the present problem. 

The colliding nitrogen nuclei can be represented by 
wave functions of the following types: 


X! mx? mLV1 (Fi) Wo(t2)+¥1(12Wo(11) ]/V2, 
[xt w tx Wx? m)/V2 J 

X Lyi (ri W2( 12) +1 (r2)2(11) J/V2, 
(1) [Ya (tr)po(t2)—Yi(t2)po(11) J/V2, 


where the y¥(r) refer to the space behavior of the 
centers of mass of the colliding nitrogen nuclei. In the 
interests of simplicity of notation, the symbols y¥, and 
y are used here in a different sense from that employed 
in Eqs. (7), (7.1), and (7.2), the chance of confusion 
of the two meanings being small. When one takes 


fivscoyrar= f veto |ear=t, 


the wave functions represent one nitrogen nucleus in 
the location of y; colliding with another nitrogen 
nucleus in the location of 2. The collision of two un- 
polarized sets of nuclei is describable as a statistical 
mixture with equal probabilities of the above set of 9 
functions. By forming linear combinations of the first 
six functions, the spin functions can be made to give 
angular momenta 2 and 0 and the system is describable 
as a Statistical mixture with equal probabilities of 5, 3, 
and 1 states with total spins 2, 1, and 0, respectively. 
The space factors multiplying the spin functions are 
the same as correspond to the collision of two spinless 
identical particles with symmetric and antisymmetric 
space functions. The five states of spin 2 cause no 
reaction within the approximations of the present paper. 

The calculation of transfer for identical particles can 
be reduced to one for nonidentical ones. It turns out to 


ux~m, (16) 
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be incorrect, however, to neglect the fact that the 

colliding nuclei contain particles in which the wave 

function is antisymmetric. For states of total nuclear 

spin 1, the initial unsymmetrized state may be written 

as 

WY =(1),(1,1,1; 2,2,2) 

=[S(1(1)m2(2))So(v1(1)¥2(2)) 
+ Soa (1)a2(2))S (1 (1) v2(2)) J 

X¥(r(Ci)—1(C2))/V2, 


where in the (1) ;(1,1,1; 2,2,2) the entries in parentheses 


(16.1) 


before the semicolon give in order, from left to right, 


the indices of the z, v, and C (here C stands for the 
C” core) which are grouped in one nucleus, while the 
entries after the semicolon similarly give the indices of 
x, v, and C grouped in the other nucleus. The factor 
¥(r(C:)—r(C2)) represents the relative motion of the 
two C” nuclei which corresponds to the factors 
¥i(ti)We(r2) in Eq. (16). On the right side of (16.1), 
the index of C”® to which the z or » is attached stands 
in parentheses of that + or v, while the 7 and v them- 
selves are identified by subscripts. The function of Eq. 
(16.1) has to be made antisymmetric in 7, and 7, as 
well as in v; and v2, but it must be made symmetric in 
C, and Cp». Antisymmetrizing in »; and v2 is accom- 
plished by forming 


[1;(1,1,1; 2,2,2)—1,(1,2,1; 2,1,2) ]/v2. 
In a similar manner this function can be antisym- 


metrized in m; and m2 and then symmetrized in C; and 
Co. The result is 


£{ LS j(4ri(1)a2(2))— S jro(1)41(2)) J 
X [So(r1(1)2(2))— So(ve(1)»1(2))] 
+([So(ai(1)a2(2))— Soro(1 )w(2)) ] 
X LS ;(r1(1)2(2))— Sj(v2(1)r1(2)) J} 
X LW(r(Ci1)— (C2) -(r(C2)— (C1) JH Vs. 
(16.2) 


The unsymmetrized final state, i.e., the result of 
solving the wave equation starting with an unsym- 
metrized initial state as the unperturbed solution and 
subtracting the initial state, is of the form 


WY =S jai (1)m2(2))So(v1(2)v2(2)) e((Ci)— (C2). 
(16.3) 


Here the factors multiplying ¢ are normalized to unity 
in the same way as y in (16.1) is multiplied by an 
internal motion-spin factor which is normalized to 
unity. The factor ¢ gives the relative motion of C, 
with respect to C, after collision in the same convention 
regarding sense of direction as y gives it before col- 
lision. The final-state function in (16.3) is already anti- 
symmetric in »; and v2. For this reason, there is one 
less power of 1/v2 entering the preparation of the 
properly symmetrized final state than in the corre- 
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sponding step for the initial function. The final sym- 
metrized function is 


$= 3S ji (1) 2(2))—S j(r2(1)1(1))] 
X[So(vi(2)v2(2))e(4(C1)— r(C2)) 
— So(v1(1)r2(1))¢(r(C2)— 1 (Ci) ]. (16.4) 


The consideration of the matrix element of an inter- 
action energy taken to be symmetric in »; and ve, 7 
and m2, C; and C2 shows that ¥;° and W;* can be 
replaced by effective values 


(W.8)ete=S (or (1)4r2(2))So(ra(1)»2(2)) 
xXv(r(Ci) a2 r(C2)), 


(WY )ett= Sj(r1(1)a2(2))LSo(v1(2)v2(2)) 
X o(r(Ci)— r(C2))— So(ri(1)v2(1)) 
X o(r(C2)—1(C,)) ]. 


In this reduction, the additional assumption is made 
that all interactions with the two protons 7; and m2 may 
be disregarded in the calculation of neutron transfer. 
This assumption is made in order to simplify the right- 
hand sides of Eqs. (16.5) and (16.6), making it possible 
to omit the second term in square brackets in Eq. 
(16.1). It is not essential to the correctness of the final 
comparison of probabilities with symmetrized and un- 
symmetrized functions. 

The wave functions y and ¢ used in the present cal- 
culation of the matrix element have to be normalized 
to unity in the fundamental volume in order to make 
V,", V,", ¥i5, and W;* suitable eigenfunctions for the 
calculation of matrix elements. The plane waves which 
these functions approach asymptotically give the direc- 
tion in which C; moves with respect to C2 in the case 
of the unsymmetrized function which applies to non- 
identical particles. The symmetrized functions do not 
identify the C, and Co», as has been clear in connection 
with Eq. (16). Nevertheless the ¥,;* of Eq. (16.4) 
describes the final state as one in which the C, carries 
an extra neutron if its r occurs with a minus sign in ¢ 
and C, carries an extra, though different, neutron if its 
r occurs with a minus sign in ¢. Since the function ¢ 
corresponds in the present consideration to a modified 
plane wave, both parts of the quantity in its second 
set of square brackets describe a N™ receding from a 
N'® in the same direction, which is the same as the cor- 
responding direction for the unsymmetrized function. 
In the symmetrized case, the transition matrix element 
is a sum of two parts resulting from the use of the two 
terms in the square brackets of Eq. (16.6). The first of 
these has the same structure as the matrix element 
between VW," and W,”. The second has the form which 
corresponds to the ejection of N™ at an angle which is 
the supplement of the angle for the first term. If the 
first term corresponds to a large-angle collision with a 
neutron leaving C,, the second corresponds to a small- 
angle collision with a neutron leaving C.. Both result 


(16.5) 


(16.6) 





NUCLEON TUNNELING 
in the occurrence of N™ at a large angle, in the first 
case by stripping of a nucleus that suffered large-angle 
scattering, in the second by the stripping of the other 
nucleus which suffered a small-angle collision. These 
types of matrix elements combine linearly according to 
Eq. (16.6), and there is therefore an interference effect 
between the large- and small-angle scattering in the 
case of identical particles. Since the calculations below 
are concerned with tunneling action only and since 
transfer at small angles is very small in the applications, 
further consideration of the interference term appears 
to be unnecessary for the immediate purpose. 
Disregarding the interference term and making ¢ 
correspond to large-angle collisions, comparison of Eqs. 
(16.5) and (16.6) with Eqs. (16.1) and (16.3) shows 
the presence of an extra factor V2 in the former. The 
transition probability for identical particles which have 
been considered, in comparison with the states ¥,;" and 
WV," of the nonidentical particles, is therefore twice as 
large. The origin of this difference may be described as 
follows. Whenever the symmetrization or antisym- 
metrization in a pair of particles calls for the intro- 
duction of a 1/v2, in the initial and final state function, 
as is the case for 7; and 7, there is brought in a factor 
} in the transition matrix element which is compensated 
by the doubling of this element resulting from con- 
tributions of the two terms having the original as well 
as the reversed order of the arguments. The antisym- 
metrization in v; and v2 does not call, however, for an 
extra 1/V2 in the final state since in this state the 
function is antisymmetric in »; and v2. On the other 
hand, the removal of —So{v2(1)v1(2)] and doubling 
of So [1(1)v2(2)] is justified by (v1,v2) interchange; the 
interchange of C; and C2 then justifies the replacement 


Sovr(1)»2(2))LW(r(Ca) = (C2) -Wr(C2)— (C1) ] 
—+ [So(vi(1)v2(2))+ So(v1(2)v2(1)) W(r(Ci)— r(C2)). 


A second consideration of 1, v2 interchange then shows 
that the removal of S»(»;(2)v2(1)) can be compensated 
for by the introduction of a factor 2 in the matrix 
element. The step from the symmetrized functions to 
the equivalent forms of (16.5) and (16.6) thus involves 
one factor 2 from (7,72) and two factors 2 from the 
combined consideration of (C;,C2) and (»,v2) inter- 
changes, resulting in a factor 8, while the normalization 
factors are } each for m, m2 and C,, C2 and 1/v2 from 
v1, v2, giving a total factor 1/(4v2) from normalization 
and a net factor v2. The latter corresponds to the factor 
2 in intensity mentioned previously. This factor is with 
reference to probability of transfer calculated for non- 
identical neutrons on nonidentical carbon nuclei. It is 
the result of interference of final states obtained from 
C, loosening »; with those in which C, loosens v2, and 
of states in which Cz loosens v2 with states in which it 
loosens 74. 

This fact is readily verified by considering a fictitious 
case of fixed nonidentical C nuclei each having a neutron 


Pa 


+ N'4 REACTIONS 691 
attached to it at time /=0. If initially the neutrons are 
in the state [v', (1)v?_(2)—v'_(1)v*,. (2) ]/v2, the transfer 
to the state [v',(2)»?_(2)—v'_(2)v, (2) ]/v2 takes place 
at half the rate of that for a wave function antisym- 
metric in the neutrons and normalized to unity. In both 
cases there is a neutron at /=0 at one of the centers of 
force, but the antisymmetrized wave function produces 
the final state in two ways which interfere construc- 
tively. The probability of transfer to the state of 
interest is therefore twice as large for the symmetrized 
function. Equations (16.5) and (16.6) show also that 
the integrand of the matrix element contains the 
combination 


¥*(r(Cy)—1(C2)) o(r(C2)—1(Cy)), 


in addition to the combination containing C; and C. 
in the same order in ¥* and ¢. Asa result, the scattering 
amplitude contains the combination /(#)—f{(r—8), 
where /(6) is the angle-dependent part of the scattering 
amplitude in direction @ for nonidentical particles. In 
addition to the final state of total nuclear spin 1, there 
is the state of total spin 0 which can result in a transfer. 
A similar consideration gives for it also a factor 2 on 
account of neutron identity, but the sign in the com- 
bination f(6)+ f(r—6) occurs in place of that for the 
state with total spin 1. The combined effect of particle 
identity is then to replace the | f(6)|?+ | f(#—6) |? from 
Eq. (15.4), with allowance for observation of recoils 
but without consideration of particle identity, as 
follows: 


| f() |2+ | f(w—8) |? 2 (2/9)X3| f(0)— f(w—8)|2 
+4| fO)+f(e—8) |?} = 2 | f(0) |?+ | f(r—8) |? 
—43Lf* (0) f(r—0)+ f(0)f*(w—8) }}. (16.7) 


The factors inside the curly braces arise as follows: In 
the incident wave, the relative probabilities of the four 
relative spin orientation substates are equal. According 
to Eq. (15.4), therefore, the three substates with /=1 
and the state with 7=0 occur in the final wave with 
relative probabilities having ratios 1:1:1:3, respec- 
tively. Assuming that the reaction occurs, the a pos- 
leriori probability that a given substate with /=1 
should occur is therefore 1/(1+1+1+3)=2/9. Since 
there are three such states, the | f(@)— {(#—@) |? occurs 
with the coefficient (2/9)3. The relative probability 
of formation of J=0 is, on the other hand, (3/2) (2/9) 
=4, which is, accordingly, the coefficient of the com- 
bination | f(@)+ f(r—6) |*. 

The factor 2 in front of the curly braces takes 
account of the effect of neutron identity derived in 
Eqs. (16.1) to (16.6). The other factors inside the curly 
braces have been adjusted as though one dealt with 
elastic scattering. The reasons for doing so are as 
follows. The cancellation of (1/v2)?, resulting from the 
1/V2 which occurs with the space functions in Eq. (16), 
takes place as in the familiar elastic scattering problem 
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when one sums over the possibility of finding either of 
the two particles in the same final direction. Since N™ 
and N" are distinguishable, this doubling of the final 
probability does not take place. On the other hand, the 
neutron can be transferred in either direction and so 
the factor 2 appears again, provided it is agreed to 
make comparisons with calculations in which the 
neutron transfer is counted in one direction only, i.e., 
the transfer is counted from @ to d only. 

For nonidentical particles, the ratio of cross sections 
at 0=7/2 and 6=0 is 


2| f(a /2)/f(0)|?, 


since | f(r)|<«|f(0)| in the applications. On the other 
hand, according to (16.7) the corresponding ratio for 
identical particles is 


(4/3) | f(%/2)/f()|?. 


The ratio of the two values is 3. 

In order to show the relationship to elastic scattering 
formulas, the quantity in curly braces in Eq. (16.7) was 
written omitting the factor consisting of a sum of 
statistical weights of the initial spin states multiplied 
by the probability of finding the final spin state in the 
initial wave function. This factor will be explicitly 
stated later. 

Instead of going through (16.7), one could calculate 
directly the statistical weights of J=0 and J=1 as 
} and 4, the spin content factors from (15.4) as { and 
4; the resultant products are 7; and § in place of 3 and 
2 occurring inside the curly braces of (16.7), and 
amount to a common factor }. Multiplication of the 
right side of (16.7) by } gives, therefore, the quantity 
by which | f(@)|*+ | f(#—@)|? should be replaced in 
order to take into account spin, particle identity, and 
associated statistics. 


(nonidentical) 


(identical) 


V. ANGULAR DISTRIBUTION 


The angular distribution caused by tunneling action 
is very different from that expected according to the 
theory of the (d,p) stripping reactions.’® In the latter 
there is a large probability for the proton to keep on 
moving in approximately the original direction, which 
is, however, affected by the recoil of the neutron in a 
relatively minor way. In doing so it gives rise to the 
angular distribution pattern of the proton. The effect 
of the neutron on the angular distribution of the 
proton depends on the orbital angular momentum of 
the neutron after it is captured. This process is some- 


16S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 
Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952); 
P. B. Daitch and J. B. French, Phys. Rev. 87, 900 (1952); F. L. 
Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953); W. 
Tobocman, Phys. Rev. 94, 1655 (1954) ; W. Tobocman and M. H. 
Kalos, Phys. Rev. 97, 132 (1955). In the latter two references the 
effect of a strong Coulomb field is considered. Here, as well as 
in the experimental paper of W. W. Pratt, Phys. Rev. 97, 131 
(1955), the proton maximum shifts toward 180° for cases of 
strong Coulomb effects. 
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what similar to the diffraction of a wave by a sphere, 
with the difference that the nucleus formed after 
neutron capture singles out a particular orbital angular 
momentum / as well as the fact that the deuteron is 
broken up in the process. It will be noted that the 
maxima in approximately the forward direction, dealt 
with in the theory of the (d,p) reactions, correspond to 
distant small-angle collisions. The wave function repre- 
senting the relative motion of the proton and neutron 
in the deuteron affects the result and contains in it a 
kind of tunneling effect. It will be noted, however, 
that the exponential factor representing the decay of 
the probability of finding the neutron away from the 
proton does not appear in the final result. The reason 
for this is that the Coulomb repulsicy between the 
proton and the bombarded nucleus is neglected. All 
distances of the proton being equally probable, the 
exponential decay of the neutron probability matters 
only in the way it combines with an oscillatory factor 
in the transition matrix element which is associated 
with the change in the proton momentum. Accordingly, 
the “deuteron factor” of Bhatia et al. varies relatively 
mildly with angle, leaving the diffraction effect as the 
principal one. 

The tunneling action in a reaction like that between 
N™ and N" is, on the other hand, strongly selective in 
favor of close and, therefore, large-angle collisions. The 
tunneling factor makes the probability of small-angle 
events negligible and the main mechanism of the usual 
stripping theory is absent. The N"* may appear, how- 
ever, in the forward or backward direction as a result 
of the close collisions, the two possibilities corresponding 
to pickup and stripping events. The distinctions between 
the heavy particle and deuteron cases will now be 
considered more concretely. In doing so, the target 
nucleus will be supposed to be different from the 
bombarding N" so as to be able to distinguish between 
pickup and recoil events. 

The N® part of the projectile will be referred to by 
the letter P, this nucleus being a generalization of the 
proton in the (d,p) case. The whole bombarding nucleus 
will similarly be referred to by D. All distances will be 
taken with respect to the center of mass. The con- 
sideration below is along the lines of the Bhatia et al.!® 
paper for the (d,p) reaction. The initial wave function 
of relative motion has the form of 

Vpi=M(rp’— (kp: rp’)/kp, kp) exp(ikp- Ip’). (17) 
Here rp'=rp— fr, with rp and rr standing respectively 
for the coordinates of D and of the target T. The wave 
number kp/2z refers to the relative motion of D and T. 
The factor multiplying the exponential is written for 
the special case of the Coulomb field. The notation N 
is used in order to indicate the connection with the 
confluent hypergeometric function, frequently denoted 


16 Bhatia, Huang, Huby, and Newns, reference 15. 
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by M, by means of which MM can be represented.'? The 
special form of this factor will be seen, however, to be 
immaterial for the qualitative part of the present dis- 
cussion. In the final state, the relative motion of the 
stripped projectile with respect to the final nucleus is 
represented by 


Vpp=M*(rp'+ (kp: rp’) /kp, kp) exp(ikp: rp’). 


Here 


(17.1) 


rp’ =rp—(M,/M,)tn—tr (17.2) 


is the displacement vector from the center of mass of 
the residual nucleus with mass My to the particle P, 
and kp’/2m is the wave number of relative motion of 
the reaction products. In Eq. (17), the factor IM will 
be arranged to give an outgoing wave modification of 
the plane wave; in Eq. (18.1), the form of the factor m* 
will secure the desired'* occurrence of the ingoing wave 
modification for the final state. In the transition matrix 
element there occurs the factor 


exp{ — ikp- rp +ikp- rp} 
=exp{—i(kp— Mpkp/Mp): (re—r,) 


+i(kp—M kp/M,)-r,}, (17.3) 


where Mp and Mp are, respectively, the masses of P 
and D while M; and My, stand for the masses of the 
target nucleus and the nucleus formed by adding a 
neutron to M;. The r, in the above phase factor becomes 
R, the vector distance of from the center of the target 
nucleus when one introduces'® an interaction energy on 
the surface of a sphere of radius R. There appears, 
accordingly, aJi43(|kp—M kp/M,| R) diffraction factor 
as a result of integration over the neutron coordinate. 
On the other hand, the first part of the right-hand side 
of Eq. (17.3) contains rp—R, the vector from a point 
on the interaction shell to the N' of the nucleus to be 
stripped. In the discussion of Bhatia ef al., this factor 
is multiplied by the internal deuteron function and 
gives rise to the so-called deuteron factor. The inte- 
gration is then carried out including the whole range of 
values of |rp—Rj| from 0 to ~. Since small values of 
|rp—R]| are improbable on account of the strong 
Coulomb effects, this procedure obviously needs modi- 
fication. In the matrix element there occurs the integral 
sum 


[= Xf xi ensuste)x0* Ee)¥(heste!) 


XV (ta,Sn,€7)x7(Er)xD(fn— EP, Snyér) 


XWpi(kp,rp’)dr,drpdirdép. 


17 A, Sommerfeld, Ann. Physik 11, 257 (1931). 

18 A, Sommerfeld, Atombau und Spektrallinien (F. Vieweg and 
Son, Braunschweig, 1939), Vol. 2, pp. 457 and 502; G. Breit and 
H. A. Bethe, Phys. Rev. 93, 888 (1954); see the last-named 
reference for a review of other work. 


(17.4) 
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Here the x stands for functions describing internal 
relative motion, while the W are as in Eqs. (17) and 
(17.1); T stands for target, m for neutron, & for the 
internal coordinates, and the summation is understood 
to be over the neutron spin coordinates s,. The function 
Xp contains barrier penetration effects, while the inter- 
action potential V is supposed to have appreciable 
values only for 7,5£R. Since in the present problem 
both Wp; and Vp; have very small values when rp is 
close to zero, the xp begins to count only when rp is 
larger than the value allowed by the factors IN of Eqs. 
(17) and (17.1), which will be seen to correspond to the 
distance of closest approach in the classical treatment 
of the relative motion of the colliding particles. The 
factor xp under the integral thus introduces the value 
of xp for R—(rp)¢1. app. Which is seen to be in quali- 
tative agreement with the value used in the SCT cal- 
culations. The further correspondence of the transition 
matrix element method to the semiclassical one will be 
discussed presently. Before doing so, however, the 
change in the role of the diffraction maximum has to be 
discussed. 

The consideration of xp has shown that the distant 
collisions, which correspond quantum-mechanically to 
large values of the relative orbital angular momentum 
L, are not important. If they were, the diffraction 
maximum would appear because the functions 
would not be important, in consequence the Vp; and 
Wp; could be approximated by plane waves, and there 
would appear the usual Bessel function of the argument 
= |kp—kp|R; this approximation corresponds to R 
being multiplied by an effective k which is the absolute 
value of the vector difference between the initial and 
final heavy-particle k. For a bombarding energy of 
10 Mev, 1/kp=7.7X10-" cm, and for R=3.4X10-" 
cm the argument of the Bessel function is 8.8 sin(@/2), 
where @ is the scattering angle in the c.m. system. For 
6=42° this quantity becomes nearly 7, and for smaller 
values of @ it has values which do not vary too critically 
with R in their effect on the value of the Bessel function. 
The reason for this is the relative smallness of |kp—kp|. 
If, on the other hand, one attempts to use the Bessel 
function for large 6, a much greater sensitivity to R 
results. For 6=2, one has approximately 


AL |kp—kp| RJE— } (A0)(kpR). 


For A=}, the change in the argument is, accordingly, 
—0.31. The Bessel function factor is not significant 
therefore unless R can be defined to the fractional 
accuracy 0.31/4.4=0.06. Such a close specification of 
the radius of the equivalent interaction shell is highly 
improbable. Since the shell doubtless has a larger 
thickness than the amount arrived at above, the em- 
ployment of the Bessel function with a fixed R for the 
close collisions would be meaningless. The value of Aé 
used in the estimate is comparable with the whole 
width of the angular distribution curve calculated on 
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Fic. 2. Sketch showing orbits for the scattering. Here Z is the 
direction of incidence, and Z is the direction of scattering, 6 being 
the scattering angle. The envelopes for the initial and final states 
for orbits of a given energy are the parabolas illustrated. The 
excluded region between the envelopes is shaded and includes 
the region of nuclear interaction bounded by the circle of radius 
a:+a2. The coordinates x° and y* convenient for describing the 
initial state are also shown. 


a semiclassical basis for tunneling and one may 
assume, therefore, that except for cases in which high 
accuracy is needed, the variation of the Bessel function 
factor may be neglected. 

The connection between the matrix element type of 
calculation and the semiclassical treatment may be 
seen by employing a classical dynamics approximation 
to the wave function. Representing any wave function 
as 
(18) 


y=exp(iS/h), S=S°+(h/i)S'+--- 


one may interpret'® 
exp(2S') 


as the density of classical systems represented by S°. 
The comparison of the quantum and classical results, 
neglecting terms in the expansion of S following S', 
will be discussed here. This approximation amounts to 
neglecting barrier-penetration effects of the heavy par- 
ticles in the present application. When the incident 
wave is represented by means of Eq. (18), the trajec- 
tories obtained by classical dynamics form a set of 
hyperbolas which are tangent to a paraboloid of revo- 
lution. The interior of the paraboloid is excluded 
according to classical dynamics. The final state in the 
matrix calculation is the ingoing wave modification of 
a plane wave, and its associated classical orbits are 
also tangent to a paraboloid, which is not the same as 
the first paraboloid. The orbits of Vp; and of Vp; do not 
coincide in the general case. If, however, one neglects 
the energy difference between the initial and final states, 


9 W. Pauli, Handbuch der Physik (Verlag. Julius Springer, 
Berlin, 1933), Vol. 24, 1, p. 166 ff. 
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one of the orbits is the same, as is illustrated in Fig. 2. 
The common orbit is the orbit of the semiclassical 
theory approximation and the direction of the plane 
wave propagation vector of the final state is the final 
direction of the common orbit if this orbit is considered 
as an orbit of the initial state. For the incident state, 
it is convenient to introduce axes «* and y* related to 
the orbit as in Fig. 2. The classical orbit can be repre- 
sented parametrically by 


y°=a’'(e—1)! sinhw, 
t= (a’/v)(w+e sinhw), 


x°=a'(e+coshw), 


r=a'(1+€ coshw), 18-1) 


where ¢ is the eccentricity, a’ one-half the distance of 
closest approach, and » the relative velocity at infinite 
distance r. Referring to the figure, w varies from — « 
to © as the point moves up. In the approximation of 
Eq. (18) including S® and S' only, one finds, by a 
straightforward application of classical dynamics with 
SY as the action integral, 


vi=[ee-”/ (ee-”—e”/e) }}! 
Xexpf{ (iuva’/h)[—1—w+e"/e+lne]+iks}, 
(—2<w<wy); (18.2) 
v2=[ee”/(e*/e— ee”) |! 
Xexp{ (iuva’/h)[—1—w+e"/e+Ine]+ikz}, 


(wo<w<e). (18.3) 


Here wo is the value of w for contact with the para- 
boloid, and yw the reduced mass for the collision. The 
function ¥ represents the condition for approach, y2 
for recession. Removing from y and 2 the factor 


exp(—ika’—in Inn), 


one obtains in the case of y directly the asymptotic 
form of the quantum-mechanical plane wave part of 
the wave function; and in the case of y2 the outgoing 
part of the hypergeometric function solution is repro- 
duced provided the Coulomb phase shift oo is approxi- 
mated by its asymptotic value for large n, viz., 


oy~t/2+n Inn—n. 


Since » is large in the present problem and since the 
factor of absolute value 1 is immaterial for the con- 
clusions, the above representation is seen to contain 
the characteristic features of the quantum y. The coor- 
dinate z occurring in Eqs. (18.2) and (18.3) can be 
expressed as 

z=a’'(—1+€ sinhw—e"/e). (18.4) 
For the final state there is another set of axes x,°, v,°, 
zy and another orbit parameter wy. The 2; axis is the 
direction of the final plane wave and x;°, yy° are 
obtained from x°, y° by a rotation, with the convention 
that they coincide with x°, y* for the common orbit. 
One obtains the representation of orbits in the final 
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state by 


xy°=a'(e+coshwy), ys°=—a’(e—1)! sinhw,, 
r=a'(1+<€ coshw,). (18.5) 


One has a convenient interchange of the forms of the 
two parabolic coordinates in terms of the parameters 
wy and w, and one obtains the ingoing modification of 
the plane wave from the outgoing one without a 
separate calculation. For the common orbit, com- 
parison of (18.5) with (18.1) shows that 


(18.6) 


w= — eZ. 


Upon making this change, it is found that for the 
common orbit the final state is represented by 


¢i=[ee”/(ee”—e~”/e) |? 
Xexp{ —i(uva’/h)[—1+-w+e-”/e+ne ]+ikz;}, 
(wop<w<o); (18.7) 
¢2=[ee”/(e-”/e— ee) }! 
Xexp{ —i(ura’/h)[—1+-w+e-”/e+ne]+ikz;}, 
(—~<w<wyy). (18.8) 


Here wo, is the value of w for contact with the second 
paraboloid. In Eqs. (18.2) and (18.3), the factors 
occurring in addition to exp(ikz) give an approximation 
to M of Eq. (17); in Eqs. (18.7) and (18.8), the factors 
occurring in addition to exp(ikz;) represent the 9n* 
of (17.1). If one were to disregard the difference in the 
phase of the initial and final states which arises on 
account of these representations of IN and IM*, one 
would be dealing with a combination exp[ik(z—:z;,) ] 
which gives rise to the diffraction maximum of ordinary 
stripping theory. Neglect of the additional phases is not 
justifiable, however. In fact, the phase of y¢* for points 
on the common orbit is obtainable from Eqs. (18.2), 
(18.3), (18.7), and (18.8) as 

Phase(y¢*) = 2ka’[Ine— 2 ], (19) 
use having been made of 

zy=a’'(1+e sinhw+e~”/e). 


The fact that the phases agree within a constant is not 
peculiar to the present problem. Each phase can be 
obtained as 


(19.1) 


J dX pidgi+const, (19.2) 


the integral being taken along the orbit. While an 
appeal to Eq. (19.2) would have been sufficient from a 
logical viewpoint, the results of the calculation verifying 
this conclusion in detail have been given above because 
they show some of the conditions needed for making 
this application of classical dynamics valid. Thus it 
shows that a large value of 7 is essential and that the 
agreement between classical and quantum formulas for 
Rutherford scattering is associated with an agreement 
of relative phases of the incoming plane wave and the 
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outgoing spherical wave, which gives an added reason 
for believing results of the semiclassical approximation. 

In addition to the phase being the same on the 
common orbit, the changes in phase vanish in first order 
in its vicinity, as is seen from an expansion of the 


difference of the two S°: 
S—S”=C+D i(ps— p;)Agi+- Ps 


Here C is the constant phase difference referred to in 
Eq. (19), while Aq; is the displacement of a point from 
a point on the common orbit. The term p;—p;' is 
obtained by employing the relation p;=05S°/dq;. For 
the common orbit, 


(19.3) 


bi=pi', (19.4) 
and hence the first-order effects vanish in much the 
same way as in a proof of Hamilton’s principle. The 
common orbit is, therefore, surrounded by a volume 
within which only second-order variations of the phase 
are important. This volume contributes especially well 
to the value of the matrix element. In the limit of very 
short wavelengths one obtains, as will be shown else- 
where, a description by the matrix element which 
degenerates exactly into the classical orbit description. 
But even in the present case it is seen that the main 
contributions come from the vicinity of the classical 
orbit, and that this circumstance is inseparable from 
the disappearance of precisely the phase difference 
which is responsible for the appearance of the diffraction 
pattern. The latter is caused by parts of coordinate 
space which have little to do with the common orbit 
as is seen in the case of undistorted plane waves, for 
which there is no common orbit except for the trivial 
case of no deflection. This type of process is strongly 
modified, however, by the expulsion of the wave func- 
tion from the interior of the paraboloids. It is thus seen 
that in the heavy-particle case, the essentials of the 
angular distribution should be obtainable by considering 
motion in orbits on a classical mechanics basis. 

Employing the parametrization of Eq. (18.1), the 
transfer probability amplitude is obtained by inte- 
grating 8 of Eq. (4.8) over the orbit and is, therefore, 
proportional to 


g eor/Ryar= 02/0) f exp{ —aa’(1+« coshw)}dw. 
; (20) 


Here the disappearance of higher powers of 1/g which 
had led to the derivation of Eq. (15.7) is used, and the 
r of Eq. (18.1) is replaced by R of Eq. (1.2), the two 
symbols being used in the same sense. From Eq. (20), 
it follows that 


g (e-*®/R)dt= (2/2)Ko(aa'e) exp(—aa’), (20.1) 





G. BREIT AND M. 





Fic. 3. Relative 
angular distribution 
of N® nuclei from the 
reaction N¥+N" at 
various bombarding 
energies. The solid 
histograms present 
the results of ex- 
perimental measure- 
ments, while the pre- 
dictions from tun- 
neling theory are 
indicated by dashed 
lines. The theoretical 
curves are plotted 
neglecting _ particle 
identity but includ- 
ing the effect of 
recoils. 























where Kjstands for the Bessel function of an imaginary 
argument of the second kind. The asymptotic expansion 


: 20.2) 
—;"') (20. 


r\} 1 
Pew (ve (ln 
2x 8x 


gives the approximation 


fie R)dt=[(22)*/v ](aa’e)“ 


Xexpl[—aa’—aa’e], (20.3) 


which can also be derived directly from Eq. (20) by 
approximating the integral as the integral of a Gauss 
function. The angular dependence enters here through 
e only, and for intensities it may be represented by 


[exp(—2aea’) ]/ (aea’). (20.4) 


The eccentricity € is connected with the impact param- 


eter p by 
(20.5) 


e=1+ (p?/a”), 
from which it follows that 
ede= pdp/a”. 
When one considers all collisions in an annular region 
between p and p+dp, the probability of transfer is 
seen to be proportional to 


(20.6) 


(21) 


In the applications of these formulas which are made 
below, the terms in Eq. (20.2) which have been 
neglected in obtaining (20.3) are not important and 
the approximation of Eq. (21) will therefore be used. 
The scattering angle in the system of the center of mass 


exp(—2aea’ de. 
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will be referred to as 0. It is related to ¢ by 


é sin?(6/2)=1, (21.1) 
which gives 


ede= —} sin~*(6/2) sin0do, (21.2) 


the factors having been arranged so as to bring the 
solid angle subtended by final directions into evidence. 
The factor in front of the solid angle is seen to be pro- 
portional to the Rutherford scattering per unit solid 
angle. The relative number of transfers per unit solid 
angle of final directions follows from Eqs. (21) and 
(21.2). Without the use of the asymptotic form of Ko 


it is 
[1/sin*(6/2) \[K o(aa’/sin(6/2)) F, 
while with it the effect is proportional to 
[1/sin*(6/2) | exp[— 2aa’/sin (6/2) }. 


The angular distribution function is seen to be inde- 
pendent of the value of the assumed nuclear radius. 
This circumstance follows directly from the fact that 
R occurs in Eq. (15.7) only through g and that the other 
quantities in (15.7) are independent of the orbit. 
Qualitatively, the absence of the nuclear radius 6 in the 
angular distribution formula may be considered to 
follow from the fact that a decrease in the assumed 
value of the nuclear radius adds the same amount to 
the distance through which the neutron must penetrate, 
independently of the value of the impact parameter. By 
means of Eq. (23.1) there is obtained the angular dis- 
tribution plotted in Fig. 3. Comparison with the experi- 
mental curves shows no similarity. The fact that the 
theoretical result does not involve b appears to be sig- 
nificant in this comparison. The theoretical curves are 
plotted neglecting particle identity but including the 
effect of recoils. According to Eq. (16.7), the theoretical 
curves should be lowered by a factor 2/3 at 2=90° asa 
result of particle identity. The disagreement between 
tunneling theory and experiment is essentially un- 
changed by the inclusion of this factor. 


(23) 


(23.1) 


VI. COMPARISON WITH EXPERIMENT 


The considerations of nucleon transfer made here 
have assumed that the colliding N™ nuclei do not come 
into contact. If the nuclear radius is written as 


a=nA'3 


then this condition demands that the laboratory system 
bombarding energy be less than E., where E, is given 
for the N*+-N" collision. by 


E.= (29.2/r0) X (10-8 Mev-cm). 


For ro=14X10-*% cm, corresponding to a radius 
3.38 10-* cm, this energy is 20.9 Mev. The experi- 
mental cross-section curve as a function of energy 
begins to level off above about 16 Mev, which appar- 
ently indicates the onset of compound nucleus forma- 
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tion. The comparison with experiment will be limited 
to the energy region below £.. 

The total cross section for neutron transfer may be 
obtained quite readily from the various formulas now 
available. The procedure is to calculate 8 from the 
second of the forms (4.9), and to use this result in Eq. 
(11) to obtain the probability of transfer for a par- 
ticular orbit of the heavy particles. This result is then 
summed over all possible orbits. The effects of spin are 
shown in Eq. (15.4), and of the identity of the particles 
in Eq. (16.7). 

As has been demonstrated in Eq. (15.7), the factor 
1+A/v3 in Eq. (15.4) has the effect only of replacing 
the he_ of Eqs. (1.3) and (1.5), and the 4, of Eqs. (1.7) 
and (1.8), by effective h’s: 


ha_= — (4/2)§LT4(aa2)/ (aa2)*\(e~*/9), 
hy. = — (4 /2)§LTy(aas)/ (aay)! \(e-*/g). (24) 


Using these expressions in Eq. (3.1) and then substi- 
tuting in Eq. (4.9), one obtains in succession 


L,_/a= — (2/z)—2/(1+2), 


l14/a=— (2/z)+(z sinhz)/(z coshz—sinhz), 


Z2=ad, 


9 
az-e* 





yAi= . A Fis ’ 
(1+2)[sinhz—2z cosh ] 


and similarly for y2A». Also, 


sinhz—z coshz 
P, = (a3?/a;?)—_ expl—q+ad: | 
(1+2)q 


and 


p= (1/A1A2)!Laas/ (1 +ad;) |[aas/(1 +ad») }(1/R) 


Xexp{—a(R—ai—a2)}. (24.1) 


Here the nuclear radii are denoted by a; and a2, and R 
is the distance between the centers of the nuclei. The 
factor (1/AA2)!, which depends only upon the proper- 
ties of the isolated nuclei, is the only place in which the 
internal wave function of a nucleon in the nucleus 
enters. Thus a separation between properties of the 
nucleus and of the dynamics of the collision has been 
achieved. The expression for 6 is not exact, since 
powers of a?— a9" or a’—a” higher than the first have 
been neglected. The exact expression is of the same 
form, but with A, and A, replaced by similar derivatives 
evaluated at an energy intermediate to the energy of 
the nucleon in the isolated nucleus and the actual 
energy. Since \, and ), are found to be relatively insen- 
sitive to changes in energy of this magnitude, the use 
of the approximate form of 8 introduces no appreciable 
error. 

With 8 determined, Eq. (11) may be solved to find 
the probability of transfer. If the system is chosen to be 
in a state characterized by 


|dy|=1, 4 =0 at t=—o, 
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a first-order calculation of the probability of transfer 
yields 


oo |2 


€ “*"Bdt| , (24.2) 
| 


G,(+2)|2=(h, old 


2 


in which fw= E,,— E, is the energy difference of the two 
states a and 0. The factor e~*“' contributes only cosw/ 
to the integrand, the sinw? part vanishing on integration 
since B is an even function of ¢. Numerical estimates 
indicate that in the case of N'*+N" collisions, the 
replacement of coswt by 1 leads to an overestimate of the 
total cross section by only about 2%; accordingly, this 
simplification will be made here. The particular classical 
orbit chosen for the motion of the system enters 
through the relation between R and ¢. These quantities 
are conveniently expressed in terms of ¢ and w by Eq. 
(18.1). If the variation in @ due to the change in 8 over 
the orbit is neglected, the substitution of Eq. (24.1) in 
Eq. (24.2) and the subsequent integration over orbits 
leads to the result 


|d,(+2)|? 


( ) 1 ( ad; )( 2 ) 
“ Mv? Xir2\1+aa; 1+aa, 


Xexp{ —2a(a’—ai—a»)}[Ko(aa’e) P 


a ee ee | ad; \*/ ad \? 
QUE 
2 Mov AA2 1+aa, 1+aa2 


Xexp{2a(ai;+a2—a’—a’e)}. (25) 

The second of these forms is readily obtained directly 
from the orbital integral without the use of Bessel 
functions of imaginary argument. 

The change in ¢ corresponding to a change of # in 
the relative orbital angular momentum is small com- 
pared with 1/(aa’) for close collisions. The total cross 
section may be obtained, therefore, by integrating Eq. 
(25) over all orbits and multiplying by the proper 
factors to take account of effects of spin and of particle 
identity. These factors have been discussed previously ; 
the consideration of spin gives a factor 


3X (1/v2)?+§ X (V3/2)?= 4, 


the 3 and § being the statistical weights of triplet and 
singlet states, the 1/V2 and v3/2 being the amplitudes 
with which these spin functions are contained in the 
initial state function. Thus, as has already been seen 
right after Eq. (16.7), the right-hand side of that equa- 
tion should be multiplied by } to give the number of 
N* nuclei per unit solid angle. Neglecting the relatively 
small interference term in (16.7) and applying the 
factor }, there is left 4| f(@)|?+ 4] f(#—6)|? which is 
equivalent to | {(@) |? for total cross-section calculation. 
The latter quantity is, however, the intensity per unit 
solid angle which would be obtained if one used 6 of 
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Eq. (24.1) and calculated transfer between nonidentical 
nuclei taking into account only the # — # process, i.e., 
neglecting the possibility of right to left as well as left 
to right transfers. This calculation is just what has been 
done in Eq. (24.2). Remembering that the annular area 
2xpdp, with p standing temporarily for the impact 
parameter, may be written as 27a”ede, the total cross 
section for neutron transfer becomes 


wo 
o.= dna” f | d, | ede, 
1 


which gives for a final result 


(25.1) 


9 2 


HW) E) 
A Ne4 \1-+a0,/ \1+a0 


Xexp{ —2a(2a’—a,;—a»)}. 





(25.2) 


This form is readily obatined from Eq. (25) by employ- 
ing the second of the two forms for |a,(+)|?. It is 
also possible to do the integration over orbits exactly, 
employing 


J K?(x)xdx= $2°(K (x) hie K(x) }. 


The quantity K,(aa’)—K,?(aa’) replaces then the 
factor [/2(aa’)*] exp(—2aa’) present in Eq. (25.2). 
The quantity 1/A; of Eq. (4.1) may be expressed in 
terms of the mean value of y,? on the nuclear surface as 
follows. Denoting g of Eq. (7) temporarily as qo, all 
coordinates collectively as g, and designating the value 
of E as an additional argument of ¥;, one has from the 
wave equation 


h? on 
—-—)> diviyi(g,E) ¥(9,£) 
2M 0 


—Vi(9.E) ¥Wi(g,E’) |= (E-E'Wi, ei, 2. (26) 
For simplicity, the designation of the spins and the 
occurrence of spin operators are not indicated here. 
The equation will be integrated over the portion of 
configuration space restricted by r<a, but not subject 
to other restrictions. By Green’s theorem, the terms 
with j=1, 2, ---, m in Eq. (26) give no contribution 
since ¥; vanishes at infinitely distant points of the 
three-dimensional spaces q:, g2, ---, gn. The left side 
thus gives 


h 
eee f dgidqz- + -dqn f [vi (9,E’)0~(9,E) /Aro 


—1(9,E)A1(9,E’)/OrodS, (26.1) 


where dS is the element of area on the spherical surface 
ro=a). Since at 79>) the transferable particle is not 
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interacting with the parent nucleus, the function y; may 
be factored as in Eq. (7.1). On account of the employ- 
ment of energies differing from that of the bound state, 
the function h_ cannot be used, however. In fact, 
imposing the boundary conditions on qi, gz, +++, gn 
defines the radial factor occurring in (7.1), and except 
at the eigenenergy this factor will not vanish at ro>= © 
as h_ does. The radial function thus defined will be 
referred to as b_(ro), and from here on the subscript 0 
of ro will be dropped. Employing the normalization 


J etdadan :-dqn=1, (26.2) 


one obtains for the term displayed in Eq. (26.1) a value 
in terms of a difference of the logarithmic derivative of 
b_ which, when introduced in Eq. (26), gives, on going 
to the limit E= E’, 


aL ob_/b_or]= — (2M/#?) (3/N 2) (1/4era,2) 


x ¥1°(9,E)dgqodqi-+-dgn. (26.3) 


r<aj 


Introducing the mean over the hypersurface corre- 
sponding to r= a, in the 3(m+1)-dimensional space, viz., 


r)s= we/s) f ea -+Qn)dqidq2: * -dqn=N1°/3, 
(26.3’) 
and observing that 
0/0 (a?) = — (h?/2M)0/dE, 
there results 
¥1°(q,E)dqodqi: + -dgn 
al, r<aj 


= i (26.4) 
a (a*) 4ray ’)s 





with 
1,=0b_/b_or 


which corresponds to the meaning of I, in Eq. (4.1). 
On the other hand, one obtains similarly, making use of 
the radial equation for h_, 


(26.5) 


¥1°(q,E)dgodqi: « -dgn 
dl, r>aj 


0(a*) - 4a") 
From Eqs. (26.4), (26.6), and (4.1) there follows” 


(26.6) 





—1/\.=[4nai%s?s] / vedandar---dan, (27) 


®” The integral containing y;* is extended ver all space and is 
very similar to the analogous integral occurring in the calculation 
of partial widths of well-defined resonance levels as in G. Breit 
and F. L. Yost, Phys. Rev. 47, 508 (1935); 48, 203 (1935); 
G. Breit and E. Wigner, Phys. Rev. 49, 519 (1936); G. Breit, 
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which is the probability of finding the particle within 
a spherical shell of unit thickness at the nuclear surface. 
In the case of a potential well model, this relation 
becomes 


—1/i=Car(a)? / f R°(r)rdr, (27.1) 


with R designating the radial function. The exponential 
factor is just the usual probability for penetration 
through a barrier of length 2a’—a,—a»2, the minimum 
distance between nuclei. Finally, #/Mv is the wave- 
length of a nucleon moving along with the nucleus 
at a velocity v. The factors [aa;/(1+aaz)?P and 
[aa2/(1+aa2) P are peculiar to the transfer of nucleons 
in p-states and do not occur in analogous calculations 
for the transfer of an s nucleon. 

Estimates of the neutron cross section have been 
made at laboratory system bombarding energies of 10 
and 15 Mev, using a square well potential to determine 
\; and Ag. These energies are below the point at which 
the experimental cross-section curve begins to turn 
over. For such a potential, the parameter \ appearing 
in the cross-section formulas is readily found from Eq. 
(27.1). The result is 


A= — (a1/2) (x? +02) /n? ](1+001)? 


X (3+3aa;+e72,’), (27.2) 


where x, 2m times the wave number of the particle in 
the well, is determined by the matching condition 


x?/ (ka, Cotka;— 1) =a?/(1+a¢;). (27.3) 


The radius of each of the nuclear wells was chosen to 
be equal to 3.3810~ cm, which corresponds to a 
constant ro= 1.4 10~" cm for A = 14 in the usual A? 
formula. The depths of the wells were chosen so as to 
give the proper neutron binding energies, and turn out 
to be 33.6 and 33.0 Mev for N'* and N?°, respectively. 
The value of a used is that appropriate to an isolated 
nucleus, i.e., 
a=ay=7.28X 10" cm“, 


if 1 designates the nucleus giving up the neutron. If the 
maximum value of 8 encountered, the value at the 
perihelion of the e=0 orbit, is used to calculate a new a 
from Eq. (5.1), there results for 15-Mev bombardment 


a=7.31X10" cm“, 


This value, if used in Eq. (25.2), decreases the cross 
section by less than 1%, and hence the neglect of the 


Phys. Rev. 58, 1068 (1940). This connection is a natural one 
since the escape probability of a particle into free space must be 
related to the probability of its transfer into another distant 
nucleus. The quantities entering in the present paper are similar 
in form to the reduced widths of E. P. Wigner, Phys. Rev. 70, 606 
(1946) and E. P. Wigner and L. E. Eisenbud, Phys. Rev. 72, 29 
(1947), but differ from the latter through a different meaning of 
the word level and the related employment of a different region 
of integration. 


TUNNELING IN 


N'4 + N!4 REACTIONS 


TABLE II. Neutron transfer cross section ¢, in cm? 
for the N“+ N*™ reaction. 


E’ =10 Mev E’ =15 Mev 
Theory (using a=3.38X10~ cm) 1.29 10-* 
Theory (using a=4.0X10~ cm) 5.86X 107% 3.79 1077? 
Experiment 5.0 X10-* 9.0 X10~*8 


8.40 10~* 


variation of a over the orbit is justified. The change is 
much smaller at 10 Mev. The smallness of this effect 
may be understood by recalling that the only way for 
the shift in @ to be large is for, 8 itself to be large, imply- 
ing that the penetration factor e~*/q is large and R=q/a 
is small. However, the change in @ will not in turn 
affect 8 appreciably just because R is itself small, so 
that the change in q is not appreciable. 

The results of the calculation are given in Table II, 
together with corresponding values using a larger 
nuclear radius a=4.0X10" cm, which has been sug- 
gested for the N'‘ nucleus. Experimental values'* of the 
cross section are also given. It will be noted that the 
absolute values of the cross section are not completely 
out of line with experiment, but that the ratio of the 
cross section at 15 Mev to that at 10 Mev is about 36 
times as large as that observed. This discrepancy, which 
is unaffected by the use of the larger nuclear radius, 
appears to be particularly significant since according to 
the considerations outlined here, the energy dependence 
should be contained only in 1/2” and in a’, the distance 
of closest approach. It would seem difficult to explain 
this difference without introducing an additional 
process which would be relatively more important at 
lower energies. In all of the work it was assumed that 
transfer takes place to the ground state. Any transfer 
to excited states would give a dependence on incident 
energy which is even more rapid than the already too- 
strong dependence obtained under this assumption. 

The treatment thus far has assumed that a neutron 
is transferred between the heavy nuclei. If, on the 
other hand, a proton is transferred, then special circum- 
stances enter because of the Coulomb interaction 
between proton and nucleus, and the preceding treat- 
ment must be modified. Thus, for example, the wave 
function of the proton in the region between the two 
nuclei no longer satisfies Eq. (1.1), but instead must be 
a solution of the Schrédinger equation in the field of 
two point charges. The simple functions of Eq. (1) may 
no longer be used; in fact, the energy eigenfunctions 
now will not correspond to definite values of the orbital 
angular momentum about O’. It is true that it still 
would be possible to define adiabatic functions which 
approach functions of definite angular momentum 
about O’ as the separation of the nuclei increases. These 
functions could be analyzed in terms of a set of similar 
functions centered about O, and the method of the 
energy matrix outlined previously could then be applied. 
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In practice, however, it would be difficult to construct 
these functions. 

An estimate of the relative cross sections for proton 
and neutron transfer can be obtained from a considera- 
tion of the tunneling probabilities on a simplified one- 
dimensional model. For this, the transfer is considered 
to occur only along the line joining the centers of the 
two nuclei; hence, the barrier to penetration may be 
replaced by a one-dimensional barrier of width equal 
to the distance between the nuclear surfaces along this 
line. The previous considerations in connection with 
Eq. (25.2) show that the quantity of significance is the 
probability of finding the neutron originally associated 
with one nucleus at the surface of the other nucleus, 
i.e., the probability for a neutron penetrating the barrier 
between the two nuclei. The ratio of proton to neutron 
cross sections is then just the ratio of the penetration 
probabilities for proton and neutron. These proba- 
bilities may be calculated for the simple one-dimensional 
model proposed by the JWKB method; the result is 
proportional to the integral over orbits of factors 


exp| —2 f (2M /a)(V—B)Mar - 


in which the integral extends over the distance between 
nuclear surfaces and the integrand is to be evaluated 
for the potential V and nucleon energy E applicable 
for proton or neutron transfer. The effect of the transfer 
of p nucleons may be considered by including in V the 
centrifugal barrier. The integral of such factors over 
the orbits would in general be rather complicated; 
however, use may be made of the fact that almost all 
of the transfer occurs at the perihelion of the orbit. 
Then the ratio of the proton cross section to the neutron 
cross section may be approximated by 


2a’—a 


colon exp|—2 f (2M /nh’)' 


X[(V,»—E»)!—(Va—En)! Jer}. (28) 


The quantity V,,— EZ, appearing here is just the negative 
of the binding energy for the neutron in N™. The rela- 
tionship between this approximation and the previous 
treatment is clear, since the neutron factor may be 
written as 


2a'—a 
exp| -2f (2M /h?)}(V.— Eq) 8dr 


=exp{—a(2a’—2a)}, (28.1) 
which gives the dominant dependence of the cross 
section for transfer upon the energy of the state 
involved. The various other factors, involving the 
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probability for the nucleon being outside the nuclear 
surface, may be assumed to be approximately the same 
for neutron and proton, if the transfer of a p nucleon 
is involved in both cases. The various factors due to the 
spins of the nucleons and nuclei are exactly the same, 
of course. 

For proton transfer, the potential V, must include 
also the Couiomb part of the potential produced by 
each nucleus. One additional circumstance must be 
kept in mind for the proton case. The energy E, appear- 
ing in the integrand is not the energy of the level in the 
isolated nucleus, but rather the energy of this level in 
the Coulomb field of the other nucleus. The raising of 
this level is, to first order, 


AE, = (Z'e*)/(2a’), (28.2) 
where Z’ is the charge of the nucleus receiving the 
proton. 

If one uses a=3.38X 10-" cm as the nuclear radius, 
the logarithm of the ratio of proton to neutron transfer 
cross sections at 10-Mev bombarding energy is 


logio(op/on) =0.194, 


while experimental measurements indicate that this 
ratio is about 0.294. This result is not too surprising, 
since the crude estimate above has neglected the three- 
dimensional nature of the barrier and the possibility of 
transfer at points other than the perihelion of the orbit. 
The height of the Coulomb barrier decreases in direc- 
tions away from the line of centers, and also as the 
separation of the nuclei increases. The above estimate 
has thus been made with the maximum Coulomb 
barrier present, and more refined estimates should 
enhance the probability of proton transfer. It may be 
mentioned that these results are relatively insensitive 
to the value of the nuclear radius, since the total 
Coulomb barrier is almost of constant height. 

At 15-Mev bombarding energy, corresponding to 
near contact of the nuclei, the neutron and proton cross 
sections are estimated to be about the same, in sub- 
stantial agreement with experiment. The variation in 
the Coulomb barrier with path of transfer and separa- 
tion of the nuclei might be expected to be of less 
importance for this case. 

The effects upon the transfer cross section of possible 
static distortions of the nuclei during the collision have 
been estimated, and found not to change the cross 
sections significantly. The considerations, which follow 
those given elsewhere,‘ are based upon a liquid drop 
model. The change in the length of the neutron barrier 
due to a distortion of the nucleus proper is found to 
reduce the total neutron cross section by a factor vary- 
ing from % to } at 15 Mev, and from } to 2 at 10 Mev, 
depending upon the amount of distortion assumed. The 
ratio of the cross section at 15 Mev to that at 10 Mev 
could be reduced at most to 3 its previous value. The 
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change in the height of the Coulomb barrier, and the 
distortion of the proton wave function, give essentially 
negligible changes in the ratio of proton to neutron 
cross sections at 10 Mev. 

It is thus seen that the dependence of the total cross 
section on energy, as well as the dependence of the 
differential cross section on angle, indicate the presence 
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at low energies of an additional process, possibly virtual 


state formation. 
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Alpha-Particle Model of C’” 
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The a-particle model for C” has been re-examined. In addition to correlating the 0*, 2+, and 0* states at 
0, 4.43, and 7.65 Mev, respectively, two possible identifications are given for the 9.61-Mev level: 1~ or 2*. 
These levels completely determine the model, and the position and character of all levels up to 15 Mev are 
given. The main defect of the model is its prediction of a 3~ state at 5.53 Mev which has never been observed. 
The separation of the a particles in C” is 3.7 10~ cm and the mean zero-point kinetic energy per vibra- 


tional degree of freedom is about 2 Mev. 


HEN the a-particle model was first discussed, it 
was impossible to evaluate in detail its pre- 
dictions of level schemes for light nuclei because of 
insufficient experimental information. This situation 
is now greatly improved. Dennison,' for example, has 
correlated a considerable number of states in O'* with 
this model. To determine whether the agreement is 
restricted to just this nucleus, the a-particle model for 
C® has been re-examined. The physical basis of the 
a-particle model will not be discussed here,’ although 
it is certainly open to question, nor will its position in 
the over-all theory of nuclear structure be evaluated. 
In the a-particle model of C® the equilibrium con- 
figuration is an equilateral triangle of side s with the 
a particles at the vertices. Only small displacements 
from equilibrium are considered and it is assumed that 
rotation and vibration are separable. The potential 
energy is 


V=}a(0?+027+03)+8(0:102+0103+0:03), (1) 


where the internal coordinates (1, Q2, and Q; are length 
changes of the sides of the triangle. The constants a and 
B will be determined from the observed energy level 
spectrum. The frequencies of the familiar normal 
vibrations are 


wr=3(a+28)/Ma, w%=}(a—B)/Ma, (2) 
where the subscripts specify the degeneracy and M, is 
the a-particle mass. The rotational motion is that of a 

1D. M. Dennison, Phys. Rev. 96, 378 (1954) 


2 A. Herzenberg [Nuovo cimento 10, 986 and 1008 (1955) ] has 
recently restudied some of the fundamental problems. 


symmetric top (11=/2=$/;=}3M,s"). Only those quan- 
tum states are allowed which satisfy Bose statistics for 
the a particles. Wheeler® has listed the number of 
allowed states as a function of m, and m2, the occupation 
numbers of the vibrational modes, /, the total angular 
momentum, and K, its projection on the figure axis. 
The parity‘ of a level is determined solely by the rota- 
tional wave function and is (—)*. Since |K|<J, 0- 
states do not occur. Finally, the excitation energy is 


E=(J(J+1)—3K7]A+115:+ nebo, (3) 


with A=A?/2];, 6;=hw;, and 6:=hw.. As Wheeler 
pointed out, the requirement of Bose statistics elimi- 
nates a considerable number of states, particularly low- 
lying ones. Thus 1* states involve a minimum excitation 
of the degenerate mode w2 of three quanta, and the first 
state of this type will not be found until the excitation 
energy is above 20 Mev. Table I gives the eigenvalues 
for the allowed states of low excitation. The non- 
degenerate mode w is not included since its symmetry 
(even) and parity (even) are independent of m. Hence, 
additional states are obtained from those of Table I by 
exciting this mode by amounts m6,, where m is any 
integer. The present simple description of the a-particle 
model states of C” is, of course, restricted to low ex- 
citation. Above 7.4 Mev the virtual nature of the levels 


3 J. A. Wheeler, Phys. Rev. 52, 1083 (1937). 

4 Professor L. Rosenfeld has kindly informed us that his list of 
“parities,” Table 13.21 in Nuclear Forces (North Holland Pub- 
lishing Company, Amsterdam, 1948), gives the behavior of the 
wave function under reflections in a side of the equilateral triangle. 
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has been neglected,’ and above 15 Mev it will not 
produce the required T= 1 states. 

A knowledge of the angular momentum and parity of 
the low-lying states is necessary if the parameters A, 
5;, and d2 are to be determined from the actual level 
scheme. Many states have been observed in C” but, of 
the low-lying levels, the spins and parities of only the 
ground state and the first excited state are definitely 
known.® The requirement that the model reproduce 
these states exactly leads to the assignments’ | 00,00) 
for the 0+ ground state and |00,20) for the 2+ first 
excited state at 4.43 Mev. One parameter is now 
determined : A=0.74 Mev. From Table I it is seen that 
an unobserved 3- level, the rotational state | 00,33), is 
predicted at 5.53 Mev. We are aware of no particular 
reason why this level, if it really exists, should not have 
been observed. 

The second excited state at 7.65 Mev must have spin 
and parity both even or both odd because it decays into 
Be® and an a particle.* Ajzenberg and Lauritsen® had 
tentatively listed a 0* assignment on the basis of the 
observation of pairs corresponding to a level at 7.00.6 
Mev, the absence of 7-Mev y rays, and the detection of 
cascade y rays through the first excited state. The 
angular correlation of the cascade radiation is in agree- 


TABLE I. Allowed states of C" according to the a-particle model. 
From each of the states listed another can be formed by excitation 
of the nondegenerate vibrational mode by an amount m4, where 
m, is any integer. For each value of m2 the states are given in order 
of increasing rotational energy. 
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0 
6A 
(15/2)A 
(31/2)A 
20A 
24A 
(51/2)A 
52+ (3/2)A 
62+4A 
62+ (11/2)A 
62+10A 
52+ (23/2)A 
$o2+12A 
52+18A 
52+ (35/2) A 
52+ (39/2)A 
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252+ (3/2)A 
252+4A 
252+(11/2)A 
262+ 6A 
252+ (15/2)A 
252+10A 
252+ (23/2)A 


> 


= 
ry 





RF NRWORNK OR UN ERE NRE NRE WADWWOO 


NNNNNNNN RRR RRR eee OOO OCOO 
BWOWNNNE OF UE EWOWNNK UAE ER WNHO! KY 








5 According to Professor Rosenfeld, this problem is now being 
investigated at Manchester. 
( 555) Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 

1955). 

7 The quantum numbers are indicated by | m2,JK). 

8 The a particles have recently been observed directly [Fowler, 
Cook, Lauritsen, Lauritsen, and Mozer, Bull. Am. Phys. Soc. Ser. 
II, 1, 191 (1956) }. 
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ment with this assignment. Some recent work has 
failed to find evidence for the pairs® and shown that 
the predominant mode of decay is a emission.’°-” The 
assignment 0* is still the most likely at this stage of 
the experimental investigation. Adopting this assign- 
ment, the characterization |10,00) determines the 
second parameter: 6;= 7.65 Mev. 

The third excited state of C" also decays into Be’ and 
an a particle® so that its spin and parity are both even 
or both odd. Inspection of Table I indicates that this 
state then involves excitation of the degenerate vibra- 
tional mode; otherwise the next appropriate correlation 
does not occur until 12.1 Mev. There are two possible 
identifications: (a) a 1~ state, |01,11), or (b) a 2+ state, 
































fe) ot 
OBSERVED (a) (b) 





Fic. 1. Comparison of observed level structure for C and 
predictions of a-particle model. The determination of the parity 
of the 9.61-Mev state will distinguish between the two possible 
correlations (a) and (b). 


|01,22). Scheme (a) has the advantage of greater 
simplicity in that it introduces no additional states of 
excitation lower than 9.61 Mev. Scheme (b) involves 


9 J. Seed, Phil. Mag. 46, 100 (1955). 

1 Bent, Bonner, McCrary, and Ranken, Phys. Rev. 100, 771 
(1953). Using a magnetic lens pair spectrometer, these authors 
failed to observe pairs from this level on bombarding a thick Be 
target with 4.3-Mev a particles. They concluded that more than 
96% of the decays are by a-particle emission. It should be noted, 
however, that for the relative populations of the 4.43- and 7.65- 
Mev states in the Be*(a,n)C* reaction they used the only avail- 
able data of Guier, Bertini, and Roberts, Phys. Rev. 85, 426 (1952) 
for 5.3-Mev a particles bombarding a thin target. 

" Rasmussen, Miller, and Sampson, Phys. Rev. 100, 181 (1955). 
In the absence of any evidence for C®* recoils corresponding to a 
particles inelastically scattered from this level, these authors 
conclude that more than 80% of the decays proceed by a-particle 
emission. 


2 W. F. Hornyak, Bull. Am. Phys. Soc. Ser. II, 1, 197 (1956). 
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a 1~ state, |01,11), at 7.77 Mev. Such a level has a 
higher barrier against a-particle decay than the 0* state 
nearby, and the main mode of y decay, E1 radiation, is 
greatly inhibited for nuclei containing a particles.” 
Their proximity may make it difficult to distinguish 
between this state and the 0* level at 7.65 Mev where, as 
discussed above, there does seem to be contradictory 
experimental evidence. In either case, the third parame- 
ter is determined by the position of the 9.61-Mev level: 
62“ = 8.50 Mev, or 62‘* = 6.66 Mev. The two alternative 
schemes and the observed levels are presented in Fig. 1 
for excitations up to 15 Mev. The parameters for the 
two correlations are listed in Table II. The position of 
the levels is not to be taken too literally since the three 
parameters have been chosen to reproduce the first 
three observed states exactly. 

It is of interest to compare the parameters obtained 
here with those given by Dennison’s analysis! of O'*. 
The ratio of the potential parameters, 8/a, which meas- 
ures the ratio of three-body to two-body forces, is 
—0.25 for correlation (a) and —0.13 for correlation (b). 
Thus, in this respect there is a real distinction between 
the two level schemes. A similar situation exists in O'*, 
where the two almost equally successful correlations 
have values for this ratio about equal to those used here. 
However, the mean zero-point kinetic energy per 
vibrational degree of freedom is 2.05 Mev for (a) and 
1.75 Mev for (b). These values are significantly greater 
than those in O'*, which are 1.4 or 1.2 Mev depending 
on which of Dennison’s identifications is used. The 
rotational parameter A determines the separation of the 
a particles in C” to be 3.7X10-" cm, compared with 
4.6X10-" cm in Be®? and 3.2X10-" cm in O'*. The 


13H. Bethe, Revs. Modern Phys. 9, 69 (1937), 987B. 
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Taste II. Parameters in the a-particle model of C". The 
energies A, 61, and 4: are in Mev, s is in 10 cm, and the potential 
constants a and £ are in units of (Mev? M,/h’). 








(a) 0.74 
(b) 0.74 








expectation value of r’ in the ground state is 


1sA A 
(00,00 | 00,00)=46]1+-(—+2-) | (4) 
>. ae 


Let R be the radius of the “equivalent” spherical 
constant mass density, which is defined to have the 
same root-mean-square radius as the actual ground 
state. Then (4) is set equal to 2R?, and R may be evalu- 
ated with the parameters in Table II. Using the usual 
radius formula R=rA!, ro=1.3X10-" cm for both 
identifications (a) and (b). This is in agreement with 
the size determined by elastic electron scattering. A 
similar analysis for O'* leads to a value somewhat closer 
to ro= 1.2K 10-" cm. The A/6é terms in (4) represent the 
ratio of the mean square amplitude of the zero-point 
oscillations to the square of the equilibrium separation. 
This parameter measures the corrections due to rotation- 
vibration interaction; in C”, A/dc~75. 

In conclusion, it is seen that the a-particle model can 
correlate the ground and first two excited states of C”. 
It also gives two possibilities for the third excited state. 
Future experiments will have to distinguish between 
these identifications. The parameters used in the model 
have reasonable magnitudes. Possibly its weakest point 
at present is an unobserved 3~ state at 5.53 Mev. No 
comparisons can be made above 10 Mev since the 
spins and parities of the observed levels are not known. 
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The excitation functions for alpha-induced reactions on lead 
have been measured. A procedure has been developed for pre- 
paring enriched lead isotope targets by evaporation. Stacked foils 
were bombarded by the alpha-beam of the 60-inch cyclotron. The 
induced polonium alpha activities were separated by alpha pulse- 
height analysis. 

The measured excitation functions for Pb®*+a are compared 
to the excitation functions for Bi+. Since the compound nucleus 
formed is the same, the comparison gives a test of the predictions 
of Bohr’s compound nucleus theory. The ratios of corresponding 


cross sections are in agreement with the compound nucleus theory. 
However, the excitation functions are displaced in energy by an 
amount not predicted by the theory. The disagreement is just 
outside of the experimental errors. The comparison of Ni®+a 
and Cu®-+ » made by Ghoshal has been checked with more recent 
mass values, revealing a larger energy discrepancy. 

The excitation functions for reactions on various lead isotopes 
are found to be very similar. However, the excitation functions 
are found to be displaced in energy by an amount not exactly equal 
to the differences in thresholds. 





I, INTRODUCTION 


CCORDING to the compound-nucleus theory of 
Bohr,' a nuclear reaction proceeds in two stages: 
firstly the formation of a compound system and 
secondly the breakup of this compound system. The 
breakup and formation are independent processes. This 
concept can be justified in the region of isolated reso- 
nances. However, for the excitation energies obtaining 
in the medium-energy region, there is a large over- 
lapping of levels and the compound-nucleus assumption 
cannot be rigorously made. Nevertheless, in order to 
make practical calculations for reactions, the compound- 
nucleus assumption is extended to the region of over- 
lapping levels. In this region the justification for Bohr’s 
assumption rests on comparison to experiment. 
Ghoshal’ tested the applicability of Bohr’s assump- 
tion to the medium-energy region. According to Bohr 
we may write a reaction 


o(a,b)=0.(a)G.(b), 


where o,(a) is the cross section for formation of the 
compound nucleus C with the incident particle a and 
G.(b) is the probability of breakup of the compound 
nucleus with the emission of products b. G.(b) depends 
only on the excitation energy of C and not on the 
method of formation. We may then derive the following 
relation : 


a(a,b) G,.(b) a(a’,b) 
o(ab') Gb’) o(a',b’) 
Ghoshal bombarded Ni® with 40-Mev a particles and 


Cu® with 32-Mev protons. In both cases the resulting 
compound nucleus is Zn™. The relation 


a(p,n):0(p,2n):0(p,pn)=o(a,n):0(a,2n):0(a,pn) 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

t Present address: Department of Physics, University of 
Illinois, Urbana, Illinois. 

1N. Bohr, Nature 137, 344 (1936). 

2S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 


was observed to hold when 7 Mev was added to the 
proton energy to match the excitation energy of the 
compound nucleus. The prediction of Bohr’s assumption 
was thus verified. 

The present experiment was undertaken in order to 
extend the test of Bohr’s assumption to the region of 
the heavy elements. The excitation functions measured 
here for the Pb**(a,xm) reactions are compared to the 
excitation functions for the Bi™(p,«m) reactions 
measured by Kelly.’ 


II. ALPHA-INDUCED REACTIONS ON LEAD 


Alpha-induced reactions on lead were studied by 
Templeton, Howland, and Perlman.‘ The Po products 
were studied but excitation functions were not made. 
Spiess’ has measured excitation functions for Pb”*(a,m) 
and Pb*8(a,p). 

In this experiment the excitation functions for (a,x) 
reactions on lead were measured by bombarding stacked 
foils in the 48-Mev alpha beam of the 60-inch cyclotron. 
The induced Po alpha activities were identified and 
separated by pulse-height analysis, since some of the 
half-lives are too long for decay analysis within a 
reasonable time. The reactions on the various lead 
isotopes were separated by the use of separated lead 
isotope targets. 

The reactions on Pb™ were practically absent in the 
enriched isotope targets due to the very low abundance 
of Pb™. The (a,y) reactions are expected to give 
negligible interference owing to the small cross section. 
The maximum observed cross section for Bi?(p,y) was 
less than 1 mb.’ The maximum cross sections of the 
(a,x) reactions are of the order of 1 barn. Only two 
reactions leading to alpha emitters involve proton 
emission. These are Pb””’(a,p)Bi*” and Pb**(a,pn) Bi”. 
Bi” beta-decays into Po*”’, an alpha emitter. The cross 
sections for these reactions were not measured in this 


3E. L. Kelly, University of California Radiation Laboratory 
Report UCRL-1044, December 1950 (unpublished). 

‘Templeton, Howland, and Perlman, Phys. Rev. 72, 758 and 
766 (1947). 

5 F. N. Spiess, Phys. Rev. 94, 1292 (1954). 
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experiment ; however, they are expected to give little 
interference. Spiess’ found the cross section for 
Pb**(a,p)Bi™ to increase with increasing energy to 
4 mb at the maximum energy of 39 Mev. Hence the 
Pb*"(a,p) Bi?” reaction is not expected to give ap- 
preciable interference here. Spiess also observed the 
excitation function for Bi*(a,pm)Po*!! (25-sec state 
only). The cross section increased with energy to 1 mb 
at 39 Mev. Templeton, Howland, and Perlman‘ found 
the cross section for Pb®*(a,pn) Bi?” to be 8 mb+ ~ 20% 
at 40 Mev. It is therefore concluded that the reaction 
Pb” (a,pn) Bi?” does not interfere below 40 Mev. From 
40 to 50 Mev, however, it may increase to an appreciable 
fraction of the Po” high-energy tail here attributed to 
Pb*8(a,2n)Po*”. All higher-order reactions have been 
neglected, since the cross sections are expected to be 
even smaller than those considered above. None of 
them leads to alpha emitters. Since their cross sections 
are small they do not appreciably affect the (a,«n) 
reactions through competition. 


Ill. EXPERIMENTAL METHODS 
A. Preparation of Targets 


The targets were made by evaporation of lead in 
vacuum onto 0.0005-inch 2SH aluminum foil backing. 
Foil blanks approximately } by ? inch were stamped by 
a die. The bombarded portion was approximately $ by 
3 inch. The thickness of the lead deposit was about 
1 mg/cm*. It was measured to better than 1% by 
weighing on an assay balance. This thickness provided 
reasonable counting rates, kept self-absorption cor- 
rections small, and introduced negligible uncertainty in 
bombarding energy. Natural lead targets were made 
from high-purity lead (<0.001% Bi). Evaporation was 
from a Mo filament at a distance of 18 inches from the 
foils. Enriched lead isotope targets were prepared, with 
special precautions because of the limited quantity of 
the lead available. Table I gives the isotopic composi- 
tions of the leads used. The spectroscopic analyses 
showed chemical impurities to be negligible. 

The evaporation method was used to obtain the 
desired uniform density of lead on the targets. The 
distance from the point of evaporation to the aluminum 
foil blanks was taken to be about 3 inches. This is the 
minimum distance that permitted the preparation of 
35 foils simultaneously, or enough for one bombard- 
ment. To obtain uniform density of deposit on the foils, 
a curved foil holder was designed. It was found that the 


TaBLeE I. Isotopic abundances of the target leads. 








Abundance of isotope (%) 
Natural Enriched Enriched 
lead Pb206 Pb*7 


Enriched 
Pb 





0.119 <0.2 
7.73 1.9 
61.06 7.8 
31.09 90.3 


1.4 0.172 
26.3 64.93 
20.8 18.35 
51.5 16.55 
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required shape could be approximated closely by a 
hemisphere 4.5 inches in diameter suspended with the 
center of the hemisphere 1.25 inches above the point of 
evaporation. The foil blanks were clamped to the inside 
of the holder. The holder was perforated where foil 
blanks could not be fitted together. A glass container 
was placed outside the holder to catch the lead isotope 
that escaped. This lead could then be recovered by 
dissolving it from the glass with acid. The holder was 
positioned over the cone with care, since the dimensions 
are fairly critical. Each evaporation required 300 mg of 
lead isotope to obtain a density of ~1 mg/cm? on the 
foils. Approximately 30% of the lead was deposited on 
the foils, 20% on the target holder and 50% on the glass 
(from which it could be recovered). 

Evaporation of the lead took place from a small 
graphite cone with an included angle of 120°. This was 
slightly larger than the angle subtended by the entire 
foil holder. The cone was made of high-purity graphite 
and was heated white-hot in vacuum to drive off 
volatile impurities. The cone was heated by electron 
bombardment from a surrounding filament. Heat 
shielding protected the foils from heat radiated by the 
filament. The lead for the evaporation formed a small 
bead in the bottom of the cone. Trial evaporations were 
made with ordinary lead. First trials gave a dark- 
colored deposit. This was attributed to heating effects 
due to the proximity of the foils to the hot cone. In 
later evaporations the temperature of the cone was 
maintained low enough that it required about thirty 
minutes for the lead to evaporate. The deposit obtained 
was shiny and adherent. Variation in lead density on 
adjacent foils averaged two or three percent. Thus the 
foils were acceptable for bombardment. Variation in 
the absolute density of deposit for different regions of 
the holder was somewhat larger. This, however, does 
not affect the accuracy of the experiment. 

The enriched Pb”* and Pb”” leads were supplied in 
the form of the monoxide. The monoxide was reduced 
to metallic lead by heating it in a hydrogen atmosphere. 
The reduction was carried out in a graphite cone. The 
metallic lead collected as beads. Weighings showed that 
the reduction was complete. The enriched Pb”* was 
supplied as the chloride. This was first converted to the 
oxide and then reduced. 


B. Bombardment 


The energy spread of the external beam of the 
cyclotron was reduced by allowing it to travel about 3 
feet in the fringing magnetic field of the cyclotron 
magnet. The beam traveled in a tube connected to the 
cyclotron vacuum system with }-inch-wide collimating 
slits at front and back.®? The tube was hinged in the 
middle and could be aligned on the beam by remote 


6 The apparatus is an improved version of that used by Kelly® 
and Kelly and Segré.? 
7E. L. Kelly and E. Segré, Phys. Rev. 75, 999 (1949). 





WALTER JOHN, 


FOIL WHEELS FOILS 

WILSON SEALS 
BEAM 

DEFINING 


Y} 

pape cu ator 
re 

. 


Yj 
i 





[ELECTROMETER] [ELECTROMETER] 





Fic: 1. Schematic diagram of the target apparatus. 


control. Two foil wheels containing absorbers and the 
target were located on the end of the tube. A Faraday 
cup was placed behind the foil wheels to measure the 
transmitted beam. Figure 1 is a schematic diagram of 
the target apparatus. 

The beam energy was determined from the mean 
range of the alpha beam in aluminum. Ranges in 
aluminum were converted to energy by means of the 
experimental range-energy relation of Bichsel and 
Mozley.*" The target foils were bombarded in stacks 
with the lead film facing the beam. Ranges in the target 
stacks were calculated to the center of each lead film. 
The lead thickness was converted to aluminum equiva- 
lent with the aid of the range-energy tables of Aron, 
Hoffman, and Williams.’* The stopping-power ratios 
obtained were compared to those experimental values 
for the stopping-power ratio of bismuth to aluminum 
which were measured by Kelly." The agreement was 
good; moreover, the conversion is insensitive to in- 
accuracies of the relative stopping power, since the lead 
films are thin. 

An effort was made to maintain constant those 
cyclotron parameters affecting the beam energy. The 
target assembly was operated by remote control so that 
the beam need not be turned off and on with consequent 
uncertainties in energy. The range of the beam was 
observed to drift somewhat during the cyclotron 
warmup period. A range curve was taken just before 
bombardment, the target was bombarded for about ten 
hours, and a range curve was taken after bombardment. 
The drift in range during bombardment was generally 
less than 1 mg/cm? Al. Range straggling of the beam 
was Rextr— Ro/ Ro= 1.2%, where Rextr is the extrapolated 


8H. Bichsel and R. F. Mozley (private communication). 

°H. Bichsel and R. F. Mozley, Phys. Rev. 94, 764 (A) (1954). 

” For a given energy, the range from Bichsel and Mozley’s 
experiments is about 1.2% higher than the theoretical values of 
Smith." 

uJ. H. Smith, Phys. Rev. 71, 32 (1947). 

2 Aron, Hoffman, and Williams, U. S. Atomic Energy Commis- 
sion Report AECU-663, second revision, 1949 (unpublished). 

8 E. L. Kelly, Phys. Rev. 75, 1006 (1949). 
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range and Rp is the mean range. The theoretical range 
straggling in Al is 0.9%." 

The beam current was kept at about 0.1 wa. It was 
found that higher beam levels caused heating damage 
to the lead foils. The beam was integrated with Uni- 
versity of California Radiation Laboratory feedback- 
type electrometers, using a 1-uf input capacitor. The 
capacitor was automatically discharged at a preset 
voltage and the output traced on a Speedomax re- 
corder. The integrating capacitor was calibrated to 
0.2% on an impedance bridge. As a further check the 
capacitor was compared to a Bureau of Standards 
10*-ohm resistor by alternating them in the input 
circuit with a constant-current input. The relative 
values agreed to within 0.5%. The over-all calibration 
of the electrometer system was checked by measuring 
an accurately known current. This current was gen- 
erated by placing a Leeds and Northrup potentiometer 
voltage in series with the Bureau of Standards resistor. 
The output of the electrometer was found to be 1.5% 
low. This is a reasonable correction, since the voltage 
dividing network at the output consists of several 1%- 
tolerance resistors. 

Secondary electron emission from the Faraday cup 
was suppressed by the strong fringing field of the 
cyclotron magnet. The vacuum was essentially that of 
the cyclotron tank, eliminating possible errors from gas 
ionization. The Faraday cup, foil wheel, and associated 
cables were checked for current leakage by using a 
dummy current source. The Faraday cup was also 
checked for leakage under actual bombardment con- 
ditions by charging it up with the beam and then 
isolating it by stopping the beam on the foil wheel. 
Checks were also made to insure that rf pickup was 
negligible. No appreciable drifting of the zero point of 
the battery-operated electrometers was observed during 
the bombardments. 


C. Counting 


Gross alpha counting was done with standard UCRL 
ZnS-5819 scintillation counters and scalers. The 
scintillation counters were calibrated by comparison 
to a 2x-geometry ionization chamber. The ionization 
chamber was 1.5 cm deep and was filled with argon at 
1.7 atmos. The counting efficiency of the scintillation 
counters was found to be 97% of that of the ionization 
chamber. The counting efficiency of the ionization 
chamber was taken to be 50%. Corrections for self- 
absorption and backscattering were made by the 
methods of Rossi and Staub.'® Typical corrections to 
observed counting rates were +3.5% to account for 


4H. Bethe and J. Ashkin, Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. I, p. 244. 

15 B. B. Rossi and H. H. Staub, Jonization Chambers and 
Counters (McGraw-Hill Book Company, Inc., New York, 1949), 
National Nuclear Energy Series, Manhattan Project Technical 
Section, Vol. 2, Div. V. 
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TABLE II. Cross sections for alpha-induced reactions on lead. 














Pb206 


(a,3n) 
(barns) 


(a,2n) 
(barns) 


(a,4n) 
(barns) 


Alpha energy 


Ph 


(a,2n) 
(barns) 


Pb? 
(a,4n) 
(barns) 


(a,3n) 
(barns) 


(a,n) 
(barns) 





self-absorption and —1% for backscattering. The 
scintillation counters had broad plateaus and were 
essentially free from background. An alpha standard 
was counted periodically. The observed counting rate 
remained constant to within 1%. 

The polonium isotopes 206, 208, 209, and 210 were 
identified and their relative abundance determined by 
alpha pulse-height analysis. The sample was placed in a 
gridded ionization chamber ; the output pulses were fed 
into a 48-channel pulse-height analyzer.'* The alpha 
counts of each isotope were thus separated according 
to the energy of the alpha particles. The extremely thin 
samples required for the pulse-height analysis were 
prepared by dissolving the targets in HNOs, boiling 
with HCl to destroy the nitrate, and plating onto Ag 
blanks by electrodeposition. The chemistry of each 
sample was carried out in new glassware. In addition, 
blanks were carried through the chemistry as a pre- 
caution against cross-contamination. With care, it was 
found possible to plate out a desired amount of activity 
to within +25%. The amount plated out was controlled 
in order to control counting losses in the analyzer. 
Sample counting rates were adjusted so that the 


16 Ghiorso, Jaffey, Robinson, and Weissbourd, The Trans- 
uranium Elements: Research Papers, edited by Seaborg, Katz, and 
Manning (McGraw-Hill Book Company, Inc., New York, 1949). 
Paper No. 16.8, National Nuclear Energy Series, Plutonium 
Project Record, Vol. 14B, Div. IV. 


0.002 
0.006 
0.025 
0.067 
0.106 
0.10 
0.07 
0.03 


0.001 
0.0065 
0.036 
0.112 
0.249 
0.42 
0.56 
0.68 
0.80 
0.90 
0.97 
1.01 
0.97 
0.85 
0.66 
0.48 
0.37 
0.285 
0.225 
0.183 
0.155 
0.140 
0.128 
0.117 
0.109 
0.099 
0.090 
0.081 
0.074 
0.070 


statistical error would be larger than the register losses 
in most cases. Test analyses of samples with various 
counting rates indicated no serious deviations from 
statistical errors. For the natural lead targets every 
other sample was analyzed. All the enriched isotope 
samples were analyzed. 

Decay analysis was applied to the alpha activities of 
Po”® and Po’, In addition, the gamma activities of 
these two isotopes were counted with a Nal scintillation 
counter. For Po*”’ the relative gamma activity was more 
accurately determined than the relative alpha activity, 
owing to the extremely small alpha-branching ratio. 
Therefore relative cross sections for Po” were based on 
the gamma counting. The absolute values of the cross 
sections were normalized to the alpha counting. 

Aluminum blanks were spaced throughout the target 
foil stacks. These blanks were counted to detect any 
activity induced in the aluminum or its impurities. The 
use of blanks also checked against the possibility of 
transfer of activity from the lead foils by recoil or from 
handling. No alpha activity was found on any of the 
blanks. The aluminum did show some gamma activity. 
This background activity was subtracted from the 
gamma activity of the lead foils. 

The over-all operation of the equipment was checked 
by a trial bombardment of bismuth. A few points were 
obtained on the excitation function Bi?®(a,2n)At™. 
These agreed well with the data of Kelly and Segré.’ 
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TABLE III. Cross sections for the production of Po®*, Po®*, Po®, and Po*” by alpha-particle bombardment of natural lead. o;= Liaios; 
are listed where a, is the fractional abundance of lead isotope i and oj; is the cross section in barns for production of polonium isotope j 
from lead isotope i. The o; are from direct measurements. 








Pos Po Poo P0206 


Alpha energy Run I Run II Run Ill Run I Run II RunIlll Run I Run II Run Ill Run Ill 
(Mev) (barns) (barns) (barns) (barns) (barns) (barns) (barns) (barns) (barns) (barns) 





18.3 0.001 0.0014 

19.1 0.0002 0.004 0.0058 
19.3 0.004 0.0057 

20.3 } 0.018 0.0167 

20.4 0.0006 0.02 0.020 


21.3 0.004 0.030 0.04 0.046 0.049 
0.016 0.06 0.07 0.090 0.099 

0.11 0.156 
0.045 0.11 0.168 

0.220 


0.104 0.12 0.283 
F 0.278 

0.137 0.14 0.345 
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IV. RESULTS 
A. Measured Cross Sections 


Tables IT to IV give the cross sections calculated from 
the data of this experiment. The excitation functions 
are plotted in Figs. 2-4. The cross-section measure- 
ments for the enriched isotopes were made at intervals 
of approximately 1 Mev. So that the results of the 
various bombardments could be combined, the cross 
sections were interpolated graphically to integral 
numbers of Mev. The error introduced by the inter- 
polation was smaller than the uncertainties of the 
measurements. 

The estimated relative errors in the cross sections are 
listed in Table V. These were calculated from the 
counting statistics of the pulse analysis and gross 
counting with an additional 2% error for nonuni- 
formity of the isotope targets. In addition to the relative 


TABLE IV. Cross section in barns for the reaction 
Pb?°8(a,3n) Po?, 








Alpha energy Cross section 
(Mev) (barns) 


30.3 
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errors, the error in absolute value of the cross sections 
is estimated to be +3%. 

The cross sections calculated from the enriched- 
isotope data were combined and compared with the 
natural-lead results for the production of the various 
Po isotopes. Good agreement was obtained in magnitude 
and energy dependence. The yield of Po” from natural 
lead was about 4% higher than calculated from the 
Pb*8(a,22) Po” and Pb®?(a,) Po”. 

The energies for the lead bombardments are estimated 
to be correct within +0.2 Mev, allowing for observed 
drifts of the cyclotron energy. 


B. Yields of Po***, Po’, and Po?®® 


The cross sections for Pb™*(a,3n)Po”’ and 
Po**(a,4n)Po** depend on the alpha branching ratios 
of Po*’ and Po**®, The values used here are from Kelly.’ 
The uncertainty of these branching ratios is larger than 
the errors discussed above. 
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Fic. 2. Comparison of the excitation functions for Pb®*®(a,xn) from 
this experiment and Bi®(p,«n) from reference 3. 


The Po** yields could be determined in three ways. 
One depended largely on the pulse analysis, the second 
depended largely on decay analysis. The third was from 
the relative yields given directly by the gamma count- 
ing. All three showed excellent agreement. The half-life 
of Po”* has been determined to be 8.8+0.1 days from 
decay analysis. 

The decay data of Kelly'’ were reanalyzed to check 
the half-life of Po”’. The value computed was 6.2+0.1 
hours, compared to 5.7 hours found by Templeton, 
Howland, and Perlman.‘ However, the effect on the 
calculated cross section was found to be negligible. The 
absolute normalization of the reaction Pb*(a,3m) Po” 
is uncertain by +6%, owing largely to alpha counting 
statistics. The reaction Pb”*(a,3m)Po”? was not calcu- 
lated above 37 Mev because of the interference from the 
reaction Pb®®(a,4n)Po®, 

The half-life for Po was taken to be 100 years from 
the estimate of Kelly.’ The half-life calculated from 
recent measurements is found to be 103 years.'* Because 
of the long half-life, counting statistics were relatively 
poor. No attempt was made to calculate the excitation 
functions for Pb”*®(a,z)Po™ and Pb’ (a,2n)Po™. 


V. DISCUSSION 


A. Test of the Predictions of Bohr’s Compound 
Nucleus Theory 


The comparison between the excitation functions for 
Pb”*+a and Bi+? is illustrated in Fig. 2. The com- 
pound nucleus produced in both cases is Po’. The 
proton curves have been shifted by adding 11.9 Mev 
to the proton energy to match the curves. In order to 
satisfy the prediction of Bohr’s theory it must be 
possible to shift the curves so that 


o(p,2n):0(p,3n):0(p,4n) =o (a,2n):0(a,3n):0(a,4n). 


Inspection of Fig. 2 reveals that this condition is well 
satisfied. However, the compound nucleus theory 


17 E. L. Kelly (private communication). 
18 Andre, Huizenga, Mech, Ramler, Rauh, and Rocklin, Phys. 
Rev. 101, 645 (1956). 
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Fic. 3. Excitation functions for Pb®*(a,2n)Po* and 
Pb*® (a,4n) Po™8, 





requires that the curves be shifted by an amount which 
would produce the compound nucleus with the same 
excitation energy. The transformation from center-of- 
mass coordinates to laboratory coordinates must be 
made in calculating the exact energy shift required. 
The relation between the proton and alpha energies in 
the laboratory system must be 


E,=aE,—, 


where a= 206/209, b= (210/209)AMc?, and AM= M3; 
+Mu— Mp,206— M ye. The value of b found by matching 
the experimental curves is 11.3+0.4 Mev. The trans- 
formation of coordinates introduced a correction of 
about 0.6 Mev. The uncertainty is estimated from the 
uncertainties in the bombarding energies. Kelly® esti- 
mated the error in the proton bombardment energies 
for the Bi+ experiments to be +0.3 Mev. It should 
be pointed out that Kelly experienced some difficulty 
in determining the beam energy of the linear accelerator 
but found good agreement between several bombard- 
ments. The alpha bombardment energies are considered 
to be accurate to +0.2 Mev. An internal check was also 
made between all the lead bombardments. Since the 
targets were not completely separated isotopes, some 
reactions were visible in all targets. The excitation 
functions for these reactions could be compared to test 
the energy determinations. The reactions Pb®*(a,4m)- 
Po™ and Pb”*®(a,2%)Po* were especially useful for this 
purpose. The intercomparisons supported the above 
estimate of the error in bombardment energy. 

We note that the comparison between the lead and 
bismuth cross sections is independent of the uncertainty 
in the alpha branching ratios of Po” and Po” since the 
same values were used in both calculations. For the 
comparison the proton ranges were converted to energy 
by using the Bichsel and Mozley* range-energy table. 

We now calculate 6 from the masses. We note that 
AM contains the difference between the Bi” and Pb” 
masses. This difference may be taken from the table of 
Stern” or the more recent table of Glass, Thompson, 
and Seaborg.” The mass difference needed here is the 
same in both tables. The mass tables in the region of 


1M. O. Stern, Revs. Modern Phys. 21, 316 (1949). 
* Glass, Thompson, and Seaborg, J. Inorg. Nuc. Chem., 1, 
No. 1, 3 (1955). 
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lead are based on decay energies and neutron binding 
energies. For example, we may link Bi” and Pb”® as 
follows: 

n° n° n° 
Pb**—____—_+Pb®”’———_+ Phb**_____» 


6.73 Mev 7.38 Mev 3.87 Mev 
B.E. B.E. B.E. 


Pb™—_—__—»Bi™. 


0.64 Mev 


The data are taken from Glass, Thompson, and Seaborg. 
All of the energies listed are measured energies. The 
difference in mass values is estimated to be accurate to 
+0.1°° or +0.2 Mev.” The value of 6 calculated from 
the mass values is 10.5+0.2 Mev. 

The calculated value of 5, 10.5+0.2 Mev, is to be 
compared to the experimental value of 11.3+0.4 Mev. 
The experimental value thus appears to be higher than 
the calculated value by 0.80.5 Mev, or by an amount 
just outside of the probable error. Because of this 
possible disagreement with theory the Ghoshal? experi- 
ment has been re-examined. Ghoshal compared the 
excitation functions for Cu®+ and Ni®+a. In the 
laboratory system the energies are again related by 


E,=aEq—b, 


where a=60/63, b= (64/63)AMc?, and AM=M ues 
+Mu—Myitvo—Mue. We note that the proton curves 
are stretched by 1.3 Mev more at the highest energies 
relative to the lowest energies. The value of b found 
from matching the experimental curves is 6.4+1.0 
Mev. The uncertainty is taken from Ghoshal’s estimate. 
For comparison the value of 6 may be calculated from 
the mass values. The Cu® and Ni® masses have recently 
been measured with high precision by Quisenberry.”! 
The result for b is 3.83+0.02 Mev. The difference 
between the observed and calculated 0d is 2.641 Mev. 
This difference is also considered to be outside of the 
estimated errors. In both the Cu—Ni and Bi—Pb 
comparisons the observed 0 is larger than the b calcu- 
lated from the masses. The discrepancy is greater for 
the Cu—Ni comparison. 
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Fic. 4. Excitation functions for Pb®’(a,n) Po” and 
Pb”? (a,3n) Po™®. 


21 A. O. C. Nier (private communication). 
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TABLE V. Estimated relative errors in the cross sections. 





Percent 
error 


Error 
(barns) 


0.002 15 
0.002 
0.02 
0.03 
0.03 
0.02 
0.02 
0.02 


0.006 
0.02 
0.03 
0.04 


0.007 
0.01 
0.02 
0.03 


0.0007 
0.004 
0.006 
0.008 


Energy 


Reaction (Mev) 


Pb™®(a,2n) Po™® 
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Pb** (a,4n) Po 
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0.009 
0.01 
0.02 
0.03 
0.04 
0.04 


Pb”? (a,3n) Po™®® 


Pb*8(c,2n) Po! 

0.002 
0.01 
0.02 
0.01 
0.004 
0.005 
0.01 
0.01 
0.02 
0.03 
0.03 
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Pb®*(a,4n) Po™8 








Barring an unknown systematic error in the experi- 
ments, the discrepancy between the observed and 
calculated energy shift 5 could indicate a small deviation 
from Bohr’s theory. It may be possible to explain the 
deviation in terms of the presence of some direct 
interactions resulting in the ejection of neutrons. The 
energy spectrum of such neutrons would in general be 
different from that of evaporated neutrons. Further- 
more, since both the bombarding particles and the 
target nuclei are different the importance of direct 
interactions could be different in the two cases being 
compared. We have not made any calculations to test 
these ideas. 


B. General Features of the Excitation Functions 
in the Region of Lead 


The alpha bombarding energies ranged from about 
20 Mev to 47 Mev. In this energy region the number of 
neutrons observed to be emitted in reactions on lead 
increases from one to four as the energy increases. A 
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slight indication of the beginning of the reaction 
Pb" (a,5)Po** was seen at 47.5 Mev. The excitation 
functions exhibit a characteristic competition between 
the reactions involving the emission of various numbers 
of neutrons. The excitation functions for reactions on 
the various lead isotopes are very similar. They are 
also similar to the excitation functions for alpha and 
proton bombardment of bismuth. 

In Fig. 5 all of the available excitation functions for 
lead and bismuth have been graphed for comparison. 
The energy scale is that for Pb”*®+-a. The energy scales 
for the other excitation functions have been shifted to 
give a visual match of apparent thresholds. The ob- 
served shifts and the shifts calculated from mass values 
available in the tables of Stern’? and Glass, Thompson, 
and Seaborg” are listed in Table VI. 

The (a,2n), (a,3n), and (a,4n) reactions are re- 
markably similar for all target nuclei. The (a,m) 
reactions do not match in shape as well as the others. 
The reaction Pb***(a,z)Po™! is probably not as accurate 
as the other (a,m) reactions since it was necessary to 
sum the cross sections for the formation of the two 
very short-lived Po”! isomers. The observed similarity 
of the excitation functions is in general agreement with 
the expectations of the statistical theory. We note, for 
example, that the evaporation theory predicts that the 
excitation functions for (a,2”) reactions on neighboring 
nuclei will be nearly the same if their thresholds are 
matched. 

The energy shifts which were employed to match 
the curves in Fig. 5 may be compared to the differences 
in thresholds. The reaction Pb”’(a,n)Po”® was com- 
pared to the reaction Bi?” (p,2) Po. The relative energy 
shift observed to match thresholds is E,—E£,=—11.9 
Mev. The shift calculated from the difference between 
the thresholds is —9.7 Mev. The discrepancy is 1.6 
Mev, including the correction to center-of-mass co- 
ordinates. The discussion of errors in Sec. V,A also 
applies in general to this section. The errors for the 
(a,m) curves are somewhat higher. 


The observed energy shift for Pb”*(a,2”)Po!” 





[ ve wee 

| —— Pb ?°* (a, xn) 
bb — Bj 209 (p, Xn) 
f —- pb ®°8 (a, xn) 
Saeee (a, xn) 
| ----Bi (a, xn) 


a a 


- a 


CROSS SECTION IN BARNS 
w 
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Fig. 5. Comparisons of the excitation functions for lead and 
bismuth. The curves for lead are based on the data of this experi- 
ment. The Pb™®(a,n) data are taken from reference 5, the bismuth 
data from references 3 and 7. The energy scale applies to reactions 
on Pb®*. For the energy scales of the other curves see Table VI. 
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TaBLe VI. Energy shifts for Fig. 5. The bombarding energy was 
increased by the amount given under “observed energy shift.” 








Observed 
energy shift 
Mev) 


Shift calculated 
from masses 
(Mev) 


=0 


Reaction 


Pb™*®(a,xn) Po =0 
Pb”? (a,n) Po®™ Oo 
Pb”? (a,3n) Po™®® 1. 
Pb*8(a,n) Po*4 0. 
Pb™® (a,2n) Po 1. 
Pb*8 (a,4n) Po™*® 1. 
1. 
0 
1. 





3 
2 site 
1 0.1 
i 
9 


10.4 
8 —0.6 
3 or 


Bi®™(p,xn) Po 1 
Bi (a,2n)At™ 
Bi®(a,3n) At?” 








® Matched to Bi2®(p,n) Po, 
V, A, for discussion including correction to center-of-mass 
coordinates. 


relative to Pb*®({a,2m)Po”® is E,(Pb**)—E,(Pb™®) 
=—1.1 Mev. The calculated shift is —0.1 Mev. The 
correction from laboratory to center-of-mass coordi- 
nates is negligible here. The observed shift was verified 
in the enriched Pb”® bombardment where both re- 
actions were present, giving a check independent of the 
beam energy determination. The discrepancy is outside 
of the errors. 

The observed energy shift for Bi®(a,2m)At™ relative 
to Pb”®(a,2n)Po™8 is E,(Bi™)— E,(Pb™*) = —0.8 Mev. 
The calculated shift is +0.6 Mev. The discrepancy is 
1.4 Mev. The observed energy shift for Bi®(a,3n)At?” 
relative to Pb*"(a,3n)Po® is E,(Bi®)—E,(Pb*”) 
=0.0 Mev. The calculated shift is —1.6 Mev. 

Thus the observed energy shifts disagree with the 
shifts calculated from the differences in thresholds by 
one or two Mev. We note that the measured excitation 
functions are being compared well above their thresh- 
olds. The cross sections are not as reliable near the 
threshold because of interference between reactions 
and straggling effects. 

From the comparison of the reactions Pb”’*(a,4) Po?’ 
and Pb™*®(a,42)Po*, the Po®* mass is calculated to be 
206.0446+ ~0.002 amu. From the comparison of the 
reactions Pb*’(a,37)Po”® and Pb™*®(a,3n)Po”’, the 
Po”? mass is calculated to be 207.0452+ ~0.002 amu. 
These masses are calculated on the Stern scale. On the 
Glass, Thompson, and Seaborg scale they would be 
206.0443 and 207.0449. The errors are estimated from 
the discrepancies between the observed and calculated 
energy shifts for the reactions involving known masses. 

Deuteron-induced reactions should be considered 
separately. Kelly® and Kelly and Segré’ have measured 
the excitation functions for the reactions (d,n), (d,p), 
(d,2n), and (d,3n) on Bi. When the deuteron-induced 
reactions are compared to the alpha- and proton-induced 
reactions on Bi, qualitative differences are seen. The 
differences are most pronounced for the (d,z) and (d,p) 
reactions. This is probably because of the importance 
of stripping processes.” The (d,2m) excitation function 
is more similar to the (a,2m) and (p,2m) excitation 


1D. C. Peaslee, Phys. Rev. 74, 1001 (1948). 
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functions, indicating that compound nucleus formation 
is probably more important. 


C. Total Cross Sections 


In Fig. 6 total cross sections have been plotted as a 
function of the alpha energy in the center-of-mass 
system. The cross sections for Pb**® neglect the con- 
tribution from Pb**(a,n)Po™. Therefore the Pb* data 
is plotted only above 27 Mev where the cross section 
for Pb”*(a,n)Po™ is expected to be less than ~0,02 b. 
The slight rise of the Pb**® cross sections above the 
dotted line between 35 and 40 Mev may be due to an 
error in the alpha branching ratio of Po”? used here. 
The total cross sections for Pb””’ are plotted only below 
21 Mev where the contribution from Pb®”(a,22) Po 
should be small. The Pb”* cross sections include the 
Pb*8(a,z)Po*" reaction from reference 5. The two 
Pb** points at high energies are somewhat lower than 
the dotted line but the uncertainties are large due to 
the poor statistics for the Pb*’*(a,3)Po*” reaction. 

For comparison the theoretical total cross sections 
calculated by Weisskopf* and by Blatt and Weisskopf™ 
are shown. Values for lead were obtained by graphical 
interpolation. In general the experimental points fit 
the Weisskopf calculations with ro= 1.5 10-" cm. The 
Blatt and Weisskopf values for ro=1.5X10-" cm are 
about 25% lower than the experimental points for 
energies above 25 Mev. This is well outside the experi- 
mental errors. The radius of interaction used by Blatt 
and Weisskopf is R=1r.A!+-p, p=1.2X10-" cm. The 
radius used in the Weisskopf calculations is not stated. 
The quoted barriers for ro=1.5X10~" cm are slightly 
lower in the Weisskopf table, but the main difference 
with the Blatt and Weisskopf table comes from the 
large difference in the quoted cross sections for a given 
ratio of alpha energy to barrier height. 
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Fic. 6. Total cross sections for alphas on lead. Experimental 
points are shown. Theoretical values are shown in dotted lines 
(reference 23) and solid lines (reference 24). 


3 V. F. Weisskopf, Lecture Series in Nuclear Physics, U.S. Atomic 
Energy Commission Report MDDC-1175 (U. S. Government 
Printing Office, Washington, D. C., 1947). 

“J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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Energy levels in B have been investigated by observing the neutrons from the Be*(p,n) B® reaction and 
the y rays from the Be*(p,ay)Li® reaction in the range of bombarding energy from 2 Mev to 5 Mev. At 
E,=2.562+0.006 Mev both the neutrons and the y rays are resonant. The width of the y-ray peak is 38+3 
kev while the width of the neutron peak is 85+-10 kev. The results are analyzed in terms of two B™ states 
at 8.89 Mev which probably are the analogs to the 7.37- and 7.54-Mev states in Be”. The neutron reduced 
widths for the B” states are in good agreement with those for the Be” states (which is to be expected on the 
basis of charge symmetry of nuclear forces) if the neutron and y-ray resonances have J=3*, T=1 and 
J=2*, T=1, respectively. In addition, a broad resonance in the neutron yield at 6=90° near 3.2 Mev in- 
dicates a wide level (T~0.7 Mev) in B" at 9.5 Mev. Angular distributions of the neutrons have been meas- 
ured and total cross sections obtained at bombarding energies of 2.56, 2.92, 3.06, 3.56, and 4.56 Mev. 


INTRODUCTION 


HE proton bombardment of Be’ at energies above 

2 Mev has revealed several resonances in the 

yield of neutrons from the Be®(p,7)B® reaction and of 
rays from the Be*(p,ay)Li® reaction. Neutron reson- 
ances have been found at 2.56 Mev,!~* 4.70 Mev,* and 
4.94 Mev‘; a y-ray resonance has been observed at 
2.565 Mev.*:*-? The width of the y-ray resonance has 
been determined to be 3942 kev*~’; however, the 
2.56-Mev neutron resonance is superposed on a rising 
background and, although it appears to be somewhat 
wider than the y-ray resonance, an accurate deter- 
mination of the width has not previously been made. 


t Aportion of this work was done at the Rice Institute, Houston, 
Texas, and was supported in part by the U. S. Atomic Energy 
Commission; at the California Institute of Technology, the work 
was supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

* National Science Foundation Postdoctoral Fellow. 
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It is the purpose of this investigation to obtain more 
information concerning the 2.56-Mev resonance and to 
study the nature of the rising background observed in 
the Be*(p,n) B® reaction. 

Gamma radiation from Be’+ can arise either from 
proton capture (which is relatively weak) or from the 
Be*(p,a)Li®(y)Li® reaction involving the 3.57-Mev 
level in Li®. For bombarding energies below about 5 
Mev no other reactions are expected to yield y rays. 
The Li® state at 3.57 Mev’ has J=0+, T=1; therefore 
only B" states with parity r= (—)/ and isotopic spin® 
T=1 can give rise to this a-particle group and the 
corresponding y ray. There are no isotopic spin re- 
strictions on the Be®(p,z)B® reaction; consequently, 
neutrons can be emitted from B"™ states which have 
either T=0 or T=1 while y rays can arise only from 
T=1 states. 

The 8.89-Mev state in B™, corresponding to the 
2.56-Mev y-ray resonance probably has J= 2+, T=1. 
The T=1 character of this state has been confirmed by 
Malm and Inglis* and by Marion, Weber, and Davis" 


8 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

® The isotopic spin restriction is, of course, much less stringent 
because of the possibility of large isotopic spin impurities. 

1 R. J. Mackin, Jr., Phys. Rev. 94, 648 (1954). 

4 Marion, Weber, and Davis (to be published). 
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Fic. 1. Thin target excitation curves for the Be®(p,n) B® reaction 
from 2 Mev to 5 Mev at laboratory angles of 0° and 90°. 


who do not find a resonance at this energy for the 
ground-state deuterons from the Be*(p,d)Be® reaction ; 
this reaction, involving T=0 particles in the exit 
channel, should show only T=0 resonances. A weak 
resonance in the Be*(p,a)Li® (ground state) reaction 
has been found" at E,=2.56 Mev with T=40 kev, 
suggesting a small 7=0 impurity either in the 8.89- 
Mev, J=2* state or in the Li® ground state. At this 
relatively high excitation, the energy levels are not 
expected to be isotopic-spin pure. This B" state is 
probably the analog to the 7.54-Mev level in Be" 
which is known”:* from neutron scattering experiments 
on Be® and has” J=2. A nearby state in Be" at 7.37 
Mev is known”: to have J =3*; the corresponding 8B" 
level has not been detected previously. 


EXPERIMENTAL PROCEDURE 


The neutron detector used was a paraffin-moderated 
BF; counter, similar to that employed by Marion, 
Brugger, and Bonner.'® The response of such a counter 
is not independent of the neutron energy but tends to 
have a higher efficiency for counting low-energy neu- 
trons.’ However, for neutron energies considered in 
this investigation, E,<2.5 Mev, the response does not 
vary strongly with energy, the difference in sensitivity 
being about 20% between neutron energies of 0.2 
Mev and 2 Mev. No correction for counter sensitivity 
has been applied ; consequently the cross section for the 
Be*(p,n)B® reaction at bombarding energies near 4-5 
Mev is probably too low by 15 to 20%. Since the counter 
sensitivity may be considered flat over a small range of 
neutron energy, the neutron angular distributions that 


12 Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951). 

8 Willard, Bair, and Kington, Phys. Rev. 98, 669 (1955). 

4 Adair, Barschall, Bockelman, and Sala, Phys. Rev. 75, 1124 
(1949). 

18 Marion, Brugger, and Bonner, Phys. Rev. 100, 46 (1955). 

16 J. P. Schiffer (private communication). 


MARION 


were measured are probably correctly given although 
the cross sections in the backward hemisphere, where 
the neutron energy is low, may be high by a few percent. 
An absolute cross section for the Be’(p,m)B® reaction 
was determined by comparing the yield from a weighed 
beryllium target with that from a weighed lithium 
target at bombarding energies such that the neutrons 
from both the Be*(p,n) and Li’(p,n) reactions had an 
energy of 0.4 Mev; the cross section for the Li’(p,m) Be” 
reaction measured by Taschek and Hemmendinger"’ 
was then used to obtain a value for the Be*(p,m)B® 
cross section. The cross section for the Be®(p,n)B® 
reaction is correct to within 15-20% at E,=2.5 Mev. 

The y-ray detector was a NalI(T]) crystal 1.5 in. in 
diameter and 1.5 in. in length. In order to reduce the 
counting rate due to neutrons, the counter was shielded 
with 3 in. of lead and a 3; in. sheet of cadmium; further 
shielding was provided by 2 in. of boron-loaded paraffin. 
Under these conditions the NaI(T1) crystal was fairly 
well shielded from neutrons; no indication of the 
Be*(p,2) B® threshold was observed in this counter. The 
crystal was biased so that only pulses in the energy 
range 2.7<E<5.2 Mev were recorded, thus selecting 
the 3.6-Mev y ray from Li®™. 





30 


28 


© nm 
ib o 
T 


nN 
Nn 


Ep= 4.56 MEV 


L Ep= 3.56 MEV 
ean MEV 


Ep= 2.92 MEV 


Ep= 2.56 MEV (x4) 


DIFFERENTIAL CROSS SECTION (MB/STERADIAN) 








re NER me oA OLY tt Ra eae ee mca ee nig ey a 
O° 20° 40° 60° 80° 100° 120° 140° 160° 180° 
CENTER-OF-MASS ANGLE 





Fic. 2. Angular distributions of the neutrons from the 
Be®(p,n)B® reaction at bombarding energies of 2.56, 2.92, 3.06, 
3.56, and 4.56 Mev. The angular resolution was +5°. 


17R. F. Taschek and A. Hemmendinger, Phys. Rev. 74, 373 
(1948). 
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RESULTS 


Excitation curves for the Be*(p,n)B® reaction were 
measured for bombarding energies from 2 Mev to 5 
Mev at laboratory angles of 0° and 90°. These results 
are shown in Fig. 1. The target was beryllium metal 
evaporated on to a tungsten backing and was approxi- 
mately 5-kev thick to 2-Mev protons. The known 
resonances at E,= 2.56 and 4.7 Mev were observed at 
both angles. The 90° curve shows the latter peak shifted 
to 4.8 Mev. Insufficient data were obtained to show the 
4.94-Mev resonance.‘ In addition to the two known 
resonances, the 90° curve shows a broad maximum 
centered about E,=3.2 Mev with a width of about 0.7 
Mev and corresponds to a B" state at excitation of 9.5 
Mev. The effect of this level is obscured in the forward 
direction by the relatively larger nonresonant back- 
ground upon which the 2.56- and 4.7-Mev resonances 
are superposed. 

Angular distributions of the neutrons were measured 
at bombarding energies of 2.56, 2.92, 3.06, 3.56, and 
4.56 Mev. These data are shown in Fig. 2. The angular 
resolution was +5°. The transformation from labora- 
tory to center-of-mass coordinates was performed by 
using the tables of Marion and Ginzbarg.'* The dis- 
tribution at the 2.56-Mev resonance is almost isotropic 
but shows a weak increase in the forward direction and 
near 150°. At E,= 2.92, 3.06, and 3.56 Mev, the effect 
of the wide resonance is to produce a broad maximum 
in the distribution near 120°. As the 4.7-Mev resonance 
is approached, the forward and backward yields are 
strongly enhanced. Similar effects have been noted by 
the Wisconsin group.” The total cross sections obtained 
by integrating these angular distributions are given in 
Table I. The variation with energy of the total cross 
section also indicates the 3.2-Mev resonance. 

In order to investigate more closely the region near 
E,=2.56 Mev, the neutron yield at 0° and the y-ray 
yield at 90° were measured simultaneously from E,= 2.0 
to 2.9 Mev. These results are presented in Fig. 3. The 
angular resolution of the neutron counter was +25° 
and that of the y-ray detector was +5°. The energy 
scale was calibrated by observing the Be*(p,n)B® 
threshold at 2.0590.002 Mev.? A pulse-height dis- 
tribution in the Nal crystal taken at E,=2.56 Mev 
showed that only the 3.6-Mev y ray from the 
Be®(p,ay)Li® reaction is produced with an appreciable 
intensity. The measured width of the y-ray resonance 


Taste I. Total cross section for the Be®(~,m) B® reaction. 


Ey (Mev) 2.56 2.92 3.06 3.56 4.56 
o (mb) 101 90 103 126 241 














18 J. B. Marion and A. S. Ginzbarg, Table for the Transformation 
of Angular Distribution Data from the Laboratory System to the 
Center of Mass System (Shell Development Company, Houston, 
1955). 

” Richards, Laubenstein, Johnson, Ajzenberg, and Browne, 
Phys. Rev. 81, 316(A) (1951). 
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Fic. 3. Thin target excitation curve for the neutrons from the 
Be*(p,n)B® reaction at 0°+25° and the y rays from the 
Be®(p,ay) Li® reaction at 90°+5°. 


is 38+3 kev; the resonance energy is 2.562+0.004 Mev. 
Figure 3 shows that the width of the neutron resonance 
is considerably greater than that of the y-ray peak. 
An accurate measurement of the width of the neutron 
resonance, however, must be obtained from the total 
cross section. Furthermore, interference effects between 
the resonance and the nonresonant background could 
influence the width. In order to investigate this latter 
point and to obtain data from which a total cross sec- 
tion could be constructed, excitation curves for the 
neutrons were measured at angles of 0°, 45°, 90°, and 
120°, in each case with an angular resolution of +25°. 
Interference effects do not seem to be appreciable since 
the shape of the resonance was approximately the same 
in the four curves. When these curves were transformed 
to angular distributions at each bombarding energy and 
converted to the center-of-mass coordinate system, the 
distributions did not differ strongly from isotropy. Con- 
sequently, a total cross-section curve could be con- 
structed ; the points obtained are shown in Fig. 4. The 
absolute cross-section scale was obtained by normaliz- 
ing the 2.56-Mev peak to 101 mb (see Table I). The 
dashed curve in Fig. 4 represents the background as- 
sumed in order to analyze the resonance. The solid 
curve is that obtained when the background is added 
to a single-level resonance curve with the parameters 
T'=85+10 kev, og=45+15 mb, and Er=2.562+0.006 
Mev. Most of the uncertainty results from the im- 
possibility of obtaining a unique determination of the 
background. It is clear that the experimental data are 
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Fic. 4. Total cross section for the Be*(p,n)B* reaction. The 
experimental points were obtained from excitation curves taken 
at angles of 0°, 45°, 90°, and 120°. The dashed curve represents 
the assumed background. The solid curve is the sum of the back- 
ground and a single-level resonance curve, the parameters for 
which are given in the text. 


well represented by assuming only one resonance with 
a width about twice that of the y-ray resonance. 


DISCUSSION 


In the vicinity of E,=2.6 Mev, the y-ray yield above 
background from the Be*(p,ay)Li® can be accounted for 
in terms of a single resonance at E,= 2.562+0.004 Mev 
with [=38+3 kev; similarly, the neutron yield above 
the nonresonant background from the Be*(p,n)B® re- 
action can be explained on the basis of a single resonance 
at E,=2.562+0.006 Mev with '=85+10 kev. Clearly 
then, at least two B"™ states are involved which are 
energy-degenerate (to within a few kev). The following 
analysis will be based on the assumption of two states, 
one of which is observed in the Be®(p,7) B® reaction and 
the other in the Be*(p,ay)Li® reaction. The partial 
width of the narrow resonance for a-emission to the 
ground state of Li® has been neglected in comparison 
with the other partial widths." Mackin” has analyzed 
the y-ray resonance and finds that the corresponding 
B®” state at 8.89 Mev has J=2+, T=1. The analysis 
assumes the equality of the neutron and proton re- 
duced widths, which is to be expected on the basis of 
charge symmetry of nuclear forces, since neutron and 
proton emission from this state form mirror levels. The 
J=2* assignment gives for the neutron (or proton) 
dimensionless reduced width, 0,2=7,?(2Ma/3h*)=6,? 
=0.0053 or 0.0016, where a=1.45(A!+1)X10-" cm. 
When one uses these values, the corresponding total 
resonant cross sections for the Be*(p,)B® reaction 
would be 21 mb or 1.9 mb, respectively. Since a cross 
section as large as 21 mb should be readily observable, 
and no corresponding narrow resonance was found, the 
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value @,?=0.0053 is ruled out. A cross section of only 
1.9 mb, however, would not appreciably influence the 
shape of the Be®(p,n) B® excitation curve since the 2.56- 
Mev neutron resonance has '= 85 kev and ¢g=45 mb. 

The J=2+, T=1 state in B" at 8.89 Mev probably 
corresponds to the J=2 state at 7.54 Mev *'8 in Be". 
The width of this Be" state is 8 kev" and therefore it 
has a reduced width 6,?=0.0034.% The choice of 6,2 
=6,’=0.0016 for the /= 2+ B” state is consistent with 
this value since 6,” for the Be” state must be compared 
with 6,’+6,’= 26,?=0.0032 for the B™ state.” 

In the region of excitation near 7.5 Mev in Be”, in 
addition to the J=2, 7.54-Mev state, there is a level 
at 7.37 Mev with J/=3+*."-4 This fact suggests that the 
second state at 8.89 Mev in B" is the analog to this 
state and has J/=3+, T=1. This J value would account 
for the absence of the effects of this state in the 
Be*(p,ay)Li® reaction since the transition to this state 
would be spin-forbidden. Furthermore, the T= 1 assign- 
ment would explain the absence of resonances in the 
Be*(p,a)Li® (ground state) and Be®(p,d)Be® reactions 
at thisenergy.*" (The weak resonance in the Be*®(p,a)Li® 
reaction appears to correspond to the narrow, 2+ 


TABLE II. Reduced widths* of the 3+ and 2* states in Be” and B™. 








(Be) (Be) 
ie On? E* 
(Mev) [I(kev, lab) (c.m.) J,x (Mev) I(kev, lab) 


7.37 25 0.014» 3* 
7.54 8 0.00344 2+ 


On? +Op? 
(c.m.) 


85+10 0.026 +0.008¢ 
38+ 3 0.0032 





8.89 
8.89 








a @2 =y2(2Ma/3h2), with a=1.45(A'+1) X10- cm, (6n2+6p%) for B® 
should equal 6n* for Be; see reference 21. 

> See reference 22. 

¢ See reference 23. 

4 See reference 20. 


state.") Under the assumption of /=3* for the state 
giving rise to the 2.56-Mev resonance for the neutrons, 
and further assuming the equality of the neutron and 
proton reduced widths, these reduced widths were calcu- 
lated to be 6,2=6,’=0.013. For the corresponding Be” 
state, '= 25 kev,” and therefore 6,7=0.014"; however, 
this must be compared with 6,?+6,’=260,?=0.026 
+0.008 for the B" state. The reduced widths of the 
Be” and B" states are compared in Table II. With the 
choice of J=3+ and J=2+ for the B"™ states, there is 
good agreement between the corresponding 2+ states 
and, in spite of the rather large error in 0,’+6,° for the 
3+ state in B", quite satisfactory agreement between 
the corresponding 3* states. It therefore seems reason- 
able to identify these states as analog T=1 states in 
the Be”’— B"—C" triad. These are the only two cases 
thus far for which direct comparisons of experimentally 

20 g,,2 was calculated under the assumption of a p-wave resonance 
and a J=2* state. 

*1R. K. Adair, Phys. Rev. 96, 709 (1954). 

22 A value of 0.017 was obtained in reference 14 where a slightly 
different radius was used. 

%3 The indicated uncertainty arises from the uncertainties in the 


width and cross section of the neutron resonance, due in part, to 
a lack of exact knowledge of the nonresonant background. 
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determined reduced widths have been possible for corre- 
sponding T=1 states. Figure 5 shows the currently 
known correspondences in the A=10 triad. Table III 
summarizes the data concerning B"™ states known from 
Be®+p for E,>2 Mev. The B" doublet at 10.8-11.07 
Mev may correspond to the 9.27—9.4-Mev doublet in 
Be”. 

Recent results™*® on the elastic scattering of protons 
from Be® up to 3 Mev show a large anomaly with a 
peak near 2.56 Mev. The width appears to be about 
100 kev, although a detailed analysis has not yet, been 
made. The contribution from a state with T'=38 kev 
(an exact value for which must await the analysis), 
appears to be small. This is to be expected since 
(2J+1)I',/T for the wide state is a factor of 35.6 larger 
than that for the narrow state and (2/+1)I,/T occurs 
as the first and second powers in the elastic scattering 
cross-section formula. 

Kurath”® has calculated on an intermediate coupling 
model the energies of the T=0 and T=1 states in B” 


TABLE III. Excited states in B” from Be®+ for E,>2 Mev. 








Emitted oR 
particles (mb)* 


E* 
(Mev) 


Ep (Mev) 


2.29 +0.03> dy 
2.562+0.006  n(ao) 45 
2.562+0.004 aeo(m) 1104 
Ke n 

4.7e1 n 
4.94+0.03¢ n 


lr (kev) 


~ 400 8.65 
85410 889 (3,4, 1°) 
Se 3. 28....2405 
~ 700 9.5 
~ 500 10.8 (+) 
~ 100 11.07 


JS, mcF 











® Cross section above background. 
> See references 11 and 6 

¢ There may be a small 7 =0 impurity in this state; see reference 11. 
4 Cross section for the Be®(p,ay)Li® reaction; see reference 5. 

© See reference 4, 

See reference 3. 


arising from excitations within the 1p shell. Other 
configurations [e.g., excitations from the 1p shell to 
the (2s,1d) shell or from the 1s shell to the (1d) shell, 
etc.] must certainly contribute in the energy region 


% F, Mozer (private communication). 
25 G. Dearnaley (private communication to F. Mozer). 
26D. Kurath, Phys. Rev. 10i, 216 (1956). 
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Fic. 5. Energy-level diagram for the 7=1 triad Be’—B"Y—C¥, 


The excitation energies and J values are given for corresponding 
T=1 states. 


considered (up to about 10 Mev), since many more 
states have been observed than result from the calcula- 
tions. One possible mechanism which could account for 
a 2+—3* doublet is the excitation of one of the 1s 
nucleons into the 1d; shell, giving the configuration 
(1s,)*(1p3)*(1d,)'. Such a configuration would yield 
four states: J = 2+ and 3+, T=O and J=2* and 3+, T=1. 
Calculations of the energies of these “hole” states have 
not yet been made, and consequently it is not yet 
possible to predict where they might occur. 
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Nuclear binding energies are calculated from a general two-body interaction by using jj-coupling shell 
model wave functions for the nucleons. The good agreement obtained indicates that the effective central 
field in which the nucleons move is the same for all nuclei in which the same shell is being filled. 





ECENTLY some evidence has been gathered 
showing that the potential well of the nucleus is 
constant, to a good approximation, at least in nuclei 
where the same shell is being filled.~-* This encouraged 
us to try and fit nuclear binding energies on the basis 
of such an assumption. As neither the interaction 
between nucleons nor their wave functions are known, 
we adopted a procedure which does not involve detailed 
knowledge of these. In the present work only the 
following assumptions are made: I. The wave function 
describing the nucleus is that of independent nucleons 
moving in a central field (shell model wave function), 
being the same for all nuclei with the same unfilled 
shell; the spin 7 of each nucleon is a good quantum 
number (jj-coupling). II. The interaction between 
nucleons is a charge-independent two-body force (this 
may include central forces, any mutual spin-orbit 
interaction, and tensor forces). Thus, the states are 
characterized by the configuration, the total spin J, 
and the total isotopic spin T. If more than one state 
with these quantum numbers occur, we characterize the 
states by additional quantum numbers of the general- 
ized seniority.*:® 
The expectation value of any two-body interaction 
in one shell can be expressed as a linear combination of 
the energies in a two-nucleon configuration. To carry 
out this calculation, fractional parentage coefficients®” 
may be used. Instead we use an elegant method due to 
Racah.* He considers simple two-body operators, the 
eigenvalues of which characterize the states [for ex- 
ample, >> (t;-t;)=7(7+1)—4n]. Clearly, if there are 
enough operators with different eigenvalues for each 
state of the two-nucleon configuration, the energies of 
this configuration can be uniquely expressed as a linear 
combination of the eigenvalues. If this is the case, then 
the energies of other configurations are also given by a 
linear combination of the operators with the same 
coefficients. Since usually this is not the case, it is only 
possible to calculate average energies of groups of states 


1B. C. Carlson and I. Talmi, Phys. Rev. 96, 436 (1954). 

2S. Goldstein and I. Talmi, Phys. Rev. 102, 589 (1956). 

3 R. Thieberger and I. Talmi, Phys. Rev. 102, 923 (1956). 

* G. Racah, “Group Theory and Spectroscopy,” Mimeographed 
Lecture Notes, Princeton, 1951 (unpublished). 

5B. H. Flowers, Proc. Roy. Soc. (London) A212, 248 (1952). 

®R. F. Bacher and S. Goudsmit, Phys. Rev. 46, 948 (1934). 

7G. Racah, Phys. Rev. 63, 367 (1943). 

®G. Racah, Farkas Memorial Volume (Research Council of 
Israel, Jerusalem, 1952). 


which belong to the same eigenvalues of the known 
operators. Fortunately, almost every ground state is 
the only member of its group and Racah’s method can 
therefore be used. In this way the energies (or rather 
average energies) in the 7" configuration are given by 


nA+$n(n—1)a+[7T(T+1)—2n]d 
+[g(W)—2n(j+1)]e. (1) 


In the first term, A is the single-nucleon energy (its 
kinetic energy and its interaction with the closed shells), 
while the other terms express the mutual interaction. 
The quantity g(W) is the eigenvalue of Casimir’s 
operator*:* (of the symplectic group in 2j+1 dimen- 
sions) characterizing the group of states which belong 
to the same irreducible representation specified by 
W = (wyw2- --). This last term essentially represents the 
pairing energy. For even n, the ground states with J/=0 
belong to W=(00) and since g(W)=w(wi+2j+1) 
+we2(w2+2j—1)+--- we have in these cases g(00) =0. 
For odd n, the ground states (and sometimes excited 
levels) with J=j7 belong to W=(10) and therefore in 
these cases g(10)=2(j+1). If we specify the inter- 
action, the coefficients a, b, and ¢ can be calculated in 
terms of radial integrals of the potentials.* However, 
in order to have the procedure as general as possible 
we keep these coefficients (as well as the coefficient A) 
as free parameters. We check the agreement of our 
assumptions with the data by fitting all available 
energies in a definite shell to the linear combination (1) 
with the same coefficients; the best values of these are 
determined by a least squares fit. This is in accordance 
with the standard procedure in atomic spectroscopy. 
In the p12 and 51/2 shells, a smaller number of operators 
is sufficient for the calculation and the parameter c was 
left out. 

Binding energies were taken from the review articles 
by Wapstra® and others."° In order to obtain the energy 
within a shell, we subtracted from the binding energy 
of every nucleus the binding energy of the preceding 
doubly closed shells nucleus. These energies contain the 
contributions from the Coulomb energy which should 


® A. H. Wapstra, Physica 21, 367 and 385 (1955). 

1 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955); P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 
95 (1954); K. Way et al., “Nuclear Level Schemes,” Atomic 
Energy Commission Report TID-5300, 1955 (unpublished), with 
some exceptions, notably A* data taken from Kistner, Schwarzs- 
child, and Rustad, Bull. Am. Phys. Soc. Ser. II, 1, 30 (1956). 
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NUCLEAR BINDING 


ENERGIES IN SHELL 


TABLE I. Experimental and calculated binding energies (in Mev). 


MODEL 








Binding energies 


Experi- 


Binding energies 


Present Experi- Present 


Binding energies 
Experi- 


Present 


Nucleus J of state mental model Nucleus 


J of state 


mental model Nucleus J of state mental model 











ps2 shell B.E. minus that of Het 


3/2 —0.95 
0 0.93 
0.13 
2.17 
10.95 
12.98 
16.53 0 
9.30 ; 5/2 
28.19 a / 0 
29.85 13Al136 
36.66 Ale? 5/2 
28.00 14Si13?7 5/2 
34.70 Sing? 0 
36.22 
47.90 
32.02 
* 45.14 
63.85 


2He;$§ 
2He,® 
sLi,® 
sLi;® 
sLi,? 
sLi;® 
sLig? 


0 
1, 3(20) 
3/2 


45.23 
63.80 


0 
3/2 
0 


14Si15” 
Sie” 
Pig 
15P 15” 
P15” 1 

1sP 16% 1/2 
16915" 1/2 
16516" 0 


1/2 
0 
1/2 


eCe!” 
pe shell B.E. minus that of C” 
1/2 4.95 
0 13.12 
1/2 
0 


5.34 
13.04 
2.31 
10.02 
12.19 
23.35 
6.48 
19.81 
35.51 


1.95 
10.18 
12.49 
23.32 

6.54 
19.79 
35.43 


d3;2 shell B.E. 
3/2 
0 
3/2 
0 


169178 
16918 

169199 
16520°° 


ds/2 shell B.E. minus that of O'* 


5/2 4.14 
0 12.21 

16.16 
? 


4.56 
13.65 
15.61 
22.10 

0.95 
21.62 
17.49 


g0y!? 


80018 


0.59 
19.97 
15.85 
33.05 33.59 
39.46(?) 39.36 
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S12 shell B.E. minus that of Si®* 


minus that of S® 


61.85 
54.44 
70.17 


61.96 
54.32 
70.29 


50.17 
55.36(?) 
? 


58.53(?) 
? 


49.65 
52.83 
34.95 
58.03 
72.71 
? 53.11 
70.66 70.41 
77.99 77.40 
89.10 88.90 
72.96 72.18 
84.09 83.69 
84.03 83.44 
97.36 97.68 
91.75 91.96 
108.95 110.47 


19K 20™ 3/2 
20C ‘aig™ 3/2 
20Caro” 0 


fr shell B.E. minus that of Ca® 


20Caei"! 7/2 8.37 
20Ca.o” 0 19.85 
20CAo3% 7/2 27.78 
20Cae44 0 38.96 
20C a5! 7/2 46.38 
46.20 
57.17 
63.87 
73.77 

1.63 
24.79 
45.85 
65.23 
83.27 
35.13 
43.03 
56.32 
64.84 
76.50 
84.62 
95.54 
48.30 
61.41 
83.23 


8.68 
21.03 
28.84 
40.31 
47.24 


57.84 
63.90 
73.63 
2.03 
25.74 
46.52 
65.55 
82.83 
33.73 
43.03 
56.00 
64.43 
76.53 
84.08 
95.30 
48.76 
60.74 
82.76 
103.03 
68.76 
78.69 
92.28 
101.33 
114.04 
84.44 
97.04 
120.30 
105.09 
115.63 
129.85 
121.42 
134.64 
142.72 


20Cacg* 
20Cao7*7 
20C a2" 


8.47 
19.09 

2.79 
13.28 
13.97 
26.38 
20.16 
35.24 


8.61 
19.03 

2.81 
13.24 
13.87 
26.43 
20.21 
35.22 


215C23"* 
22Tiso* 
22Ti3** 
22 Tizg*® 
22T ios"? 
22 Tizg*® 
22Tio7® 
22Ti2,” 
23V 25°* 
23Vo4"" 
23V 26" 
23 V 25 7/2 103.44 
48% 0 69.50 
7/2 ? 
92.87 
102.02 
114.25 


8.65 
20.05 
27.07 
36.97 

2.42 
13.75 
26.46 
35.03 
45.39 
19.69 
34.96 
43.79 
55.54 
36.88 
48.88 


8.66 
20.04 
27.12 
36.93 

2.38 
13.77 
26.29 
35.10 
45.23 
19.58 
34.83 
43.96 
55.82 
37.00 
48.86 


2aCrog 
o4Crog® 
24Crog™ 0 
2CTo75 

24Cr 23 

25Mno,* 
25Mnog® 

25Mnog 

26F €26* 

26k e27% 

26F e234 

27C0275* 

27C028°° 

2sNi2g5® 


141.19 














be subtracted. This latter energy can be taken from 
mirror nuclei, but we used a more consistent and 
satisfactory way of subtracting. We utilized the Cou- 
lomb energy in the harmonic-oscillator model! given in 
terms of e?(v/7)' which was considered as an additional 
parameter. In this case a greater number of nuclei 
could be taken into account in the least squares fit. 
This is the only possibility in cases where no information 
on mirror nuclei is available (e.g., in the f7/2 shell). 
The e*(v/2)! thus derived for various shells is in a very 
good agreement with previous results.! Our results are 
presented in Table I. In this table are included also 
some nuclei (marked with an asterisk) whose energies 
are not accurately known; these were not considered 
in the least squares fit. The binding energies listed 
include the Coulomb energies. Where averages of states 
were considered all the spins are given; the brackets 
contain the numbers W. 


The agreement is excellent for the 51/2 and d3y2 shells. 
Also in the other shells the root-mean-square deviation 
is less than 1% of the width of the energy range 
considered. The rms deviation is defined in the usual 
way as [>> i-1"A?/(N—k) ]!, where the A; are differ- 
ences between the experimental and calculated energies, 
N is the number of data and & is the number of param- 
eters. The agreement is poor for the first nuclei up to 


TABLE IT. Energy parameters of the present model (in Mev). 











Percent 


rms rms 


devi- 
ation 


0.33 
0.29 
0.92 
0.10 
0.14 
0.75 


devi- 
ation 


0.66% 


e2(v/x)* 


0.364 
0.349 
0.349 
0.320 
0.312 
0.289 


Shell A 


pare + —0.738 
Pir 5.337 
ds/2 4.565 
Sifz 8.606 
d3;2 8.658 
Sura 8.681 


27 +1)c 
—3.721 





—2.909 


—1.759 
—2.053 











720 Ba 


A=7, indicating breakdown of the shell model (or 
only of jj-coupling). These cases were excluded from 
the least squares fit and were not taken into account in 
the calculation of the rms deviation. The best values 
of the coefficients for the various shells are listed in 
Table II along with the rms deviations. The large 
difference in the values of a and } between the 1/2, $1/2 
shells and the other shells is not surprising in view of 
the difference in their meaning in the two cases. It is 
worth while to note that the deviations in the ds5,2 shell 
(and also in the f7/2 shell) show a marked regularity. 
In the middle of the shell all the experimental binding 
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energies are bigger than those calculated whereas both 
in the beginning and the end the situation is reversed. 
This may be associated with the effects of deformation 
(or possibly of configuration interaction) not considered 
here. Positions of some excited levels (usually only 
position of averages) can be calculated with the param- 
eters obtained, and are found to be in fair agreement 
with the experimental data. It is hoped to report soon 
on this and related problems. It seems to us that it is 
interesting and rather surprising that the simple 
jj-coupling shell model is so adequate in this region of 
nuclei. 
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Neutron Scattering from Iron and Carbon by Time-of-Flight* 


C. O. Mueutuause, S. D. BLtoom, H. E. Wecner,t AND G. N. GLASOE 
Brookhaven National Laboratory, Upton, New York 


(Received April 26, 1956) 


A fixed-frequency cyclotron in conjunction with millimicrosecond time-of-flight techniques has been used 
to study elastic and inelastic neutron scattering from iron and carbon in the Mev range. The elastic angular 
distribution from iron exhibits an optical diffraction type pattern, and the inelastic angular distribution 
proves to be primarily isotropic except for a slight asymmetry around 90 degrees. The elastic angular distri- 
bution from carbon is in essential agreement with previous work. 


INTRODUCTION 


HE dynamics of excitation of low-lying nuclear 
levels is of interest in the study of nuclear 
structure. Some details of the structure may be in- 
vestigated by bombarding the nucleus with neutrons 
and studying the reaction and scattering processes. 
For most nuclei the energy of the first excited state 
ranges from ~20 kev to ~2 Mev. Until recently, 
identification of various neutron groups from neutron- 
out reactions in the Mev energy range has been difficult. 
In the present work this identification was accomplished 
by determining the flight time for the scattered neutrons 
over known distances. 

Neutrons of 1-Mev energy travel with a velocity of 
approximately 1.4 cm/musec. In order to measure the 
energy of 1-Mev neutrons to 2% with a flight path 
of 1 meter, the times of origin and detection must each 
be known to ~1 mysec. This may be accomplished by 
using millimicrosecond techniques for scintillation 
detection together with the short pulse of neutrons 
obtained from the natural phase bunching of particles 
accelerated in a fixed-frequency cyclotron.' These tech- 
niques were applied to the study of elastic and inelastic 
neutron scattering from iron and carbon. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
+ Present address: Los Alamos Scientific Laboratory, Los 


Alamos, New Mexico. 
1D. Bohm and L. Foldy, Phys. Rev. 72, 649 (1947); B. L. 
Cohen, Rev. Sci. Instr. 24, 589 (1953). 


Elastic and inelastic angular distribution measure- 
ments were made for Fe at 1.66, 1.58, and 1.48 Mev, 
and for C at 1.66 Mev. The elastic distribution exhibits 
an optical diffraction type pattern, and the inelastic 
distribution shows a slight asymmetry about 90 
degrees. 


EXPERIMENTAL PROCEDURE 


For this work the 18-in. cyclotron at the Brookhaven 
National Laboratory produced a 2.45+0.03-Mev 
external proton beam. About 60 ua of the external beam 
were focused on a }-in. diameter target 12 ft from the 
cyclotron by using a pair of double-wedge magnets. 
The natural phase bunching? of the machine resulted in 
a 2-musec pulse of protons striking the target every 
54.1 mysec (rf=18.4 Mc/sec). 

Neutrons were obtained from a thin target (~50 
kev) of Zr-T on a water cooled copper backing. Three 
different primary neutron energies (1.66, 1.58, and 
1.48 Mev) were obtained by positioning the scatterer 
at 0, 20, and 30 degrees with respect to the direction 
of the protons incident on the target. The target design 
(see Fig. 1) allowed for very little scattering material 
in the direction of the forward beam. The targets 
used showed only a negligible loss of tritium over a 
50 000 wa-hr period. 


2S. D. Bloom, Phys. Rev. 98, 233 (1955); Bloom, Muehlhause, 
and Wegner, Phys. Rev. 99, 654 (1955); Bloom, Glasoe, Muehl- 
hause, and Wegner, Phys. Rev. 100, 1248 (1955). 





NEUTRON SCATTERING 


The size of scatterer was determined by a suitable 
compromise between angular resolution, multiple 
scattering, and scattered intensity. The iron and carbon 
samples, each containing 2 moles of material, were in 
the form of cylinders | in. in diameter, 14 in. long, and 
were situated 4 in. from the target. Therefore, the 
angular size of the scatterer resulted in an energy 
spread of ~ 20 kev in the forward direction. Considering 
the detector aperture (~2°), the target thickness, and 
the effective size of source and scatterer, there was an 
over-all energy spread of ~75 kev due to the geometry 
of the system. 

The effect of multiple scattering is estimated to be 
about 5% of the total cross section from the average 
transmission of about 70% for the samples employed. 
This effect reduces the angular resolution and increases 
the apparent inelastic cross section at the expense 
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Fic. 1. Zr-T target design. 


of the elastic cross section. The angular resolution 
was ~ 10°. 

The collimator and shield for the detector, shown 
in Fig. 2, was composed of a mixture of 500 lb of 
paraffin and 150 lb of LiF for neutron shielding and 
650 lb of Pb for y-ray shielding. An additional 3 in. of 
Pb in the nose of the collimator was required for 
complete suppression of target y rays. A slightly 
tapered hole admitted neutrons into the detector. The 
asymmetrical shape and tapered nose of the collimator 
provided proper shielding of the detector from direct 
target neutrons. This design reduced the number of 
neutrons scattered by the collimator into the detector 
to a negligible level. The collimator and detector 
assembly rested upon a steel table constrained to 
pivot about a point directly below either the target 
or the scatterer. The flight path indicated is 1.2 m. 

Any fast organic phosphor such as diphenylacetylene 
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Fic. 2. Plan view of target collimator and detector 
with scattering sample in position. 


or polyvinyltoluene-base plastifluor provided an ade- 
quate proton-recoil scintillator. Selected type 1P21 or 
5819 photomultiplier tubes were satisfactory. By using 
two cathode followers, two electronic pulses were 
obtained from the same event. One of these pulses was 
used for time analysis (fast pulse); the other was used 
for pulse height selection (slow pulse). 

All fast pulses were mixed with the rf from the 
cyclotron in a 6218 Philips beam deflection tube’ 
(see Fig. 3). This tube is provided with focusing and 
sweeping electrodes in addition to the usual signal and 
collector electrodes. By means of a pickup loop near the 
cyclotron oscillator, 20 v of rf was applied to the sweep- 
ing electrodes at some arbitrary phase. The same rf volt- 
age shifted 90° in phase was also applied to the focusing 
grid, thus permitting charge to appear on the collector 
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Fic. 3. Schematic diagram of 6218 Philips beam deflection tube. 


3 Bruysten, Groendijk, and Mantz, Communication News 13, 
No. 1, 13 (1953). 
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plate only once each rf cycle. An output pulse from the 
beam tube resulted only when a detector pulse coin- 
cided with a null point in the rf wave within the 
resolving time of the coincidence circuit. This resolving 
time was determined by the length of a shorted stub 
on the plate of a 404 A limiting tube. 

Pulses in the slow leg of the circuit, after amplifi- 
cation, were selected with a single-channel pulse-height 
analyzer in order to emphasize proton recoil events. 
The analyzer output was then mixed with the output 
of the fast coincidence branch in a slow (5 usec resolving 
time) coincidence circuit. Figure 4 shows a block 
diagram of the electronic equipment. 

The time spectrum of the yield from the slow coin- 
cidence circuit was obtained by varying the length 
of the cable conducting the rf signal into the fast 
coincidence circuit. By varying the length of the shorted 
stub various channel widths in the time spectrum 
could be obtained. Both the time resolution and the 
random-phase background rate were determined by 
this stub length. The round trip time (72:) for electro- 
magnetic waves was determined by measuring the 
resonance frequency of the stub. The effective time 
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Fic. 5. Phase spectrum of 1.66- Mev neutrons scattered at 
90° from iron over a 121-cm flight path. 
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Fic. 4. Block diagram 
of detector equipment. 


window (r.bs) was determined by measuring the fraction 
of random counts, from a radioactive source, passed by 
the circuit. Table I lists the values of 72: and Top, used 
in this work. The observed systematic difference 
between Tops. and 72; indicates that the ultimate time 
resolution of this coincidence circuit is about 0.2 
mysec. 

With the collimator set at 90° with respect to the 
direction of the primary neutron beam, the time 
spectrum of the yield was obtained by using the high 
resolution (HR) stub. A methane proportional counter 
was used to monitor the neutron intensity from the 
target. At each time delay, the yield was recorded for 


TABLE I. Stub integrals. 








Tal Tobs 
myusec mysec 


HR 2.38 2.45 
vi 8.37 8.91 
N. 11.61 12.41 
N; 17.45 18.37 











the time (~ 60 sec) required by the monitor to register 
10 240 counts. A typical time spectrum for iron is 
shown in Fig. 5. The identification of the peaks was 
accomplished by taking similar data with different 
flight paths. An additional aid in this identification is 
to allow the direct target y rays to be displayed in the 
time spectrum by removing some of the lead in the nose 
of the collimator. 

In Fig. 5 the time zero for neutrons or y rays leaving 
the scatterer occurs at 44 mysec delay. The true time 
disposition of the scattered radiation is shown in Fig. 
6. Note that one rf period has been added to the time 
differences appearing in Fig. 5. 

Having determined the time location of the various 
peaks, the integrated yield under a particular peak was 
obtained by using the proper stub (y; for y ray, NV. 
for elastic, and \V; for inelastic), and setting the proper 
delay. The angular distributions were then obtained 
by setting the collimator at various angles between 
35° and 140°. The y-ray distribution was measured 





NEUTRON SCATTERING FROM Fe 


with a higher channel setting in the slow leg in order 
to exclude the smaller proton recoil pulses. 

The elastically scattered neutron intensity at 10° 
was obtained by the use of a special scatterer assembly 
shown in Fig. 7. For this measurement the collimator 
was positioned at 0° and the direct neutron beam was 
intercepted by the brass fixture. Ring-shaped scatterers 
of approximately one mole were used.‘ A scattering 
angle of 10° results from the geometry of the target- 
scatterer-detector. 

The total cross section was determined by measuring 
a transmission curve for the material under study with 
the collimator set at 0°. 

In order to determine the detector sensitivity as a 
function of energy the collimator was constrained to 
pivot about a point under the target. A comparison 
of the observed angular dependence of neutron in- 
tensity with the known angular dependence for the 
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Fic. 7. Schematic diagram of the 10° scattering assembly. 


T(p,n)He*® reaction,’ yields the desired sensitivity 
function (see Fig. 8). With the aid of the sensitivity 
function, the total cross section can be divided into 
elastic and inelastic components and corrections can 
be made for the change in neutron energy due to recoil. 
The absolute values of the elastic and inelastic 
components of the total cross sections were determined 
separately by comparing the total number of elastically 
scattered neutrons with the total number of neutrons 
scattered into space. That is, in addition to the afore- 
mentioned angular distribution measurements, it was 
necessary to determine the total number of primary 
neutrons which the scatterer removed from the beam. 
The detector was electronically set to integrate over 
4 Darden, Haeberli, and Walton, Phys. Rev. 96, 836 (1954). 


5G. Jarvis et al., reported in J. L. Fowler ard J. E. Brolley, 
Revs. Modern Phys. (to be published) ; see their Fig. 14. 
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Fic. 8. Neutron detector sensitivity relative to 1.66 Mev. Eo, E20, 
and £9 refer to the three primary energies employed. 


the primary peak by using the Ne stub, and the 
collimator was pivoted about a point under the target 
for a series of small angles on either side of 0°. The 
transmission difference for the scatterer was measured 
over an angular range completely to traverse the sample. 
Since the scattering sample is not spherical, it was 
necessary to traverse the sample for a number of 
different sample orientations. A typical profile is shown 
in Fig. 9. In this figure, 6’ is the angle in the horizontal 
plane between the collimator direction and the primary 
beam. The sample orientation about the axis of the 
beam (w=45° in Fig. 9) is the angle between the major 
axis of the sample cylinder and the vertical. The normal 
position of the scatterer was such that the primary 
beam direction coincided with a minor axis of the 
cylinder. 

The data contained in a complete set of profiles were 
transformed to the coordinate system corresponding 
to the normal position of the scatterer. This was done 
by using the following set of transformation equations: 


sind=sin@’ cosw, 


cosd= sin#’ sinw. 
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Fic, 9. Forward zone traverse of iron sample oriented at 45° with 
respect to the normal and a primary neutron energy 1.58 Mev. 
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Fic. 10 One quadrant of contour or shadow map for iron at 
1.58 Mev. The map is normalized to a central intensity of 64 5000 
counts. 


Here @ is the angle in the plane of the minor axis 
measured to the beam direction and ¢ is the azimuthal 
angle measured to the vertical through the target. The 
plot of the transformed data yields a shadow or intensity 
pattern in the forward zone of space, one quadrant of 
which is given by the contour map of Fig. 10. In this 
map the central intensity (@=0, ¢=90°) was normalized 
to 5000 counts on a scale of 64. 

The integral over this contour map was compared 
with the integral over the elastic angular distribution 
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Fic. 11. Angular distribution of 1.66-Mev neutrons 
elastically scattered from carbon. 
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to obtain the fraction of the neutrons elastically 
scattered. Similarly, the integral over the inelastic 
angular distribution, when corrected for the sensitivity 
ratio between elastic and inelastic neutrons, gave the 
number of inelastically scattered neutrons. As before, 
this was compared with the map integral to obtain 
the fraction of the neutrons inelastically scattered. 
The cumulative error resulting from all neutron 
measurements was indicated by the amount by which 
the sum of these fractions differed from unity. 

An alternative method of cross section calibration is 
to compare the differential elastic cross section at 10° 
and the differential inelastic cross section at ~45° 
with the known n-p cross section at these angles. The 
comparison is made difficult because of the increased 
time spread of the neutrons scattered from hydrogen. 


EXPERIMENTAL RESULTS 


The measured differential cross sections in 
sterad for Fe and C are shown in Figs. 11-14. 
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Fic. 12. Angular distribution of 1.66-, 1.58-, and 1.48-Mev 
neutrons elastically scattered from iron. 


angular distribution is plotted as a function of the 
cosine of the scattering angle in the center-of-mass 
system. The distributions were measured in 10° 
intervals from approximately 30° to 140°. In some 
cases, a point at 10° was also obtained. Three or four 
separate runs were made at each energy and the best-fit 
curve was drawn through the data in each case. The 
spread in the values obtained is indicated in Figs. 11, 
13, and 14, and is typical of all the data. 

The angular distribution for the elastic scattering 
of 1.66-Mev neutrons from C, shown in Fig. 11, was 
normalized to the measured total cross section of 
1.94 b. In all cases the angular distribution data were 
transformed to the center-of-mass system and were 
corrected for the change in detector sensitivity which 
results from the effect of nuclear recoil. 

The angular distributions for elastic scattering from 
iron at 1.66, 1.58, and 1.48 Mev, shown in Fig. 12, 
were normalized to the elastic cross section at each 
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energy. The elastic cross sections were determined by 
multiplying the total cross section by the fraction 
obtained from the contour map integration as discussed 
above. The appropriate values for the central intensity 
are given in Table II. The integrated angular distri- 
bution was corrected for the different solid angles 
subtended by the detector at the scatterer and by the 
detector at the neutron source. The values for the 
partial cross sections as well as total cross sections for 
iron are tabulated in Table II. The difference in the 
shapes of the angular distributions at the various 
energies are small and comparable to the uncertainties 
in the data. 

The angular distributions for inelastic scattering 
from Fe at 1.66 and 1.58 Mev, shown in Fig. 13, were 
normalized to the inelastic cross sections in the same 
manner as in the elastic scattering case. An additional 
correction factor was applied to account for the different 
sensitivity of the detector for inelastic neutrons. 

The errors given in Table IT indicate that there is no 
significant variation in o; and o, for the three neutron 
energies. Therefore, the value of o; at 1.58 Mev can be 
interpreted as being too large. Considering this, 
uncertainty and the errors associated with the points 


TABLE II. Table of measured iron cross sections.* 





Scale 64 

central 

10-*% cm? 10-*% cm? 
Geto: ot 


Mev _inten- 10-* cm? 10-*% cm? 
energy sity Ge oi 





0.95 +0.2 
1.27+0.3 
(1,08 +0.2) 


2.74+0.3 
3.10+0.4 
(2.87 +0.05) 


1.66 5050 i, 
1.58 5120 1. 
1.48 4245 I, 


of Fig. 13 the two inelastic distributions shown may not 
be appreciably different. However, both curves do 
show an asymmetry about 90°. 

Since no multiple scattering corrections have been 
applied to any of the data it is important to indicate 
the seriousness of this effect. Using the 5% estimate 
referred to previously, it is evident that about 0.14 b 
should be subtracted from the inelastic cross sections 
and the same amount added to the elastic cross sections 
given in Table II. 

The angular distribution of the 845-kev y ray from 
Fe®** shown in Fig. 14, was normalized to the neutron 
data. A symmetry about 90° is indicated. 


DISCUSSION 


Analysis of the angular distributions for iron given 
in Figs. 12 and 13 indicate important partial wave 
contributions from orbital angular momenta up to 
l=3. This is to be expected for neutrons of 1.6-Mev 
energy (A=3.6X 10-" cm) and the iron radius (R=5.5 
X10 cm). Since the ground state of the predominant 
isotope of iron (92% Fe**) is 0+, a neutron reaction 
proceeding through a channel of spin 1/2 could excite 
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Fic. 13. Angular distribution of 1.66- and 1.58-Mev neutrons 
inelastically scattered from iron. 


compound nuclear states having any of the following 
J values: 1/2+, 3/24, 5/24, and 7/2—. The total 
cross section of iron near 1.6 Mev exhibits a fine 
structure having fluctuations of about 35%.° The 
level separation as judged in the 100-kev region’ is 
~ 20 kev. Since the energy spread in the neutron beam 
employed for this work was about 75 kev, one would 
not expect to observe large fluctuations with energy 
(due to compound nucleus formation) in the intensity 
and shape of the angular distributions. This is consistent 
with the data obtained. 

Excitation of the 845-kev level in iron degrades the 
initial neutron energy to 700 kev, thereby favoring 
emergent S and P waves. The inelastic angular distri- 
butions shown in Fig. 13 may readily be analyzed 
into such terms: a large S and a smaller S-P inter- 
ference term. The precision of the measurements does 
not justify a more complicated fit, but neither does it 
imply an exact linear relationship as shown. As discussed 
in the section on experimental results, the two inelastic 
angular distributions should not be regarded as different 
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FiFic. 14. Angular distribution of 845-kev y ray from iron for 
a primary neutron energy of 1.66 Mev. 
6 Barschall, Bockelman, and Seagondollar, Phys. Rev. 73, 659 
(1948). 
7 Hibdon, Langsdorf, and Holland, Phys. Rev. 85, 595 (1952). 
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Fic. 15. Calculated shape-elastic angular distribution of 1.66- 
Mev neutron scattered from iron and experimental elastic angular 
distribution for 1.66-Mev neutrons scattered from iron. 


in magnitude. The asymmetry about 90° of both 
curves is the most significant feature. This may be 
regarded as evidence for some direct interaction taking 
place in the process.*® 

If the excited level in iron is 2+, incoming orbital 
angular momenta of 2 or 3 are required for a parity 
allowed reaction. These are in evidence in the elastic 
angular distributions shown in Fig. 12. A more refined 
experiment would be required to establish precise 
correlation between the elastic and inelastic angular 
distributions. 

The diffraction type angular distributions of the 
elastically scattered neutrons from iron indicate that a 
comparison with an optical model is in order.’ The 
shape-elastic (potential scattering) angular-distribu- 
tions were calculated for the complex potential: 


V=—42(1+it) Mev, ¢=0.01, 0.04, 0.15, 


and a primary neutron energy of 1.66 Mev. These are 


8D. M. Brink, Proc. Phys. Soc. (London) A68, 994 (1955); 
S. Hagakawa and S. Yoshida, Proc. Phys. Soc. (London) A68, 
656 (1955). 

® Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
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given in Fig. 15 together with the observed elastic 
angular distribution at the same energy. 

Since {=0.15 corresponds to a mean free path in 
the nucleus of about 10~ cm this is equivalent to the 
strong interaction model for nuclear reactions.’ The 
general comparison of the experimental results with 
the curve for ¢=0.15 is the most favorable. From the 
calculated cross sections for compound nucleus forma- 
tion given in the table of Fig. 15 it appears that very 
little compound elastic scattering is taking place." 
Most of the nuclear absorption leads to inelastic 
scattering. 

The favoring of large ¢ values is in disagreement with 
the measurements of the average total cross section as a 
function of energy and atomic weight.” However, it is 
in agreement with the measurements of the inelastic 
cross section for excitation of the 845-kev y ray from 
iron as a function of primary neutron energy, and the 
measurement of the angular distribution of this y ray 
for 1.77-Mev neutron energy (¢=0.2).¥ 

No special comment regarding the carbon results 
appears pertinent other than that the data may be 
fitted by the following expression: 


do/dQ=A+BP,+CP2, 
where B<0. 

The time-of-flight technique in conjunction with a 
fixed-frequency cyclotron eliminates the necessity of 
beam chopping, provides a high neutron intensity, and 
has proved to be a useful tool in fast neutron research. 
At this stage of development, cross sections of ~0.1 b 
can be detected with a neutron energy resolution of 
~50 kev. 
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The semiclassical treatment of the effect of the reorientation of the spin of the target nucleus during a 
collision resulting in Coulomb excitation is presented. It is found that the effect vanishes for zero excitation, 
but that it may be appreciable for finite excitation. The effect on the angular distribution of the photons is 
similarly found to vanish for head-on collisions. Three different types of experiments involving the mgasure- 
ment of the angular distribution of the photons are discussed. Typical numerical results for comparison with 
experiment are presented and the possibilities offered by bombardment with heavy ions are noted. 


I. INTRODUCTION 


HE fact that finite-amplitude effects can be ap- 

preciable in Coulomb excitation has been pointed 
out by Breit and Lazarus.' In the present note, one of 
the effects is calculated in the semiclassical approxima- 
tion for a 0-2 transition. The effect under consideration 
consists in the reorientation of the nuclear axis caused 
by the electric field of the bombarding particle after 
it has excited the nucleus. The change in the nuclear 
spin direction affects the angular distribution of the 
y rays. The latter distribution is affected by other 
finite-amplitude effects entering in the same order of 
the calculation such as the excitation 0-4 followed by 
de-excitation 42. Since this effect depends on higher 
(2*) multipole action, it appears reasonable to neglect 
it in a preliminary survey of possibilities. The transition 
chain 0-2-2’ will also affect the y angular distribu- 
tion. In the usual case of Coulomb excitation from 
ground states of even-even nuclei, the order of the rota- 
tional levels is 0, 2, and 4 while levels with 7=2 occur 
at higher energies and transitions to them involve 
changes in quantum numbers additional to the rota- 
tional one. For both reasons, their effects may be ex- 
pected to be less serious although they should be 
eventually taken into account. 

The principal interest in the reorientation effect lies 
in the possibility which it offers of ascertaining static 
nuclear quadrupole moments in excited states. The 
other available method? employing intermolecular field 
involves the theory of solids and complexities regarding 
the motion of a recoil nucleus through a solid. The 
reorientation effect in Coulomb excitation appears to 
be relatively free of such complications, the orbit of 
the projectile being well defined. It should be pointed 
out that screening corrections for the influence of atomic 
electrons are minor for the Coulomb excitation re- 
orientation effect while they are present in the method 
of intermolecular fields. Since values of quadrupole 
moments of ground states are usually affected by screen- 


* This research was supported by the U. S. Atomic Energy 
Commission and by the Office of Ordnance Research, U. S. Army. 

1G. Breit and J. P. Lazarus, Phys. Rev. 100, 942 (1955). 

2H. Frauenfelder, in Annual Reviews of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, p. 129; see also A. Abragam 


and R. V. Pound, Phys. Rev. 92, 943 (1953). 


ing corrections and since the latter are hard to estimate 
reliably,‘ there may be a special value in the Coulomb 
excitation reorientation effect for the measurement of 
these moments. 

The calculations presented below are made by means 
of the semiclassical treatment (SCT) which employs 
classical mechanics for the relative motion of the target 
and projectile. Since one expects the reorientation effect 
to be more serious for the heavier projectiles, this ap- 
proximation is likely to be satisfactory for a preliminary 
survey. The calculations are presented with reference 
to three possible experiments. In the first the angular 
distribution of the y rays is measured in the usual 
manner, the only reference line being the incident 
charged particle beam. In the second the inelastically 
scattered charged particles are counted in coincidence 
with the y rays, no attempt being made to define the 
charged particle orbit. In the third the incident beam 
and the inelastically scattered particle directions are 
used to define the orbit in coincidence with y counting. 
In the third type of experiment there is a maximum 
possibility of obtaining checks on the parameters enter- 
ing the interpretation. It is probably the one most 
seriously affected by the inexactness of the SCT. 

The present paper is confined to consideration of the 
first nonvanishing order in the finite amplitude effects. 
It is thus concerned with the calculation of cross-term 
effects arising from the second order probability ampli- 
tude effects. Terms quadratic in the second-order 
probability amplitude corrections are omitted since 
their inclusion would require the consideration of third 
order effects in the probability amplitudes. With these 
approximations, it is found that some special circum- 
stances cause the reorientation effect on the y-angular 
distribution to vanish for zero excitation energy. These 
considerations do not exclude the possibility of detection 
of finite-amplitude effects for small excitation energies 
by studies of inelastic scattering. For nonvanishing 
excitation energies, there remains an effect which, while 
somewhat affected by the special circumstances which 


3R. Sternheimer, Phys. Rev. 84, 244 (1951); Foley, Stern- 
heimer, and Tycko, Phys. Rev. 93, 734 (1954) ; R. M. Sternheimer 
and H. M. Foley, Phys. Rev. 102, 731 (1956). 

4C. Schwartz, Phys. Rev. 97, 380 (1955). 


727 





728 


make it vanish for zero excitation energy, appears to be 
large enough for observation. 

An additional special circumstance arises for the case 
of finite excitation by head-on collisions. The total cross 
section shows an appreciable effect, but the angular 
distribution remains unaffected in the higher order 
calculation. Since the large probabilities of excitation 
occur for head-on collisions, this circumstance makes 
the reorientation effect smaller than it might have been 
otherwise. Nevertheless the second-order effects rise 
rapidly as the impact parameter increases from its 
vanishing value for head-on collisions. 


List of Notation 


The following is a list of the more frequently occur- 
ring symbols and their definitions in the approximate 
order of their appearance. 


Z,, Z2=nuclear charge of the incident, target particles 
respectively. 

v= velocity of the incident particle. 

r, t:=displacement of the incident particle from the 
target nucleus in the frame of reference in which the 
x axis bisects the orbit hyperbola. The plane of the 
orbit is the xy plane and the direction of the orbit is 
such that the incident particle moves from the fourth 
to the first quadrant of the xy plane in its trajectory. 

=azimuth of r with respect to the x axis. 

ip} Tp, 9, ¢p=displacement and components in spher- 
ical coordinates of the equivalent nuclear proton in 
the same frame of reference as that used for r. 

6,:= angle between r and rp. 

Y m= spherical harmonic of order / and magnetic quan- 
tum number m. 

Ri(r,), Rs(rp) = radial wave function of the equivalent 
nuclear proton in the ground and excited states of 
the target nucleus. 

w=2, 1, 0, —1, —2=magnetic sublevels of an J=2 
state of the excited target nucleus. 

H' (t)= time-dependent quadrupole interaction term be- 
tween the incident particle and the proton in the 
target nucleus. 

Es;=hws;=he= excitation energy of the excited state 
of the target nucleus. 

H’,,:(t)=matrix element of H’(t) between the target 
nucleus ground state (J=0) and the excited state 
(1=2) sublevel with magnetic quantum number yu. 

H’ ,,:(t)=matrix element of H’(#) between sublevels 
and y’ of the excited (J= 2) state of the target nucleus. 

co(t), cy(¢)=time-dependent amplitudes of the nuclear 
wave function corresponding to the ground-state 
(I=0) and excited-state (J =2) sublevels given by u. 

c=c+c-+c® =separation of the time-dependent 
amplitudes into terms corresponding to the power of 
the interaction H’, as given in the superscript. 
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(r) +3, (r*) = radial matrix element of r,? between the 
states R;, Ry and R,, R; respectively. 

2a’=closest distance of approach of the incident par- 
ticle to the target nucleus for head-on collision. 

e=eccentricity of the hyperbolic orbit. 

E=ns—ni, i= Z Zee*/hr;, n¢=ZZ2€"/hvy. 

S, =amplitude for direct quadrupole Coulomb excita- 
tion to the sublevel u, apart from e- and ¢-independent 
factors. 

S,=quantity which replaces S$, after inclusion of the 
reorientation effect. 

(6,¢)=polar angles of the direction of the photon emis- 
sion in the same coordinate system as that used for r. 

c, S=cos6, sin# respectively. 

5=tan~'(e?—1)!. The angle x— 26 is the scattering angle 
of the incident particle. 

¢’=¢+é6=azimuthal angle of the photon emission 
direction for the x-axis directed along the negative of 
the initial particle velocity and the z axis the same 
as for ¢. 

1,=unit vector in the direction of polarization of the 
photon. 

k= propagation vector of the photon. 

F ,(kr) = (x/2kr)*J (kr). 

6’=angle of k with respect to the negative of the inci- 
dent particle direction. 

J =angular distribution, apart from constant factors, of 
the emitted photons. 

(J)= average of J with respect to a rotation of the orbit 
plane about the incident beam direction. 

@x(E), d4(€)=angular distribution coefficients of the 
Legendre polynomial of order 2 and 4 for a given 
orbit eccentricity, «. 

a2(é), as(€)=averages over orbit eccentricity of a».(&), 
a(€). 

To —_ £59), 

T= — (S2+S_2)/2/6. 

7,.= (S_2 —S,)/2/6. 

To = 4S. 

Te= — (S2+S_2)/2/6. 

T.= (S_2—S2)/2/6. 

\=Z,e*(r*) ;;/[Tha'*v |, parameter relating magnitude of 
the reorientation effect to direct Coulomb excitation. 

D+éD=separation of the @’-independent term in 
(1/4)(J) into the result of neglecting reorientation 
and the change due to reorientation. 

N2+6N2=separation of the coefficient of P2(6’) in 
(56/5)(J) into the result of neglecting reorientation 
and the change due to reorientation. 

N4+6N4=separation of the coefficient of P,(6’) in 
(7/2)(J) into the result of neglecting reorientation 
and the change due to reorientation. 

Ci, ---C7=coefficients of the angle-dependent terms in 
a measurement of the correlation between the direc- 
tions of the scattered particle and the photon. The 
C’s are defined in Eqs. (15), (14.2), (14.3), (14.4), 
(14.5). 
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II. PROBABILITY AMPLITUDES 


In the interests of simplicity, the calculation will be 
presented as though there were only one nuclear proton 
present. As is well known, the generality of application 
is not affected by doing so provided the results are 
expressed in terms of appropriate transition and static 
quadrupole moments. The interaction Hamiltonian is 
taken as 


H' (t)=Z,e"(r,?/r) P2(cos6 pt), (1) 


the nuclear proton quantities being distinguished by 
subscript p, the trajectory quantities by subscript ¢, and 
6,: being the angle between the proton and projectile 
directions as viewed from the origin. For simplicity the 
discussion will be carried on as though the bombarded 
nucleus were infinitely heavy. The nuclear wave func- 
tion 3s represented as 


Wy (rp) =R; (rp) Yo, (8, ?p) 
in the state with J=2 and as 
00 (tp) =Ri(rp) Yoo (8p,%p) 


in the state with 7=0. The radial functions are nor- 
malized by 


(1.1) 


(1.2) 


i) 


f R?(r,)rp"dr,=1; 


0 


(1.3) 


the latter equation being meant to apply to both radial 
functions. The wave function is expanded as 


Y=CovotlyCpWy; (1.4) 


all other nuclear states being omitted in view of the 
simplifying assumptions mentioned in the introduction. 


Employing the zero-order approximation 
co =exp(—ikot/h) (1.5) 


and the equation 


hd 
= Lea exp ibal/W) 1+ (Hil) cot Syl ww (Dew) 
t 


1 


Xexp(i£,t/h)=0, (1.6) 


(2) 


one obtains 
Cu=C,y" +-¢,,(2) 


with 
t 
Cy) = — (i/h) exp(—iE/A) f H’ ,i(t) 


Xexp(iE,it/h)dt, 
cy? = — (i/h) exp(—iE,t/h) 
t 
x f exp(iE,t/h) LH’ yi(d)co™ 
4 +E wy (Deu (d) dt, (2.2) 


where ¢o‘" is the first-order correction to ¢o, the designa- 
tion of the order being in terms of the power of H’ 
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involved. One obtains also 


co) = — (i/h) exp(— tE ot h) 


t 
xf H’ ;,(t) exp(iEot/h)cy (t)dt. (2.3) 


—a0 


Since the c, are being calculated by an iteration pro- 
cedure which gives perfect normalization when com- 
pletely carried out, a correction for normalization need 
not be made and Eq. (2) should be therefore good 
enough for obtaining |c,|? correct up to and including 
terms in H’, It may be of interest to note that the 
normalization sum resulting from the inclusion of c,°? 
and without taking co“! into account is already good 
enough for calculating H’ effects on |c,|* without the 
consideration of what happens in higher iterations as 
may be seen as follows. In a given order, the iteration 
procedure gives only an approximately normalized solu- 
tion. Calculation of 


| co| 242, cu! : 
shows the presence of a correction factor of the form 
1+0(H’”) 


to all probability amplitudes. Since the intention is only 
that of obtaining c, to within order H’*, one may omit 
this factor and similarly, since co“ =0(H’?), the first 
term in brackets in Eq. (2.2) is O(H’*) so that it may 
be dropped. There results 


t 
Cu(t) = cy? (1) — (t/h) exp(—iEw/A) f exp(i£,t/h) 


XE y Hl au (bey (Odt+0(H"). (2.4) 


From now on, the correction 0(H’*) will be omitted. 
The quantity c, being needed only for ‘= ~, it suffices 
to consider 


+20 
¢,(%)=c,(e)—h *exp(— ia) f dt” 


xf dt SH yw (CA wilt’) exp(iwyit”) (3) 
si 


with the notation 
wr=E;/h, w= E;/h, 


Employing standard manipulations, one finds 


w= Eyi/h. 


(3.1) 


5 
Sw ww (OH vil’) =——AI,/[r*()r3(’)] (3.2) 
(4xr)! 


with 


A =2e| f re Rien ir,| 
0 


x | f ro'Ry(rp)Rilry)drp} (3.3) 


0 
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and 


I= f V2,*(p)P2(pp’)P2( pl) Pal p't’)dQ,d0," 


= (49/5) f V2,*(p)P2( pt) P2(pt’)dQ». (3.4) 


Here p stands for 0, and ¢», pi for @,:, etc. The quan- 
tities J, can be conveniently evaluated in a coordinate 
system with z-axis perpendicular to the plane #’. It is 
found that 

I, a5 (41/5) 4/7, 


i,=}(3)8(7r-?+7'-*), 0, 2—3 cos?(@—#"), 


(3.5) 


and 
(§)M(r2-+7"9 


—1, and —2, respectively, with 


(3.6) 
for u==2, 1, 0, 
(3.7) 


and #, ®’ standing for azimuthal angles of r,; and ry 
respectively. 

If one denotes the integrals in (3.3) as (r?); and (r?);;, 
respectively, Eq. (3) becomes 


r=exp(i®), 1’=exp(i®’) 


_ aie ' rc 
(r*) 449") 45- 
7/5 


/ 


$y (t, t’) exp( iw it’) 
ie eee 
t>t’ rey’ 


with r and ?’ standing for values of r at times ¢ and /’, 
respectively. Strictly speaking, the quantity in this 
equation is not exactly c, in the sense of Eq. (2.2) 
but is obtained by omitting the first term in brackets 
in (2.2), causing an error of order H’*. Introducing the 
parametric representation® 


x=a'(e+coshw), y=a'(e?—1)! sinhw, 


r=a'(1+ecoshw), t=(a’/v)(w+esinhw), (4.1) 


where 


a’= (Z;Z2€7/Mv?), (4.1’) 


the quantity M being the reduced mass, one finds that 


td 
cy) (e)=— Ze*(r*) 7; exp(—iwyt) 


+00 
xf r*V o,*(t) exp(iwyt)dt 


has the value 


"10 exp (— tag) Sy (4.3) 


2(V/5)ha’® 
5K. A. Ter-Martirosyan, J. Exptl. Theoret. Phys. (U.S.S.R.) 
22, 284 (1952). 
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with 


3\} p+ 
su=-(-) J eit (wt+e sinhw) 
2 


—o 


[e+coshwi(e?—1)! sinhw}? 
dw, 
(1+€ coshw)4 





(4.4) 


eit (wte sinhw) 


+00 
So = f sited, 
(1+ coshw)? 


—eo 


(4.5) 


The notation S, is that used by Alder and Winther.® 
The quantity ¢ is taken to be 


E=n— ni (4.6) 
rather than w,;,a’/v in order to obtain better agreement 
with the quantum-mechanical treatment of first-order 
Coulomb excitation. Here 


=Z,Z2¢7/hy;, ng=ZZ2e7/hvy;. (4.7) 


For E;;=0, the integrals in Eq. (4) are simplified. 
Thus one finds in this case 


6. ie 
(Ey:=0), (5) 


where the vanishing of contributions from sin26+sin2’ 
can be inferred by a consideration of the transformation 
(t,t) (—t’, —2). Since the integral is symmetric, it is 
possible to remove the condition />?’ and to express 
the result in terms of an integral over the whole #, ¢’ 
plane. Substitution in terms of the S, through a 
comparison with (4.2) and (4.3) yields then the right 
side of (5). Similarly, 


ait 
piy!3 


=—415,S)/(a’), 


ff [2—3 cos?(@—®’) ]/ (r*r’*)dtdt’ 
>t 


=[(So)?—3(S2)?/(a*), (Ep=0). (5.1) 


Substitution in Eq. (4) and comparison with Eq. (4.3) 
gives 


© (2 )/e400(@)=— 
Cy (00) /cy)) (00) = 
2 : Tha'*v 


(S2)?2/So, 0, — So), 
(En=0) (5.2) 


X(— So, 0, $5) — 


the order being again for 4=2, 1, 0, —1, and —2, 
respectively. The ratio of second-order to first-order 
effects is seen to be pure imaginary since the S, are 
real. The gamma-ray intensities depend on the prob- 
abilities of emission from the states yw, which in turn 
are proportional to |c,|*. According to Eq. (5.2), the 


6K. Alder and A. Winther, Phys. Rev. 91, 1578 (1953). 
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population of the excited levels is affected only to the 
second order of c,‘?)(«)/c,“(«) on account of the 
purely imaginary value of the ratio, and the effect on 
the angular distribution disappears in the order worked 
with here. 

The consideration just given is incomplete on account 
of the presence of interference effects between y rays 
emitted from different sublevels u. A consideration of 
their effect shows that in the lowest order they appear 
in the combination 


1 2 

— C859) -+-—8(S_)e?!¥ + §_,(?)¢-2i#) (5.3) 
V6 

with 

(5.4) 


c=cos#, s=sin, 


where (6,y) are the polar angles of the direction of 
photon emission. From Eq. (4.4), it follows that 


S1%=S.4, (Ep=0), 


(5.5) 
and hence, according to Eq. (5.2) the effect of the second- 
order correction, may be represented by 


S24 (1+iae)S2, S_2—(1+ia2)S_2®, 


So—(1+ia0)So, (5.6) 


and the S,°) as well as ao, a2 are real. The cross-product 
terms arising from (5.2) with the S,® corrected for 
second order effects are seen to be 


— (4/63)c*s? 


X Re{ S2*So (1—ia2)(1+-iao) cos2y}. (5.7) 


The ao and a, survive only in the combination apaz 
and the angular distribution effect is therefore of a 
higher order than the effects considered here. 
For head-on collisions, which correspond to e=1, 
one has 
S_) = — (3/2)4Sy, 
so that 


45) — (S2)?/So = — $y, 


(e=1, E,;=0), (6) 


(e=1, Ey;=0). (6.1) 


According to Eq. (5.2), the c,/c,“ are all changed 
in the same ratio and there can be no change in the 
y-tay angular distributions emitted for these orbits 
even apart from the fact that the changes in the c, are 
90° out of phase with the first order effects. 


Ill. GAMMA ANGULAR DISTRIBUTIONS 
The angular distribution of y rays for quadrupole 
radiation can be obtained by employing the interaction 
energy with the transverse electromagnetic field in the 
— fj:Adr form, which makes the transition matrix 
element appear as 


r 
H"=C f w2(=-1. Je" dud, (7) 
r 
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with C standing for a constant the value of which is 
immaterial for immediate purposes. The term 1,: (r/r) 
arises from the particle current, which contains (#/1)¥ v%. 
Here k is the propagation vector of the photon while 
1, is its polarization vector. In Eq. (7), effects of all 
multipoles are included. For the transition in question, 
there can be no electric or magnetic dipole effects on 
account of the AL selection rule. The electric quadru- 
pole effect arises from the 3iP,(cos0)F2(kr)/(kr) part 
of the expansion of e**' and gives rise therefore to 


r k fr 
Jvone0] (*) aqe(-[7] )ao, (7.1) 
tT » k LrJ, 


as the angle-dependent factors in the matrix elements. 
Employment of relations between rates of change of 
matrices and their values replaces the dvo/dr of Eq. 
(7) by v giving rise to standard forms of quadru- 
pole matrix elements with the same angular factors. 
The term in P;((k/k)-(r/r)) in the expansion of e*** 
also gives a nonvanishing contribution, but since it is 
multiplied by F3(kr)/kr it corresponds to a 2‘ pole and 
will be omitted. It is convenient to introduce the 
polarization vectors with direction cosines as follows: 


1,= (c cosg, ¢ sing, —s), 
( ; (7.2) 
1,= (—sing, cosg, 0), 


the first of which is in the plane through the z axis and 
the photon direction while the second is perpendicular 
to that plane. The direction cosines of the nuclear 
proton are 


(7.3) 


(r/r) p= (sin, cos¢p, Sin®, sing,, Cosby). 


Substitution in Eq. (7.1) gives 


p((,eCE]) 
= ce iawerre (u=2, —2) 
(2) neni, 
foe Em 


(u=2,—2) (7.6) 


»o(7) s wig) 
=e'1 > YT xP re 
5J /6 


while the other matrix elements vanish. Since the emis- 
sion of a y ray leaves the nucleus always in the same 
state vp, the y rays emitted from the sublevels u.=2, 0, 
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—2 are coherent’ and one should add the amplitudes 
obtainable from Eqs. (7.4), (7.5), and (7.6) before 
taking the square of absolute values. Since the S,° are 
real, it does not matter in the calculation of lowest 
order effects (i.e., on assumption of infinitesimal ampli- 
tude of excitation) whether one uses the quantities in 
(7.4) and (7.6) or their complex conjugates in the calcu- 
lation of y-emission amplitudes. For finite-amplitude 
effects, however, the S,°) are replaced in the c, by 
complex numbers and care must be taken therefore 
regarding having the gamma emission matrix element 
multiplied by the correct excitation amplitude. The 
whole process takes place in the order of transitions 
i0— fu—i0, the first arrow occurring by Coulomb exci- 
tation and the second by gamma emission. Since, ac- 
cording to (4.2), the c,“ contains Y»2,* under the 
integral, the element in (7.1) corresponds to absorption 
of a y ray and the quantities listed in (7.4), (7.5), and 
(7.6) should be used multiplied by corresponding S, 
for the same yu. The relative amplitudes for emission, 
applicable also in the case of complex quantity replace- 
ments for the S,, are 


c*8*| — Sot (1/-/6)(Se"+S_2e-**)|* 
+3s?| Sre?*”— S_se-*'¢| 2 
=¢7s?| So|?-+$s?(e?+1)(|S2|?+|S_2|?) 
— (2/x/6)e?s? ReSo* (S2e?'* + S_2e~?'#) 

— }$s* Re(S2S_.*e*")=(2/15)J, (7.7) 
where the omission of the superscript (2) on S,“ 
means that it is replaced by its corrected value in such 
a way that substitution of S, for S, on the right side 
of Eq. (4.3) causes a change of c,“ on the left to 
c.+c,. The quantity J in Eq. (7.7) contains the 
angular correlation of the y rays with the direction 
of the incident particle; the factor 2/15 turns out to 
be convenient in later expressions, but has no other 
significance. 

In the calculation carried out above, the parametric 
representation of Eq. (4.1) has been used. This corre- 
sponds to the x axis directed along the major axis of 
the hyperbolic orbit. It is more convenient to have the 
results referred to axes such that the initial particle 
velocity is along the negative direction of the x axis. 
This is accomplished by the transformation 


x'+iy’=(x+iy)e*, 5=tan(e’—1)!, (7.8) 


where (x’,y’,z) are the new axes. The azimuthal angle 
of the y ray with respect to the (x’,y’,z) axes will be 
called g’. It is related to ¢ by 


¢ = ots. (8) 


In the y-ray intensity formulas one should substitute 
therefore v’—6 for ¢. 
The relative intensities will first be obtained by 


7 See, for example, G. Breit, Revs. Modern Phys. 5, 91 (1933), 
Part VII. 


BREIT, GLUCKSTERN, AND RUSSELL 


averaging over rotations around x’. Such intensities 
are needed for an experiment in which no coincidences 
with inelastically scattered particles are used. The in- 
tensities so obtained can also be used for an experiment 
in which the inelastically scattered particles are counted 
in a cone corresponding to a given scattering angle 
ax — 26 of the inelastically scattered particle. The latter 
type of experiment yields more information than the 
former since it gives the angular distribution corre- 
sponding to a given orbit eccentricity e. In the evalua- 
tion of averages of Eq. (7.7) one needs the following 
averages over rotations of orbit planes around Ox’. 
((c?+-1)s*)= (4/5)+ (2/7) P2— (3/35) Pa, 
(e%s®)= (2/15)— (1/21) Ps— (3/35) Pa, 
(c’s* exp(2ig’)) = (1/7)(P2— Ps), 
(s‘ exp(4ig’)) =P. 
The argument of the Legendre function P, is cos6’, 
with 6’ standing for the angle between the photon 
propagation vector and the negative of the incident 
beam direction. The averaging is readily performed by 
introducing the coordinate system of the orbit plane, 
transforming to a coordinate system fixed with respect 
to the laboratory, and working in Cartesian coordinates 
until one is ready to introduce the angle of rotation of 
the orbit plane by a simple transformation for z and y’. 
Substitution of these averages in (7.7) gives 
(J)= Ref | Sz|?+ |So|?+|S_a|? 
+(5/14)[|S2|?— | So|?+ | S-2|? 
ew (4/6)So* (Soe?®+- S_se?"*) ]P 
— (3/28) | S2|?-+6|So|?+|S_2|? 
— (10/3) (4/6)So* (S2e~?® + S_e?**) 
+ (70/3)S2S_2*e~** |P4} = (8.2) 
The quantity (J) consists of two contributions, the 
first of which corresponds to replacing the S, by their 
first-order values S,°. This part will be referred to as 
(J), the superscript on J referring to the order of the 
calculation rather than to the order of the multipole. 
The second part consists of terms one order higher than 
(J) and is obtained by collecting cross-product terms 
of the first-order terms and the correction terms to the 
S,. The contribution to (J) due to these terms will 
be called (J). Thus 
(J)= (J) 4+ (J@)4 vee, 


One finds from Eq. (8.2) 


(J) = — (5/14) (\/6) [So (S2'— S_2') 
— So'(S2 —S_2) ](P2—P4) sin26 
—_ (5/2) (S2°S_2® — S_)S_2*) 
x P,sin4d+6,J™), (8.4) 
where 6, means the change caused by changing the 
S,® in J™ to Re{S,}, and where 


S,'=ImS,, 


(8.1) 


(8.3) 


(8.4’) 
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while 
sin26=2(e—1)#/e?, sin4dd=4(2—e€*)(2—1)4/e. (8.5) 


When one employs the last equation, the first-order 
contribution is 


(JD) = (S_)?+ (So°?))?+ (S_2)? 


Pe] 
+—| (S2°)?= (So°?)?+ (S_2?)? 


2 
+ vot — 5) S0(S2945.2) ie 
€ 
3 
=| (sx 9461500 
28 


10 2 
oa (S-2)-+—61(1 -;) 50 (So +S_,®) 
< € 


70 8 8 
+2 (1-54) 5015.20 (9) 


3 e& 


in agreement with Alder and Winther provided the sign 
of the term in P, is changed as noted by Breit, Ebel, 
and Benedict.’ In this comparison the explicit values of 
Alder and Winther’s B,=5/14, Bs=8/7 applying to the 
present 0-2 case will be found helpful. In the evalua- 
tion of c,, it is convenient to make use of the sym- 
metry of various parts of the integrand in reducing the 
region ¢>?’ to the region ¢>/’>0. Introducing the 
abbreviations 


Py(w) =— ——, P,(w)=Po(w) cos2¢, 
(1+ coshw)? 


P,(w)=Po(w) sin2g, (9.1) 


Qo(w) = f Po(w)dw, Qe(wo) = f P.(w) dw, 


Ouw)= f " Px(w)dw, (9.2) 
Ro=Qo(~), R.=Q.(@), R,=Q,(*), (9.3) 


T= f P)(w) coswidw, 
0 

T.= f P.(w) coswidw, 
0 

T= { P,(w) sinwldw, 
0 


8 Breit, Ebel, and Benedict, Phys. Rev. 100, 429 (1955); see 
also Breit, Ebel, and Russell, Phys. Rev. 101, 1504 (1956). 
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and defining 


A -f (P\Q.+P.Qo) sinwidw, 
0 

p= f (PQs+P:Qo) coswidw, 
0 


C= f (—PoQo+3P.0.+3P.0,) sinotdw, 
0 


one finds 


So™=2To, 3(S2+S_2) = — (/6)T., 
4 (S_o)—§,)) = (\/6) rs 
while 


So=2To, 4(S2+S_2)=— (\/6)T., 

3 (S_2—S2)= (1/6) T,, 
S2=—(/6)(Te+Ts), S_2=(/6)(T.— T) 
with 

To=Tot+d{3R.T.+i(RoT0—3R.T.)—C}, 
T-=T.e+d{—i(R-Tot+RoT.)—A}, 


T.=T.+M —R,To—iRoT +B} 


(9.8) 


and 


A=Z,e7(r?) ¢7/LT7ha’?v |. (9.9) 


In terms of these quantities, one finds on substitution 
into Eq. (8.2) 


(J)=4 Re{D+6D+ (5/14) (N2+6N2)P2 
+ (8/7)(Nst+6N4)Ps}, (10) 


with 


D+6D=Re{3| T.|2+3] Ts|?+| To|?}, (10.1) 


Na+8N2=Re{3| Te|?+3|T+|2— | Tol? 


+67 o*(T, cos26—iT, sin26)}, (10.2) 


Ni+8Ni= —3 Re{3| 7. |2+3| T|?-+6] To]? 
+20To*(T. cos26—iT, sin26) 
~35[| T.|2—| T.|2-+2i Im(T.T.*) Je}. (10.3) 


Here D, No, Ng correspond to J“ and 6D, 5No, 5N4 
to J® of Eq. (8.4). Explicitly 


D= 3 T24+3T 2+ To’, 


No=3T 2+3T 2 —T?+6T oT, cos26, 
cos26= (2/e?)—1, 


(10.4) 


(10.5) 


Ny=— 3 (T2+T 2) — PT o?— (15/8) ToT C0826 


+ (105/32)(T,?—T.*) cos46. (10.6) 
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The parts corresponding to J®) are 
6D=\ —6AT,+6BT,—2CT»], 


6N2={ —6A[T.+T c0826] 
—12R,ToT,+18R,T.T, cos26 
+[—12RoToT+18R,T.T,] sin2s 
+6BT,+C[2T o—6T, cos26}}, 


5N =A A[3% T+ (15/8) To cos26+ (105/16)T, cos46] 


(10.7) 


(10.8) 


+Bl—T.+(105/16)T, cos43] 
+C[(9/8) T+ (15/8), cos26]— (45/16) Rs Tos 


15 (e&—1)! 
mat (45/8)R.T.T, enka 


e 


X[(—3ReTe+2RoT0)Ts— 7ReT oT C0828] 


—(105/16)R,T oT, cos45}. (10.9) 


For «=1, one has ®=0 and according to Egs. 
(9.1)---(9.5), P.=Q.=R,=T,=0, P.=Po, Q.=Qo, 
R.=Ro, T.=To, B=0, A=C. Consequently, in Eq. 
(9.8) one has 


To= To— (A+ 2iRoT 0) = Tc, T:=0, 8=0, (e=1) (11) 


and hence 


(J)=4| To|*[4+ (20/7) P2— (48/7)Pi], (e=1). (11.1) 


Since | To|? enters as a common factor, there is no effect 
on the y-angular distribution coefficients usually called 
a2(~) and a4(). In this case (e=1), the second-order 
effects are not detectable by an ordinary y-angular dis- 
tribution measurement although there is an effect on 
the absolute value entering through | 7o|*. A special 
case of this relationship has already been pointed out 
for e=1, Es;=0 in connection with Eq. (6.1). On 
account of the vanishing of second-order effect in the 
y-angular distribution coefficients aa.(£) and a,(£) for 
e=1, the nearly head-on collisions are also especially 
unfavorable for the detection of the reorientation 
effects. This circumstance makes the reorientation effect 
smaller than might have been expected, because for 
head-on collisions the excitation effects are largest. 

An interesting consequence of the linear variation of 
(J) with & is that the reorientation effect is, in first 
approximation, independent of bombarding energy. 
This can be seen from Eqs. (4.1’), (4.6), and (9.9) since 
the product of \ and ¢ is 


Zye" (r*) 75 ws’ Muyidr*) 7 
SS 
da’? 7 9» 7Zsh 


and since in the range of & for which the linear approxi- 
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mation holds the reorientation effect depends on & only 
through Xé. 

Since according to Eq. (10) the spherically sym- 
metric part of (J) is represented by D+-8D, the angular 
distribution coefficients are obtainable as 


a.(&)= (N,+6N,)/(D+6D)=N,/D+6N./D 


—N,(6D)/D*, (s=2, 4). (12) 


According to Eq. (9.8), the number of excitations for 
¢=1 is proportional to 


| To|?= ret _ ant) PaQusinadae, 


(e=1). 


The integral in this formula can be expressed as follows: 


(13) 


A/2= f ” PaQo(sinal) dw 
2(14+3u) 


4 f° 4 
=~ i< 
| a (1+) 


1 1 
w= ein -(u—-)] 
2 u 


In terms of it one finds 





) (sinwl)du (13.1) 


(13.2) 





0 
=1-—=1-4) 
D e=] To ee 


J Po coswtdw 
0 


By means of Eq. (13.1), this can be expressed as 


D+6D ayy pu 2(1+3m) 
DD: Fam 3t4, (1+)! (1+4)* 


” u coswt 
x<(sinatan} /' f du. 
1 (1+)! 


For 5-Mev protons on7sPt, with an assumed Q= 7X 10-4 
cm?, AE=330 kev, one has §=0.1915, \= —0.100, and 
the effect on the collision for inelastic scattering may 
be estimated from (13.3) to be +3.8%. Here the 
quadrupole moment Q is connected with the radial 
matrix element (r”);; by the equation |Q| = (4/7)(r*) z,. 

By means of Eq. (12) combined with Eqs. (10.4), 
(10.5), (10.6), (10.7), (10.8), and (10.9), one obtains 
the change in the angular distribution of y rays for a 
fixed value of « but averaged over rotations of orbit 
planes around the direction of the incident beam. The 
change in the values of a2(é) and a,() is obtained by 
integration of the y intensity in any direction over e, 


. (13.3) 


PQo sinwtdw 
es 2A J F 


(13.4) 
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taking the number of collisions as 2rvpdp=2zva'ede. 
The formulas described so far suffice therefore for the 
calculation of y-angular distributions in experiments on 
the angular distributions without coincidences and also 
with coincidences in which the inelastically scattered 
particles are collected in a cone with symmetry axis 
along the incident beam. Some information ‘is lost in 
this type of experiment because of the averaging over 
orbit plane orientations. 

This information is retained if the orbit plane is 
defined by the observation of the inelastically scattered 
particle and the direction of the y ray is observed in 
coincidence. The angular distribution under these con- 
ditions is obtainable from Eq. (7.7) which gives J 
before this quantity is averaged over directions of orbit 
planes. Expressing the S, in terms of Jo, 7., 7, by 
means of Eqs. (9.6) and (9.7), one obtains 


(2/15) J =4¢e?s?| To|?-+28?(c?+1)[| To| 2+] T.| 7] 
+8c’s? Re{ To*[ 7, cos2y+iT, sin2¢ ]} 


+2s! Re{[| 7|2— | T.|?-+2i Im(T,*T.) Je’*}, (14) 


and the division into first- and second-order parts is 
obtainable from Eq. (9.8). Averaging the first line over 
all directions and taking account of the factor 4 of 
Eq. (10) in the definition of D, one obtains D+8D in 
agreement with Eq. (10.1). 

The remainder of the first line contributes to J/4 
the quantity 


(5/7)L| To]?—3| T.|?—3| T.|*]Pe 
—(6/7)E| Te|2+| To]2+2| To|7WPs. (14.1) 
This quantity is related to but is not the same as the 
6-dependent but 6-independent part of Eq. (10). The 
reason for the difference is that in the present considera- 
tion the directions of orbit planes have not been aver- 
aged over. Ii should be observed that the argument of 
P, and P, in Eq. (14.1) is cos0, with @ standing for the 
angle between the y ray and the normal to the orbit 
plane while through all of the formulas for (J) the 
argument of P2 and P, is the cosine of the angle with 
the incident wave. The analysis of the angular distribu- 
tion in the coincidence experiment is in principle 
capable of giving the coefficients of cos2¢, sin2¢, cos4¢, 
and sin4g in Eq. (14). It should be possible to verify 
the dependence of these coefficients on @ which appears 
in this equation. By doing so, the interpretation of the 
experiment in terms of the mechanism described in this 
paper would be more certain than in the axially sym- 
metric type of coincidence experiment discussed in 
relation to (J). It is probably important to have such 
a verification in order to be sure that second-order effects 
caused by transitions to other levels have been sufh- 
ciently corrected for, and it may be helpful to have 
such a verification as a check on the experimental pro- 
cedure. It would appear that for these reasons the 
coincidence experiment defining the orbit should be 
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more informative than the axially symmetric type of 
experiment or the observation of the y-intensity distri- 
bution without coincidences. A further reason for be- 
lieving that the orbit-defining experiment is preferable 
is that some of the angle-independent quantities enter- 
ing the coefficients of sin2¢, --- cos4¢g can be obtained 
in more than one way in this arrangement, providing 
an additional check as will be discussed presently. 
Before doing so, it should be pointed out, however, that 
the validity of the semiclassical theory has never been 
tested to the degree implied in the coincidence experi- 
ments. Since in the orbit-defining geometry lack of large 
diffuseness resulting from diffraction effects is pre- 
supposed both in the orbit plane and in a direction 
perpendicular to it, one may expect this circumstance 
to be more serious in the orbit-defining arrangement. 
The expressions derived in the present paper are ap- 
plicable only approximately on account of the semi- 
classical nature of the treatment. The errors due to this 
cause are probably smaller, however, for bombardment 
by heavy ions such as that by N“ than for light particle 
projectiles such as protons. 
In the coefficient of cos2¢, one has available 


C4= Re(To*T.) 
=T oT -+AL—ATot+ (3R.T,—C)T.]; (14.2) 
in that of sin2¢ there is present 


C3=Im(To*T,)=A(3R-T-—2RoTo)Ts. (14.3) 
Similarly there is available in the coefficient of sin4g 

Ce=Im(T7,*7.)=—AR-ToT s (14.4) 
and in the coefficient of cos4¢ 


C= Rel | 1.2 | 7.1") 


=T2—T2+2MAT.+(B—R.T)T,]. (14.5) 


Another way of stating the possibilities of the orbit- 
defining coincidence experiment is to observe that the 
coefficients of Po, P2, and P, of the ¢g independent parts 
of J give the combinations 

Crm | Pol*+3] 76°43] 7.1%, 
C,= | To|?—3]| T.|?—3} 7,/?, 
Co=2| Tol?+| Tel*+| Tal? 


(15) 


and that through these quantities there is available 
|To|*, |T-|?+|7,|? with a check on experimental 
values through 7C;+5C.=6C;. The quantities 

A| To|?=2ATo(C—3R.7.), A|T.|?+A|T.|?, 
with 
A| T,|?=2AT,(B—R,T»), 


A|T,|?=—2nAT,, (15.1) 


are thus available, and from the coefficient of cos4¢ 
there is available A| 7,|?—A|7.|? so that A| 7,|? and 
A|7,|? can both be obtained from experiment. 
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TABLE I. Values of ¢ and 6 used for numerical computation. 








1.000 
1.015 
1.064 
1.100 
1.155 











The angles used in the description of the orbit- 
defining experiment are as in Fig. 1. 

As has been mentioned in the discussion immediately 
preceding Eq. (14.2), the reorientation effect has to be 
separated from other second-order effects such as the 
change in the angular distribution caused by transitions 
to other levels. It may be pointed out, however, that in 
the usual 0, 2, 4 sequence of levels a quadrupole transi- 
tion 0-4 is forbidden, and hence the populations of 
sublevels of J=2 are not affected by the 0-4-2 
sequence of excitations if higher multipole effects are 
neglected. There may be effects caused by 0-2-2 
sequences, but the intermediate ievel has to belong to 
another configuration of nucleons such as would be 
obtained by changing the vibrational quantum number. 
It may be expected to lie at a higher energy than the 
I=4 state and to be consequently less important in its 
effect on the y-ray angular distribution; the transition 
quadrupole moments to states involving a change of 
vibrational quantum number are presumably also some- 
what smaller than those in the normal 0-2-4 sequence. 





Orbit Cin 
xy plane) 





~ 
“XN 
mth 


hy 


~y 
Fic. 1. Diagram of coordinate systems used, showing particle 
trajectory and direction of emitted photon. 


It appears desirable to mention that even though the 
regular sequence of excitations 0—-2—4 gives effects 
in populating the J=4 level, the associated depletion 
of the J=2 level does not produce an effect on the 


TABLE IJ. Values of To, T-, and 7, as a function of & and e. 








10To 


107. 


107, 





3.33 —(4.06& +2.22%)r 
3.27 — (3.65 +2.061)d 
3.09—(2.56& +1.647)d 
2.79— (1.23 +1.097)d 
2.15+ (0.27 —0.373i)d 
1.32+ (0.549 —0.0357)A 
0.47+ (0.158&+-0.00687) 


2.81—(0.534 +1.887) 
2.76— (0.481 +1.75i)d 
2.59— (0.346 +1.427)d 
2.32—(0.179 +-0.974i)d 
1.74+ (0.007 —0.375i)d 
1,00+ (0.046 —0.0697)d 
0.28+ (0.0101 —0.0033)A 


1.97—(0.673 +1.31i)d 
1.92—(0.610 +1.23i)d 
1.79— (0.445 +1.02i)d 
1.58— (0.243 +0.732i)d 
1.13— (0.016 +0.320i)d 
0.58+ (0.037 —0.078i)d 
0.11+ (0.0061 —0.0056i) 


1.07— (0.546 +0.716i)d 
1.05— (0.497 +-0.680i)A 
0.97 — (0.369 +0.5807)A 
0.84— (0.210 +0.436i)d 
0.56— (0.030 +0.2097)d 
0.25+ (0.016 —0.055i)\ 
0.03+ (0.0019 —0.00297)a 


3.33 — (4.06 +2.227)r 
3.23 — (3.86 +2.127)d 
2.94— (3.30 +1.827)d 
2.50— (2.51 +1.407)A 
1.67—(1.25€ +0.7151)A 
0.83 — (0.372£+-0.220i)r 
0.22 — (0.034+-0.02087) 


2.81— (0.534 +1.887)d 
2.74—(0.508 +1.79%)d 
2.51—(0.435 +1.542)d 
2.16— (0.333 +1.182)A 
1.50—(0.171 +0.6107)d 
0.80— (0.054 +0.1897)A 
0.24— (0.0063+4-0.0175%)A 


1.97— (0.673 +1.317)A 
1.92— (0.641 +1.257)r 
1.78—(0.552 +1.087) 
1.56—(0.425 +0.8327)d 
1.12—(0.220 +0.430i)d 
0.62— (0.070 +0.1307)d 
0.16— (0.0069+0.01017)d 


1.07— (0.546 +0.716i)d 
1.05— (0.521 +0.684i)d 
0.99— (0.450 +0.592i)d 
0.89— (0.348 +0.458i)d 
0.66— (0.181 +0.235i)d 
0.35—(0.055 +0.067i)d 
0.06 — (0.0038-+-0.0037i)d 


0 
1 


70E-+ (0—0.56it)d 
3.16£-+ (0—0.98iE)A 
4.18E+ (O—1.17iE)d 
463+ (0—0.99iE)A 
3.75E+ (0O—0.4917E)A 
1.95€+ (0—0.0917)A 


0 

0.21— (0.033 +0.0697) 
0.39— (0.057 +-0.1217)d 
0.52— (0.068 +0.1447)d 
0.56— (0.057 +0.1207)A 
0.43— (0.028 +0.0577)A 
0.19— £0.0050+-0.00867)d 


0 

0.25— (0.064 +0.0837)A 
0.47 —(0.111 +0.1457)A 
0.61— (0.131 +0.1717)A 
0.65 —- (0.107 +0.1397)r 
0.47 — (0.048 +0.0617)A 
0.15 — (0.0062+-0.00697) 


0 

0.19— (0.069 +0.0647)r 
0.36— (0.120 +0.1112)A 
0.46— (0.139 +0.1297)r 
0.47—(0.108 +0.102¢)d 
0.30— (0.044 +0.040i)r 
0.06 — (0.0035+-0.0029%) 
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TABLE III. Values of the coefficients, C,---C7, of the angular dependent terms available in a coincidence type experiment which 
defines the eccentricity and the plane of the orbit of the incident particle, in coincidence with the y ray. The quantities C; are defined 
in Eqs. (15), (14.2), (14.3), (14.4), (14.5). 
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angular distribution of y rays to within the order con- 
sidered here. A similar effect has been noted in connec- 
tion with the contribution of the term containing co! 
in Eq. (2.2) which turned out to be of a higher order. 


IV. ESTIMATES AND VALUES OF INTEGRALS 


Calculations for the three different types of observa- 
tions discussed in Sec. III have been performed for the 
following values of £=n;—ni: 


§=0 (no excitation) ; 

&=0.1915 (5-Mev protons on Pt™, 330-kev level) ; 
§=0.4028 (3.3-Mev protons on Cd'", 555-kev level) ; 
§=0.6882 (2.4-Mev protons on Cd'"*, 555-kev level). 


The values of orbit eccentricity « and the corresponding 
values of 6 given by Eq. (7.8) used in the computations 
of the single and double integrals in Eqs. (9.1) to (9.5) 
are given in Table I. Computation of all integrals was 
performed in the form given in Eqs. (9.1) to (9.5), 


TABLE IV. Values of the coefficients of the angular dependent 
terms available in a limited coincidence experiment which defines 
only the eccentricity of the orbit of the incident particle in coinci- 
dence with the y ray. 
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using Simpson’s rule with w as the independent vari- 
able. The results for Zo, 7., and 7,, defined in Eqs. 
(9.6) to (9.8), are given in Table II for representative 
values of e. 

The quantities available from the coincidence type 
experiment discussed in the previous section are given 
in Eqs. (14.2)--- (14.5), (15). In order to make their 
comparison with theory possible, the values were calcu- 
lated making use of the numbers in Table II. The 
results are listed in Table III for a few of the values of € 
in Table II.9 

The limited-type coincidence experiment also dis- 
cussed in the previous section, in which the eccentricity, 
but not the plane of the incident orbit is observed in 
coincidence with the y rays, yields the quantities 
D+6D, N2+6N2, and N4+6N, of Eqs. (10.1), «+ - (10.9) 
which are listed in Table IV for typical values of e, so 
as to facilitate comparison with experiment.® 

If only the angular correlation of the y rays with 
respect to the incident beam direction is measured, one 
obtains only the quantities 


f ede(D+65D, N2+65N 2, Ng+6N4). 
1 


TABLE V. Values of the coefficients of the angular dependent 
terms available from observation of the y rays alone. 





& 100 f°" (D+4D) ede 100 f°" (N2+5N2)ede 100 f°" (Ne+5Noede 





—0,022 —0,24& 

0.50 —0.078X 
—0.12 —0.105\ 
—0.20 —0.027r 


0.0000 
0.1915 
0.4028 
0.6882 


—1.54 —SO0EX 
8.1 — 5.0A 
7.9 — 4.2r 
3.20— 1.84 


28.4 —218 

23.5 — 3.4r 
12.7 — 3.6d 
3.97 — 1.79% 








9 The values listed in Tables III, IV, V for §=0 are consistent 
with the vanishing of the reorientation effect for no excitation, 
as discussed in the previous section. The limit £0 is implied in 
the terms listed as being proportional to &. 
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These values were obtained by numerical integration 
over ¢ and are listed in Table V.° 

The computational error of the values listed in the 
tables is believed to be about 1 in the last figure listed. 
In Table V considerable cancellation has taken place 
in obtaining the values given in the last column. How- 
ever, the quantity N4+46N, is the most difficult of the 
three to obtain experimentally since it is most sensitive 
to the angular definition of the photon direction. 

The values of /{* Dede, /{* Noede, and /{* Nuede 
listed for =0 represent the exact values 


«2 


f Dede= (r*/16) — (1/3)==0.284, 


1 


4 


f Noede= (727/16) — (13/3) =—0.0154, 


f N gede= (17/9) — (49x? /256)=—0.00022, 
1 


obtainable by direct analytic integration. 

The quantity /{* (D+éD)ede listed in Table V repre- 
sents the angle-independent part of the correction due 
to the reorientation effect. As a result the quantity 


f (D+8D)ede / f Dede, 
1 1 


represents the factor by which the presence of the re- 
orientation effect increases the total cross section. 
It is clear from examination of Tables III, IV, and V 
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that the coincidence-type experiments offer opportunity 
for obtaining effects due to reorientation which are 
relatively larger than for the non-coincidence-type ex- 
periment. Specifically, one sees from Table III that a 
judicious choice of coincidence angles which selects the 
coefficients of sin2¢, sin4g(Im[To*T, ], and Im[T,* T, }) 
may offer the possibility of measuring ) directly. 

There seems to be an indication that the reorientation 
effect is relatively larger for higher excitation, but this 
will depend on the static quadrupole moment of the 
level in question. An additional inference which may be 
drawn from the tables is that the reorientation effect 
is larger for values of ¢ near 1. This is probably due to 
the fact that larger values of € correspond to distant 
collisions for which the amplitude for excitation is small, 
and the relative importance of the reorientation effect 
can be expected to be reduced for large e. 

The authors would like to acknowledge the assistance 
of Mrs. Maureen Berry and Miss Jacqueline Gibson 
who performed much of the numerical work. They 
would also like to express their thanks to Dr. F. D. 
Benedict for the use of some of his numerical results on 
the SCT Coulomb excitation integrals. 

The authors would like to express their thanks to 
the Computing Center of the IBM Research Laboratory 
at Poughkeepsie, New York, for the use of an IBM 650 
machine and to Dr. Willard G. Bouricius of that 
laboratory for making the necessary arrangements. 

At the time of submission for publication the numbers 
in the tables were less accurate than the final ones. 
The authors are indebted to the editorial offices of The 
Physical Review for making these changes possible. 





PHYSICAL REVIEW VOLUME 


103, 


NUMBER 3 


Magnetic Moment of the Second Excited State of F’ 


Kenzo SucmoTo AND AKIRA MIzoBUCHI 
Laboratory of Nuclear Studies, Faculty of Science, Osaka University, Osaka, Japan 
(Received March 21, 1956) 


The magnetic moment of the second excited state (200 kev) of F was deduced from the change, caused 
by a magnetic field, in the angular distribution of the de-excitation radiation following (p,p’) by F. The 
Larmor precession of the excited nucleus displayed in the angular distribution and the rotational change of 
the angular distribution was measured as a function of the magnetic field strength. If one disregards the 
influences of the surrounding atoms, the apparent value of the magnetic moment was deduced as p(F!*,5/2*) 
= + (3.0+-0.7)uy. If one considers these effects, the value obtained gives a lower limit. 


HE low-lying states of the nuclide F have been 

extensively studied by many workers,!-* and 
the properties of the second excited state (200 kev) are 
well known, i.e., the spin /=5/2*, and the lifetime of 
this state for the radiative transition to the ground 
state r= (1.00.2) X10~" sec.2 It was also reported! 
that the angular distribution of the 200-kev radiation 
in the reaction F'(p,p’)F"* was anisetropic and can 
be expressed as W (8) = 1+ A2P2(cos#). 

An attempt was made to observe the influence of the 
magnetic field on the angular distribution of the 200-kev 
radiation in the reaction F"(p,p’)F*. A uniform 
magnetic field was applied to the target, in a direction 
vertical to the incident proton beam and the plane of 
the gamma-ray measurement. Classically, the magnetic 
field induces a precession of the nucleus through an 
angle wr during the mean life 7 of the excited state, 
w=yH/Ih being the Larmor frequency. Disregarding 
the influences of the surroundings, the angular distri- 
bution of the gamma rays can be represented by the 
relation,*® 


won= f exp(—t/r){1+A2P2[cos(0+wt) }}dt. (1) 


The precession displayed in the change of the angular 
distribution and the magnetic moment u of the excited 
state can be obtained by measuring W(0,H). During 
the course of this experiment, the same magnetic 
moment was measured independently by the same 
principle but in a slightly different way.*” 

The protons were accelerated by the electrostatic 
generator of Osaka University. The energy of the 
protons was analyzed by a proton-resonance-controlled 
magnet. A fluorine target was prepared by evaporation 


1 Peterson, Barnes, Fowler, and Lauritsen, Phys. Rev. 94, 
1075 (1954); Peterson, Fowler, and Lauritsen, Phys. Rev. 96, 
1250 (1954); Sherr, Li, and Christy, Phys. Rev. 96, 1258 (1954); 
C. A. Barnes, Phys. Rev. 97, 1226 (1955). 

2A. Jones, Phys. Rev. 96, 547 (1954); Thirion, Barnes, and 
Lauritsen, Phys. Rev. 94, 1076 (1954). 

3R. F. Christy, Phys. Rev. 94, 1077 (1954). 

4 Aeppli, Albers-Schénberg, Frauenfelder, and Scherrer, Helv. 
Phys. Acta 26, 339 (1952). 

® A. Abragam and R. V. Pound, Phys. Rev. 92, 934 (1953). 

6 Lehman, Lévéque, and Fiehrer, Compt. rend. 241, 700 (1955). 

7P. B. Treacy, Nature 176, 923 (1955). 


of a thin CaF; film on a 10-micron copper foil. This 
target was mounted in a thin aluminum container. 
The effective thickness of the target was examined by 
utilizing the 1.09-Mev resonance of the reaction and 
was estimated to be 9 kev at this energy. 

Gamma rays were detected with a 1.5-in. diameter 
X1.5-in. NaI(TI) scintillation spectrometer. The crystal 
was located at the mean distance of 23 cm from the 
target. For the observation of the 200-kev radiation, 
two single-channel discriminators were employed, one 
of which was set to count the full-peak portion of the 
200-kev radiation in the pulse-height spectrum, and 
the other to count just the upper portion of the spec- 
trum for the background determination. 

Because of the large anisotropy and intense yield of 
the 200-kev radiation at the 1.381-Mev resonance for 
this reaction, the bombarding energy of the protons 
was set at this resonance peak. 

Angular distributions were measured at magnetic 
field strengths of 0, +425, +750, +1200, and +1700 
oersteds. Typical examples of the angular distributions 
are shown in Fig. 1. At zero magnetic field, the distri- 
bution is expressed as 1+ (0.30-+-0.03)P2(cos@), in 
agreement with the measurement of Peterson ef al.! No 





$: H=0 
#: H=425 OERSTEDS 
4: H=1200 OERSTEDs 1] 





6-—~ 
O +30 +60 +90 


Fic. 1. The angular distribution of the 200-kev radiation in 
the reaction F(p,p’)F"*. The bombarding energy of protons was 
1.38 Mev. The cases for the magnetic field of 0, —425, —1200 
oersteds are plotted. The precession of the nucleus displayed in 
the angular distribution can be seen. The solid curves are least- 
squares fits of the distributions to the form W (0,H) =1+-a(cos26@ 
—b sin26@). 
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Fic. 2. The rotation of the angular distribution vs the magnetic 
field. The solid curve shows the relation A@=} tan“ !2wr with the 
values 4=3.0un and r=1.0X10~ sec; w=yH/Th. 


correction was applied for the absorption and scattering 
of gamma rays or for the finite solid angle subtended 
by the detector, but these corrections were estimated 
to be small. Because of some ambiguities in the subtrac- 
tion of the background for the yield determination 
of the 200-kev radiation, the computation of the 
rotational change in the angular distribution was more 
reliable than the amplitude attenuation of the angular 
distribution caused by the magnetic field. The rotation 
of the angular distribution was computed from the 
measured angular distribution for each field strength 
by the method of least squares. For each field strength, 
two measurements corresponding to the reverse field 
directions were averaged, and corrected for the deflec- 
tion of the incident proton beam by the magnetic field. 
The values of the rotation angle A@ as a function of the 
magnetic field are plotted in Fig. 2. 
From the relation (1), A@ is calculated to be 


Ad=$ tan“ 2wr. (2) 


TABLE I. Summary of the results. 








H in 
oersteds 
425 13.5+1.2 
750 21.6+1.4 
1200 25.1+1.4 
1700 33.4+2.0 


4@ in 


ur X10? 
degrees i 


in “Nn sec* 


3.1340.33 
3.27+0.34 
2.61+0.29 
3.57+0.84 
Mean 3.0 +0.2 











® un is one nuclear magnetron. 


The apparent value of wr can be computed by the 
relation (2). The results are summarized in Table I. 
Inserting the known value of 7, the magnetic moment 
of the 200-kev level becomes 


u(F%,5/2+) = + (3.040.7) uy. 


As pointed out by Christy* and others,' the effect of 
the surroundings attenuates the angular distribution, 
and their results showed 20-40% attenuation of A». 
It is very difficult to estimate in detail the effect of 
these distrubances for the present case, because the 
energies of the F* recoils range up to 240 kev. Con- 
sidering these effects, it may be said that the present 
value of uw gives a lower limit and must presumably 
be increased at most by 20-40% to give the correct 
value. This measurement is in good agreement with 
the results of previous work.*.’ A detailed report will be 
published elsewhere. 
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Li'(n,«)H* Cross Section as a Function of Neutron Energy*t 


F. L. RIBE 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


(Received April 16, 1956) 


The total Li®(n,«)H* cross section has been measured absolutely over the range of neutron energies from 
0.88 to 14.1 Mev, with errors varying from 11 to 18%. At its low-energy end, the curve o(E,) joins 
smoothly with an extension of the curve of earlier data of Blair and Holland, for which the maximum neutron 


energy was 0.62 Mev. A log-log plot of ¢(£,) 


for the present data shows a variation approximately as E,~! 


for the high-energy portion of the curve with a break to greater flatness at the lower energies, resulting in a 
broad hump in the cross-section curve at about 2 Mev. This hump is believed to be due to competition from 


deuteron-producing reactions. 





INTRODUCTION 


HEN lithium is bombarded by low-energy neu- 
trons, nearly all of the absorption takes place 

in the 7.5%-abundant Li® isotope by means of the 
(n,a) reaction. From its thermal value of 945 barns, the 
cross section for this reaction decreases with increasing 
neutron energy according to the 1/v law until it first 
exhibits a resonance in the region of 250 kev.' The cross 
section in the resonance region was measured by Blair 
and Holland? for neutron energies between 20 kev and 
620 kev. They observed a strong resonance at 250 kev 
with a peak cross section of 3.4 barns, corresponding to 
a 7.46-Mev state in Li’ with J=5/2-.2 Weddell and 
Roberts‘ have extended the measurements of cross- 
section and angular distribution up to a neutron energy 
of 2.0 Mev by means of track measurements in lithium- 


Fic. 1. Experimental arrangement for Li®(n,a)H* 
cross-section measurements. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Preliminary reports of the work described in this paper were 
given at the Washington, D. C. meetings of the American Physical 
Society in 1952 and 1953. See F. L. Ribe, Phys. Rev. 87, 205(A) 
(1952) and 91, 462(A) (1953). 

1 Fora compilation of the low-energy data see D. J. Hughes and 


J. A. Harvey, “‘Neutron Cross Sections,” Brookhaven National 
Laboratory Report, BNL-325 (Superintendent of Documents, 
U. S. Government Printing Office, Washington, D. C., 1955). 
A plot of the cross-section results of the present paper, in the 
medium energy region, is also given in this compilation. 

2J. M. Blair and R. E. Holland (unpublished). These results 
are given in the compilation of reference 1. 

5 For a review of the work on the properties of this state in Li’ 
see Re Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(195. 

7 B. Weddell and J. H. Roberts, Phys. Rev. 95, 117 (1954). 


six loaded nuclear emulsions, using monoenergetic 
Li’(p,n)Be’ neutrons. Absolute differential cross sec- 
tions for all of the reactions yielding charged particles 
when both isotopes of lithium are bombarded with 
14-Mev neutrons have been measured by Frye,° 
using nuclear plate techniques. In what follows we 
shall report absolute measurements of the Li®(,a)H*® 
total cross section as a function of monoenergetic 
neutron bombarding energy in the region from 0.88 
to 14.1 Mev. 


APPARATUS AND EXPERIMENTAL METHODS 
1. General Considerations 


Since the Li®(,a)H* reaction proceeds with an energy 
release 0=4.78 Mev, both the alpha particle and the 
triton resulting from the disintegration are quite 
energetic and hence are easily detected and counted. 
This feature of the reaction allows one to measure the 
total reaction cross section in 2x geometry by a pro- 
cedure similar to that used in fission-cross-section 
measurements without recourse to the more usual 
process of measuring the differential cross section as a 
function of angle and then integrating over the total 
solid angle. 

The apparatus is illustrated in Fig. 1. Neutrons 
produced in an accelerator target (illustrated as a 
tritium or deuterium gas target used with a Van de 
Graaff accelerator) were collimated and used to bom- 
bard a thin lithium target which was placed inside a 
3-in.-diameter high-pressure proportional counter with 
sufficient gas filling to stop all charged reaction products 
inside the counting volume. All alpha particles and 
tritons ejected into the forward hemisphere with 
respect to the neutron beam were thus detected, and 
each disintegration event was represented either by a 
detectable alpha particle or a triton. There would 
appear to be a problem in detecting the heavier alpha 
particles when they are ejected at nearly 90 degrees 
with respect to the neutron beam and hence have their 
energy degraded in a nearly tangential path through 
the lithium foil. However this difficulty is alleviated 
by the center-of-mass motion at the neutron energies 


5G. M. Frye, Jr., Phys. Rev. 93, 1086 (1954). 
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used in this experiment. When the alpha particle enters 
the counter at an angle of greater than about 60 degrees 
it is accompanied by a triton of relatively negligible 
energy loss in the foil. On this basis one might also 
expect a small fraction of “doubles” pulses in the 
energy spectrum corresponding to simultaneous detec- 
tion of the triton and alpha particle. The energies 
associated with these pulses would be greater than those 
of the forward tritons and equal to the sum of the 
incident neutron energy and the Q value of the reaction. 


2. Electronic Detection 


The pulses from the counter were detected by means 
of a Los Alamos Model 101 preamplifier and amplifier 
system, and the pulse-height spectrum was presented 
on a Johnstone-type 18-channel analyzer.’ The decay 
time of the amplifier system was set, by means of an 
R-C clipper, at 32 microseconds. This rather long 
decay time was necessary, for the pure noble gas 
fillings which were generally used, in order that the 
pulse heights of the tritons and alpha particles should 
be accurately proportional to the particle energies 
regardless of their differences in range and angle with 
respect to the center wire of the counter. 

The linearity of the amplifier-analyzer system was 
checked by means of a Los Alamos Model 500 mercury- 
relay pulser fed through an attenuator into the Model 
101 preamplifier and found to be exact to within 
about two percent. 


3. Proportional Counter 


The proportional counter used in this experiment 
has been extensively studied’ and found to provide 
pulse heights accurately proportional to particle 
ionization and also independent of the location of the 
ionizing event in the counter, for purified noble gases 
at the pressures and gas multiplications used in this 
experiment. In the present case a 300°C calcium 
purifier was used; pressures of krypton were of the 
order of 100 psi, requiring a few thousand volts on the 
two-mil center wire; and the gas multiplication was 
always chosen to be between 10 and 15. 

The lithium target foils were mounted on one side 
of a rotatable “pancake” on the wall of the counter as 
shown in Fig. 1. On the other side was a tantalum 
blank which could be made to face the counter volume 
by tilting the counter, in order that background runs 
could be made to determine the pulse spectrum due to 
gas disintegrations and other sources. A weak deposit of 
Pu**(NOs;)2 on the tantalum blank provided a 5.16-Mev 
alpha-particle source for energy calibration of the 
pulse-height spectrum. 

The entire counter was covered with ;-inch cadmium 
to reduce the number of disintegrations of the Li® 


6 C. W. Johnstone, Nucleonics 11, No. 1, 36 (1953). 
7John Wahl, Los Alamos Report, LA-1135, August 1, 1950 
(unpublished). 
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caused by thermal background neutrons. In some cases, 
at the lower neutron bombarding energies, further 
shielding of boron was also used to help eliminate 
epithermal neutrons which might otherwise produce 
disintegration pulses of heights comparable with those 
to be observed. In addition a gold liner was used in 
the counter. 


4. Counter Fillings and Neutron Collimators 


At the higher neutron energies used, it was found 
that the krypton counter filling was appreciably 
disintegrated, providing a troublesome background. A 
comparison study was undertaken to determine this 
disintegration background with argon, krypton, and 
xenon fillings. In each case the filling was bombarded 
with 14-Mev neutrons, and pulse-height spectra were 
taken. The pressure of the filling was increased for 
each gas until no further changes in the spectrum 
occurred with increased pressure, indicating that the 
ranges of all disintegration products were reasonably 
short compared to the counter dimensions. The resulting 
energy distributions are shown in Fig. 2. On the basis 
of these graphs krypton was chosen as the most suitable 
counter gas. 

The neutron collimators were used in order to reduce 
this gas-disintegration background with respect to the 
desired signal from the lithium foil by insuring that 
the neutrons irradiated only that portion of the gas 
filling which lay behind the foil. 

Two collimators were used, one made of brass 
(Fig. 1) and the other of iron. Their behavior was 
checked at the neutron energies used in the experiment 
as follows: First, the neutron beam from the collimator 
was scanned by moving a small Np*’ (threshold=400 
kev) or U** (threshold=1 Mev) spiral fission chamber 
in small steps across the output aperture and plotting 
the counts per neutron versus distance perpendicular to 
the collimator axis. The results showed well-defined 
geometrical shadows, with shadow counts which were 
about 5% of those at the center of the aperture. 
Second, a stilbene scintillator one inch in diameter and 
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Fic. 2. Energy spectra of disintegration particles produced by 
14-Mey neutrons in noble-gas counter fillings. 
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one inch long was exposed to the beam at the center 
of the aperture, and its pulse-height spectrum was 
measured. The results showed that no degraded 
neutrons were present in the neutron spectra down 
to the lower limit of measurement, e.g., 0.6 Mev in 
the case of 5.5-Mev incident neutrons. By comparing 
the heights of the spectra at their end points both with 
and without the collimator in place it was found that 
the elastic in-scattering due to the collimator was, 
e.g., 9% in the case of 5.5-Mev incident neutrons. In 
each case the flux measurements were corrected for 
this in-scattering. 


5. Lithium Target Foils 


The target foils were made from lithium enriched 
to 90-95% in Li®. For some of the first lower-energy 
runs lithium fluoride was used. However, at the higher 
energies the fluorine disintegrations provided prohibitive 
competition to the lithium signal. Therefore lithium- 
metal targets were used in most of the runs. They were 
made by evaporating the metal onto a cooled tantalum 
backing, and the total weight of the deposit was deter- 
mined by weighing the tantalum piece in a dry helium 
atmosphere before and after the evaporation. The 
deposited lithium-six foils had surface densities of the 
order of one mg/cm? and covered a circular area 1} 
inches in diameter. 


6. Neutron Sources 


In making the cross-section measurements, both a 
Cockcroft-Walton and a Van de Graaff accelerator 
were used to provide sources of monoenergetic neutrons. 
In the case of the Cockcroft-Walton machine, neutrons 
of energies 2.50 Mev and 14.1 Mev were derived from 
the D(d,n)He*® and T(d,n)He* reactions, respectively, 
by bombarding thick zirconium-deuterium and zir- 
conium-tritium targets’ with the 250-kev deuteron 
beam and making use of the neutrons emitted at 90 
degrees with respect to the deuteron beam. In the case 
of the Van de Graaff machine, neutrons of energies 
between 0.88 and 2.90 Mev were derived from the 
T(p,n)He’ reaction by bombarding a thin tritium-gas 
target with a proton beam. Similarly, neutrons of 
energies 4.44, 5.53, and 6.52 Mev were produced by the 
D(d,n)He® reaction by bombarding thin deuterium-gas 
targets with a deuteron beam. The Van de Graaff beam 
energy was accurately determined by means of a 
90-degree bending magnet with a proton-moment 
magnetometer, and corrections were made for energy 
loss in the 0.0001-inch nickel foil which sealed the gas 
target as well as for energy loss in the half-thickness 
of the gas target itself. Neutrons emitted at zero 
degrees with respect to the Van de Graaff beam were 
used in the measurements. 


8 Graves, Rodrigues, Goldblatt, and Meyer, Rev. Sci. Instr. 
20, 579 (1949). 
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DATA AND EXPERIMENTAL PROCEDURE 


1. Van de Graaff Measurements Using 
p-T Neutrons 


In this case the experimental arrangement was that 
shown in Fig. 1, with the exception that no collimator 
was used. The tritium-gas target had a length of one 
inch and was filled to an absolute pressure of 18.5 cm 
Hg. With an average beam current of about 1.5 micro- 
amperes and 17.0 cm spacing between the tritium 
target and the lithium foil, the average neutron flux 
at the foil was about 7X10’ neutrons/cm?/sec. 

A long counter,’ whose energy response was approxi- 
mately independent of neutron energy over the energy 
range used, was used as a neutron monitor. The pro- 
cedure followed in one cycle of a run at a given neutron 
energy was as follows: The 3-inch proportional counter 
was removed, and the count of the long counter corre- 
sponding to one or more clicks of the gas-target current 
integrator was determined. A paraffin shadow cone was 
then interposed, and the long-counter background 
determined. The counter was then put’in place with 
the lithium foil facing the counter volume and ir- 
radiated, using the current integrator as a monitor, 
and the pulse-height spectrum from the counter was 
measured. The pancake inside the counter was rotated 
to expose the tantalum blank to the counter, and a 
background pulse-height spectrum taken. Concurrently 
the weak source of plutonium provided a spectrum 
peak of about 7% resolution, due to the 5.16-Mev alpha 
particles, over the relatively smooth background 
pulse-height distribution. The counter was again 
removed and another long-counter monitor count was 
taken. 

The long counter was calibrated absolutely at the 
end of a series of runs, each day, by removing the 
lithium counter and exposing the long counter, with 
and without the shadow cone, to the neutrons from a 
standard one-gram Po-Be neutron source calibrated 
absolutely to +6%. In this way the absolute flux 
determinations were made within an accuracy of about 
7.5%. Care was taken to choose the neutron energies 
so as to avoid those energy regions where the carbon 
resonances affect the smoothness of the long-counter 
response.” 

Possible effects of thermal and epithermal neutrons 
were determined to be negligible by noting that the 
numbers of pulses in the pulse-height spectra followed 
an inverse-square distance relationship between neutron 
source and lithium-target foil. 

The lithium metal deposit used in these runs had a 
total weight of 5.4+0.2 mg. 

Figure 3 shows the data for the five runs made with 
p-T neutrons. In each case the net counts due to the 
lithium disintegration (tantalum-blank background 


® A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
Nobles, Day, Henkel, Jarvis, Kutarnia, McKibben, Perry, 
and Smith, Rev. Sci. Instr. 25, 334 (1954). 
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Fic. 3. Pulse-height spectra of tritons and alpha particles from the 
disintegration of Li® by thin-target »-T neutrons. 


subtracted) are plotted against pulse height in Mev. 
The alpha-particle and triton groups, as well as small 
high-energy tails due to the doubles pulses can be seen. 
On each graph the energy values calculated for the 
forward tritons, forward alpha particles, and single 
alpha particles of maximum angle with respect to the 
neutron beam are indicated on the axis of abscissas. 

Starting at the lowest bombarding energy, it is seen 
that the alpha peak and triton peak are well separated. 
As the neutron energy increases the alpha particles are 
more able to overcome the energy loss in the lithium 
foil, and the leading edge of the alpha group moves 
toward that of the tritons. At 1.40 and 1.86 Mev it is 
seen that the alpha and triton groups overlap to the 
extent that there is an extra peak between the two 
groups due to addition of the leading edge of the alpha 
group and the trailing edge of the triton group. Above 
1.86 Mev the alpha group merges with the triton group, 
and the latter appears merely as a bump on the leading 
edge of the composite group. 

There are also some proton-recoil pulses in these 
spectra, due most likely to the deposition of pump oil 
on the tantalum backing during the long process of 
evaporating the lithium. The proton-recoil spectra are 
seen to be roughly rectangular energy distributions 
superimposed on the trailing edges (dashed curves) 
of the alpha-particle groups, with end points equal to 
the neutron bombarding energy. At the higher neutron 
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energies they cover some of the low-energy tail of the 
alpha-particle group. However, a dependable method 
for extrapolating the low-energy tail, as shown by the 
dashed lines in Fig. 3 was found. The smearing of the 
alpha-particle groups due to energy loss in the lithium 
foil was calculated numerically, assuming an isotropic 
alpha energy distribution for an infinitely thin foil. At 
the lower neutron energies where almost all of the 
alpha-particle groups are visible the method was 
tested, and a good fit was obtained to the whole alpha 
group. In addition it was shown that varying the shape 
of the assumed angular distribution for zero foil 
thickness from one peaked strongly forward to that of 
one peaked strongly backward, changed the area under 
the low-energy tail by only 10%, introducing a negligible 
error into the integrated area under the whole triton- 
alpha spectrum. The total disintegrations of Li* were 
thus obtained from the areas under the curves of Fig. 3, 
with the low-energy tails as indicated. 

The spectra of Fig. 3 also show a low-energy “wall” 
of pulses in the vicinity of one Mev. This is believed 
to be at least partly due to Li® recoil nuclei. 


2. Van de Graaff Measurements Using 
d-D Neutrons 


These measurements were carried out in a manner 
nearly identical with those described above with, 
however, a few exceptions. In the case of the p-T 
neutron bombardments, the neutron energy was either 
less than the thresholds for all competing reactions in 
Li® (and Li’) or else so slightly above threshold that 
competing reaction products had negligible energies. 
In the present case, however, the thresholds of the 
following competing reactions were exceeded: 
Li®(n,d)He> (Q=—2.35 Mev), Li®(n,p)He® (OQ= —2.43 
Mev), and Li®(n,dm)Het (Q=—1.48 Mev). The bom- 
barding neutrons had energies of 4.44, 5.53, and 6.52 
Mev, and it was observed that the spectra of Li® 
reaction products repeated all the features shown in 
Fig. 3 with the exception there were many pulses of 
small pulse height due to low-energy deuterons. These 
were identified by their energy end point and by 
observing the pressure of counter gas at which the 
forward reaction products in this group had a range 
equal to the diameter of the counter. It was determined 
roughly that the yield of deuterons from the two-body 
reaction Li®(m,d)He® was about 200 millibarns for 
each of the neutron energies 5.53 and 6.52 Mev. 

A check was made to see if any Li®(n,a) reaction 
products were being produced by stray d-D neutrons 
produced in parts of the beam tube other than the 
deuterium-gas target, by making irradiations with the 
gas target filled with H, gas. It was found that the 
yield of pulses in the region of the normal triton-alpha 
groups was only one percent of that of the normal 
groups. There was a small yield in the region of the 
Li®-recoil “wall,” due to essentially thermal neutrons, 
which had no effect on the cross-section determinations. 
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Flux determinations were again made with the long 
counter and PoBe neutron source. The lithium metal 
target foil had a total weight of 14.6+0.3 milligrams. 
The brass collimator was used. 


3. Cockcroft-Walton Measurements 
Using d-D Neutrons 


Two separate runs were made, using two methods 
for the flux determination. In the first run, the counter 
was placed with its target foil 11.4 cm from the neutron 
source in the plane at 90 degrees with respect to the 
deuteron beam of the accelerator. No collimator was 
used. In the same plane, at an equal distance on the 
opposite side of the neutron source, was placed a 
U*5 fission chamber which provided a monitor for the 
neutrons. Absolute flux determinations were made by 
using a d-T source as a primary standard as follows: 
The Zr-D target was replaced by a Zr-T target, and 
the fission chamber was bombarded with 14-Mev d-T 
neutrons. The flux from the Zr-T target (again in the 
90-degree plane) was measured absolutely to within 
three percent by counting the associated alpha particles 
from the T(n,d)He* reaction in a proportional-counter 
monitor of accurately known solid angle. By comparing 
the fission-chamber counting rates for the d-T and 
d-D neutrons and using the known ratio of the U™® 
fission cross sections at 14 and 2.5 Mev, the flux of 
d-D neutrons was then determined to within seven 
percent. 

In this measurement a 94.3% enriched Li®F target 
foil with a total weight of 8.21-+0.10 mg was used. 
The pulse-height spectrum of the Li® reaction products 
is shown in Fig. 4. Here it is seen that the peak of the 
lower energy alpha group is separated from that of the 
triton group in the vicinity of 5 Mev, in contrast to 
the situation of Fig. 3 for a bombarding energy of 
2.39 Mev. This is due to the larger energy loss by the 
alpha particles in the LiF foil in the former case. The 
somewhat cruder aspect of the data of Fig. 4 is ac- 
counted for mainly by the fact that at the time this 
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run was made, an older model 10-channel pulse-height 
analyzer was used instead of the Johnstone-type 
18-channel analyzer. 

An analysis of the shape of the low-energy alpha- 
particle tail in the spectrum of Fig. 4 indicated that 
some of it was missed in subtracting the low-energy 
counter background. The counts which were missed 
amounted to about 6% of the total counts, and this 
fact was included in the error estimation. 

In the second d-D run the metallic lithium-six foil 
was the same one used in the Van de Graaff p-T runs, 
and the pulse-height spectrum was practically identical 
to that shown in Fig. 3 for 2.39-Mev bombarding 
energy. In this case the neutron flux was monitored 
by means of a proportional counter which counted 
protons associated with the other branch of the d-D 
reaction, D(d,p)H*. Tritons (and He* ions) were ex- 
cluded from the monitor counter by means of a one- 
mil aluminum foil over its aperture. The proton monitor 
was calibrated absolutely by means of a Ra-Be neutron 
source and long counter. 

The cross-section values obtained in these two runs 
at 2.50-Mev bombarding energy were 188+27 milli- 
barns and 205+28 millibarns for the first and second 
runs, respectively. 


4. Cockcroft-Walton Measurements Using 
d-T Neutrons 


In this case one could expect all of the competing 
lithium reactions to be excited, giving reaction products 
of appreciable energies. This was indeed found to be 
the case. In particular there were many more deuterons 
from the (m,d) reaction than there were products from 
the (n,a) reaction. The target in this case was 90.9%- 
enriched Li® metal with a total weight of 18.6+1.5 mg. 
An iron collimator was used, and the neutron flux was 
measured absolutely to an accuracy of +3% by means 
of the proportional alpha-particle counter mentioned 
in the last section. 

For the 14.1-Mev bombarding energy the energy 
spectrum to be expected from the Li®(,a)H® reaction 
is as follows: (1) a band of tritons from 12.9 Mev (53° 
laboratory angle) to 16.4 Mev (0°); (2) a band of alpha 
particles from 10.2 Mev (54°) to 14.2 Mev; and (3) a 
relatively narrow group of doubles pulses at 19.0 Mev. 

The right-hand graph of Fig. 5 shows the energy 
spectrum (background subtracted) obtained with a 
counter filling of 201 psi of krypton, sufficient to stop 
all forward reaction products. The high-energy tail 
contains the triton and doubles pulses in the proper 
energy range. However, the alpha group is obscured 
by the large group in the vicinity of 12 Mev which, as 
will be shown, is due to deuterons. In order to eliminate 
these deuterons, the gas pressure was greatly reduced 
so that they could deposit much less energy in the 
counter than the alpha particles. The energy spectrum 
measured with a 41.6 psi filling is marked by the circles 
in the left-hand graph of Fig. 5. Here the alpha particles 








COUNTER FILLINGS: 
“13.1 PSI 
+416 PSI 


: 


g 
°o 





COUNTS PER CHANNEL 
i” 
° 
io) 











PULSE ENERGY-MEV 
(a) 








COUNTER FILLING: 20! Psi 


: 


COUNTS PER CHANNEL 
ro) 
8 








| RE NE See GheUne, tenes Meje 
a ee a a ae ae ee SC 
PULSE ENERGY- MEV 
(b) 





Fic. 5. Disintegration products of Li* produced by 14-Mev neutrons. (a) Heavy reaction products in the forward direction; 
b) light and heavy reaction products in the forward direction. 


can still deposit their full energy, and their spectrum 
can be seen as the high-energy tail with the proper 
14-Mev end point. Further reducing the counter 
pressure to 13.1 psi gave the spectrum marked by the 
crosses in which the alpha particles no longer appeared 
with full energy, since their ranges were greater than 
the counter diameter. The solid line is the composite 
spectrum of multiply-charged reaction products com- 
prised of the following components: (1) the alpha 
particles from the Li®(m,a)H*® reaction; (2) alpha 
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Fic. 6. Spectrum of tritons and deuterons and double (alpha+ 
triton) events from the disintegration of Li* by 14-Mev neutrons. 


particles from the competing Li®(n,d)He'(m)He* and 
Li®(n,dn)He* reactions; and (3) recoil Li® nuclei. The 
dotted line of the left-hand graph of Fig. 5 represents 
the low-energy tail of the alpha-particle group (1), 
calculated as has already been discussed in connection 
with the Van de Graaff p-T neutron experiments. 

In Fig. 6 is shown the spectrum of the tritons and 
deuterons and double (alpha+triton) events, obtained 
by subtracting the left-hand graph of Fig. 5 from the 
right-hand graph. The dotted line indicates the lower 
energy edge of the triton+doubles spectrum. By 
adding this spectrum to that of the alphas in the left- 
hand graph of Fig. 5, the total yield of the Li®(m,a)H® 
reaction was obtained. 

There remains the large group in Fig. 6 which peaks 
at about 11.3 Mev. This could be accounted for either 
by the 11.4-Mev forward deuterons from the (n,d) 
reaction or possibly the 10.9-Mev forward protons from 
the (n,p) reaction. However the latter reaction is 
excluded, since it has been shown" that it has a cross 
section of only 6.7 millibarns at 14-Mev neutron 
bombarding energy. As a further check on the identity 
of the deuterons, runs were made with a counter 
filling of 137 psi, at which pressure only the deuterons 
would have been stopped in the counter. It was ob- 


i M. E. Battat and F. L. Ribe, Phys. Rev. 89, 80 (1953). 
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served that the shape of the portion of the spectrum 
with its peak at 11.3 Mev was essentially unchanged. 
It should be noted that this part of the spectrum 
extends to too low an energy to be entirely due to the 
two-body reaction Li®(,d)He®, leaving He® in its 
ground state. Apparently there are also reactions to an 
excited state of He’ or contributions from the three-body 
Li®(n,dn) He‘ reaction. 

Various measurements of the deuterons and alpha 
particles in both the forward and backward hemispheres 
with respect to the neutron beam indicated about 200 
millibarns of yield to be attributed to the (n,d) and 
(n,dn) reactions. From the spectra and the dynamics 
of the reactions it is estimated that of this, about 
100 millibarns are due to the reactions leading to the 
ground state of He’. 


5. Correction for Response of Long Counter 


In making flux determinations by the long-counter- 
standard-source method during the Van de Graaff runs, 


TABLE I. Results of measurements of the cross section for the 
reaction Li®(n,«)H*. Cross-section values in the third column were 
computed on the assumption of flat long-counter energy response. 
Values in the fourth column are corrected for actual long-counter 
response. 





Total 

Li®(n,a)H* Total Lis(n,«)H* 
cross cross section 
section corrected for 
(milli- long-counter response 
barns) (millibarns) 


Neutron 
bombarding 
energy 
(Mev) 


Neutron source 





291+31 
25527 
236425 
203 +24 
153419 
97414 
71+13 
57+10 
18827 
20528 
26+ 4 


262+28 
229+24 
215+23 
189+22 
148+18 
97414 
72+13 
59+10 
18827 
19227 
26+ 4 


0.88+0.01 
1.40+0.01 
1.86+0.01 
2.39+0.01 
2.90+0.01 
4.44+0.12 
5.53+0.07 
6.52+0.04 
2.50+0.03 
2.50+0.03 
14.1+0.08 


Thin-target p-T 


Thin-target d-D 


Thick-target-90° d-D 
Thick-target-90° d-T 











it was assumed that the long-counter response was 
the same for both the standard-source neutrons and 
those produced by the accelerator beam. Recently 
measurements” have been carried out with this ac- 
celerator in which absolute flux determinations were 
made by means of a proton-recoil counter telescope 
of accurately known radiator weight and solid angle. 
From these flux determinations it was possible to 
measure the long-counter sensitivity absolutely as a 
function of incident neutron energy. By simultaneously 
determining the long-counter sensitivity with a PuBe 
standard source it was possible to arrive at a correction 
factor, as a function of neutron energy, with which to 
correct the flux determinations made in this experiment. 
The long counter and geometry were the same as those 
used in the present experiment, and it was found that 


12 Haddad, Perry, and Smith (private communication), 


CROSS SECTION 





50 AS) Ml liek tl | eT ST Pa re ee | 
odaigirne 


, 
a 
: FOIL " 
ol 
p 


T 


T 





pee kk 
ew! 8U* “Sounce. 
0.58 6912 THIN O° P-T 
0.58 8912 THICK 90° 0-0 
.04' 94.29" THICK 90° 0-0 
L66 8912 THIN O* 0-D 
1.93 9094 THICK 90° 0-T 
BLAIR ANO HOLLAND 
* FLUORIDE 


A 








> Ss 
+ 



































oe a 

















T 
at ed ttl 


T 





























Li(n,@) H® CROSS SECTION - BARNS 














ne ee 








a tial a tilil 








eS eet eT) ee ee 
10 lo 
NEUTRON ENERGY, MEV 











sh wheds 
0! 10 


Fic. 7. Measured Li®(n,a) H? total cross section as a 
function of bombarding neutron energy. 


the amount of correction varied smoothly with energy 
with a maximum of about 11% correction over the 
range of neutron energies used in the present experi- 
ment. This correction factor has been applied to the 
cross sections measured with Van de Graaff p-T and 
d-D neutrons and with the Cockcroft-Walton neutrons 
in which use was made of a long counter. 


RESULTS 


The results of the Li®(”,«)H® cross-section measure- 
ments are given in Table I and plotted in Fig. 7. The 
graph also contains a plot of the results of Blair and 
Holland? in the resonance region. 

In Table I the third column gives the cross sections 
determined on the assumption that the long-counter 
response was flat. These results have been corrected 
to the true long-counter response in the fourth column. 
The corrected results are plotted in Fig. 7. 

The errors assigned to the cross-section values include 
all counting statistics, both in the reaction yield and 
the flux determinations, as well as estimates of 
systematic errors such as those in foil weights, those 
arising in estimating the lower limits of the alpha 
spectra, those introduced into the flux measurements 
by the collimators, and those in the calibrations of the 
standard sources. 

There is fortuitously good agreement between the 
26+4 millibarn value obtained here for the (n,a) cross 
section at 14.1 Mev and the identical value obtained 
by Frye® by nuclear plate methods. His value of 166+ 19 
millibarns for the (n,d) cross section and the present 
value of about 200 millibarns are also in agreement. 

An interesting feature of the log-log plot of the cross 
section versus energy in Fig. 7 is the hump at about 2 
Mev, indicating a break from a slow E,~°*" variation 
to a faster E, variation of the cross section. Since no 
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similar anomaly appears in the total cross section” of 
Li®, it is unlikely that this hump is due to another 
state in Li’. A reasonable explanation is that the sudden 
decrease of the (n,a) reaction is due to the onset of the 
competing Li*®(n,nd)He* reaction which has its threshold 
at 1.72 Mev. The two-body reactions Li®(n,n’)Li* 
and Li®(n,d)He' also provide competition above their 
thresholds at 2.55 and 2.89 Mev. 


4 Johnson, Willard, and Bair, Phys. Rev. 96, 985 (1954). 
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Three-Millimicrosecond Metastable State in Pb®*t 
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Coincidence studies of radioactive isotopes in the Ac” decay chain were made. A metastable state of 
Pb* with a half-life of (3.11.0) millimicroseconds was observed. This delay following beta decay of T1™ 
to Pb*® is exhibited by a 120-kev £1 gamma transition and other gamma transitions succeeding the 120-kev 
gamma transition. Upper limits are set for the lifetimes of several other gamma transitions present in the 
Ac** chain. An explanation for the delayed nature of this 120-kev 1 transition is given in terms of parentage 
overlap. Some unusual features of the beta decay rates of T?™ to Pb™ are discussed. 


INTRODUCTION 


HE 10-day alpha emitter Ac”® is followed by a 
chain of shorter-lived activities. 
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The decay properties of these activities have been the 
subject of several previous investigations.’ 

The present study was undertaken to investigate the 
lifetimes of various nuclear excited states by the delayed 


¢ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

* Magnusson, Wagner, Engelkemeir, and Freedman, Argonne 
National Laboratory Report ANL-5386, January, 1955 (unpub- 
lished). 

3 F. S. Stephens, PhD. thesis, University of California Radiation 
Laboratory Unclassified Report UCRL-2970, June, 1955 
(unpublished). 

‘ Fedune, Stephens, and Asaro, Phys. Rev. 98, 262(A) (1955). 


coincidence method, and y-y, 8-y, and a-y coincidence 
measurements were made wherever possible. 

A sample of Ac”® was chemically purified from its 
Th” and Ra™® parents; however, daughter activities 
of Ac*® grow in so rapidly that all of the following 
measurements were done with a sample in transient 
equilibrium. 

Scintillation detectors with RCA 5819 photomultiplier 
tubes were used, employing a Lucite disk impregnated 
with terphenyl, a thin layer of sublimed stilbene, or a 
sodium-iodide (thallium-activated) crystal as scintil- 
lators for beta particles, alpha particles, or electro- 
magnetic radiation, respectively. 

Delayed coincidences were measured with fast-slow 
coincidence pulse-height analysis equipment at resolving 
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Fic. 1. Delay curves of beta-gamma coincidences. Delay curves 
of coincident K x-rays and 120-kev gamma rays are shown. 





THREE-MILLIMICROSECOND 


times of 20 or 80 millimicroseconds. A Los Alamos type 
single-channel analyzer® was used for pulse height 
analysis of the alpha, beta, or electromagnetic spectra 
and to set the “gate.” A 50-channel differential pulse 
height analyzer was used to analyze the energy of the 
coincident electromagnetic radiation. The pulses to the 
fast coincidence circuit were amplified by wide-band 
Hewlett-Packard 460A amplifiers,® and the coincidence 
discrimination was achieved by a simple adder circuit 
using a G7A crystal diode.” 

No delayed gamma transitions were observed follow- 
ing emission of alpha particles. Limits were set as 
follows: ¢,<3 millimicroseconds for a gamma transition 
of approximately 100 kev following the alpha decay of 
Ac”® and ¢; <1 millimicrosecond for the 220-kev gamma 
transition following the alpha decay of Fr, 

Beta-gamma coincidences showed coincident electro- 
magnetic radiation at 80 (K x-rays), 120, 450, and 
1560 kev as has been reported previously.2~ Previous 
work?* indicates that the coincident 450-kev peak is 
actually a composite of two gamma rays of energy 434 
and 450 kev. The 434-kev gamma transition is associ- 
ated with the beta decay of Bi*", while the other three 
gamma rays are associated with the beta decay of 
TI.‘ K x-rays accompany the beta decay of both Bi?” 
and Tl, 

Figure 1 shows the beta-gamma coincidence counting 
rates of the K x-ray and 120-kev gamma rays as a 
function of delay. Figure 2 shows the low-energy coinci- 
dent electromagnetic radiation in both prompt and 
delayed coincidence. These results clearly indicate that 
the 120-kev gamma transition is delayed along with 
some of the K x-rays with the half-life for the metastable 
state 3.1+1.0 millimicroseconds. 

Stephens’ has proposed a decay scheme for Tl” 
(Fig. 3). If this decay scheme is correct, both the 450- 
and 1560-kev gamma transitions should be delayed 
with respect to the beta particles. The beta—450-kev 
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Fic. 2. Low-energy electromagnetic radiation coincident 
with beta particles. 


5 C. W. Johnstone, Nucleonics 11, 36 (1953). 
6 Hewlett-Packard Company, Palo Alto, California. 
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gamma delay curve showed a prompt component 
(<2 millimicroseconds) and then a delayed compo- 
nent. The prompt component was thought to be the 
434-kev gamma transition of Bi**. To prove this, the 
single channel discriminator was set above the 1.00-Mev 
end point of the Bi”* beta spectrum but below the 1.99- 
Mev end point of the Tl beta spectrum. Under such 
conditions the delay curve showed no prompt compo- 
nent but only a single delayed 450-kev gamma transi- 
tion. Figure 4 shows the two different delay curves 
normalized at their peak coincidence counting rates. 

The counting efficiency of the 1560-kev gamma 
transition is too low to permit a direct beta—1560- 
kev gamma delay curve to be run, but a delay curve 
integrating all gamma-ray counts above 500 kev 
showed that essentially everything higher than 500 kev 
was delayed. 

By gating on the 120-kev gamma ray, we were able 
to set upper limits for the half-lives of the 450- and 
1560-kev gamma transitions at 1.5 millimicroseconds. 


DISCUSSION 


Stephens** has assigned the 120-kev gamma transi- 
tion as E1 on the basis of K and L conversion coeffi- 
cients. Thus this transition is 3.610‘ times slower 


than a simple single-neutron (p5—>d}) transition 
should be (where we have used formulas VII-1 and 
VII-7 of Bohr and Mottelson® for the single-neutron 
lifetime). 

The delayed nature of this transition can be explained 
in terms of parentage overlap.’ We can make a plausible 
set of spin assignments as shown in Fig. 3 from con- 
sideration of the shell model, from spins of neighboring 
nuclei, and from the observed gamma radiations in the 
TI beta decay. The assignments of Fig. 3 are slightly 
different from those of Harvey." The level at 750 kev 
was seen by Harvey” in the (d,p) reaction on Pb™®, 


8A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

9 A. M. Lane and D. H. Wilkinson, Phys. Rev. 97, 1199 (1955). 

#0 J. A. Harvey, Can. J. Phys. 31, 278 (1953). 
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Fic. 4. Delay curves of beta-gamma coincidences. Delay curves 
of coincident 434- and 450-kev gamma rays are shown. 


but this level is not populated in the beta decay of 
TI. Note that the }— level can only be formed by 
breaking the closed shell of 126 neutrons. This partic- 
ular level however, is more than 2 Mev above the 
ground state, so it seems reasonable to make the 
assignment of principle neutron configuration as 
(go/2)?(p4)' plus 124 filled orbitals below the 9. 

The $+ level has as its principal configuration 
(p3)?(dy)! with a small admixture of (go/2)*(d;)'. The 
schematic representation of the nucleons involved in 
the £1 transition is given in Fig. 5. 

It seems reasonable that the transition proceeds only 
by virtue of the small admixture of the neutron con- 
figuration (go/2)*(d;)! in the final state. The large 
hindrance indicates a very small configuration mixing. 
This type of reasoning is similar to that used by Sunyar 
et al." in explaining some features of the beta decay of 
Kr® to Rb**. In the language of fractional parentage 
theory, we may say that the principal configurations 
of the }— and the $+ levels have no common parents.’ 

Another interesting feature is the log ft value of 5.5 
for the beta decay of Tl”, which we assume to have an 
s; proton hole in the 82-proton structure, like Tl and 
Tl’. With our spin and parity assignments this beta 
decay would be first forbidden because of parity change 
(Fig. 3). De-Shalit and Goldhaber” and also King and 
Peaslee* have discussed several similar cases in this 
region. The logft value of 5.5 fits within King and 
Peaslee’s group of “favored” first forbidden beta 
transitions (Aj=AZJ=0, yes, not 0-0). With our 
proposed principal configurations the beta transition 
involves transformation of the p; neutron to an s; 


" Sunyar, Mihelich, Scharff-Goldhaber, Goldhaber, Wall, and 
Deutsch, Phys. Rev. 86, 1023 (1952). 

12 A. de-Shalit and M. Goldhaber, Phys. Rev. 92, 1211 (1953). 

13 R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954). 
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proton, entirely analogous to the beta decay of Tl’, 
a “favored” first forbidden transition with a log ft 
value of 5.2.!218 

For the decay scheme and level assignments of Fig. 3 
ordinary beta selection rules would give an allowed 
transition (3+—$+) to the 2.01-Mev level. Experi- 
mentally we can say, from comparison of intensities of 
450-kev and 120-kev gamma radiation, that a direct 
beta transition to the $+ level must be less than 10% 
as intense as the main beta group, and hence 
its log ft>6.4. This slowness may be simply explained, 
since the transition is both / forbidden (A/=2) and has 
unfavorable parentage overlap. 

The 220-kev gamma transition following the alpha 
decay of Fr™! has been assigned as an £2 transition.?* 
Thus, with its half-life of less than one millimicrosecond, 
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Fic. 5. Schematic representation of principal nucleon configur- 
ations involved in gamma and beta transitions in the decay of 
Ti and Pb™™, 


this transition is faster than that calculated from the 
simple Weisskopf" formula by at least a factor of three. 
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The familiar model of a nucleon as a Dirac particle with Pauli anomalous magnetic moment is used to 
obtain cross sections for antiproton annihilation into two photons, two electrons, or two muons. The two- 
photon lifetime of the m So state of the proton-antiproton atom is ~2X10~''n' sec. 





S a consequence of the observation of antiprotons 

at Berkeley,! it may be of interest to note the 
cross sections for electromagnetic annihilation of Dirac 
particles possessing anomalous magnetic moments. 
These cross sections are small compared to the un- 
known relevant cross sections for annihilation into 
pions. Since they are obtained by standard methods,’ 
we have omitted details of the calculation. 


I. TWO-PHOTON ANNIHILATION 


In the c.m. system, Bc is the velocity of the anti- 
proton and @ is the acute angle between photon and 
proton directions. r>=e?/Mc*, with M the nucleon 
mass; w*=(1—6?)-!; »=(1—? cos’@)-!. The differ- 
ential cross section is 


do= mr, sinbdé(48w*)— 
X {[n(1+6?+6? sin*#) — 276+ sin‘?] 
+A[4n]+)"[40"+9]+\*[40*— 27] 
+L (4n)~ to +3 (w?—n) }}. (1) 


The first term in square brackets is the usual pair- 
annihilation formula. The remaining terms represent 
the effect of the anomalous moment A. This result has 
been obtained, in essence, by Powell,* who calculated 
Compton scattering and bremsstrahlung by protons. 
In contrast to Powell’s cases where the effects were 
small at small energies, the anomalous moment here 
gives very large effects even for 8 near zero. 

The total cross section (c.m. system) is 


o=ri(2Ba*)4[B*—2+ (3-8) £] 
+AL42]+A\7[4w?+ £]+\*[40?— 28 ] 
+ML Ps (20+ 7w*)—F2£]}, (2) 
with 
£= (28) logl (1+-8)/(1—8) ]. 


In the nonrelativistic limit, this becomes 


onR= P07 (c/v)X, (3) 


1 Chamberlain, Segré, Wiegand, and Ypsilantis, Phys. Rev. 100, 
947 (1955). 

2 For example, see R. P. Feynman, Phys. Rev. 84, 108 (1951). 
We have used his notation and normalization. The Pauli moment 
has been included by replacing the vertex operator y, by 
Yut(Aky/4M) (vuve—vv7u), where k, is the fermion’s momentum 
transfer at the vertex and the anomalous moment is \eh/2Mc. 

3 J. L. Powell, Phys. Rev. 75, 32 (1949). 


where the relative velocity v= 28¢ and 


X = 1+4A+5d?+ 2d?+4\ = 38.5. (3a) 


Il. TWO-ELECTRON OR TWO-MUON ANNIHILATION 


In the c.m. system a proton and antiproton of 
mass M, anomalous moment A;, each having energy E 
and momentum p, annihilate, producing a pair of Dirac 
particles each with corresponding parameters m, \2, E, p. 
The angle between the proton momentum and that of 
the negative electron (or muon) is 6. The cross section 
for the negative electron or muon to go into solid 
angle dQ at @ is 


do= ynro*(Mc?/2E)*(p/po) sinadaU, (4) 
where 


U=3(1+A1)?(1+A2)?— (1+A1)°G2 
ai = (1+A2)?Gi+GG2 cos’6, 


Gi= (po/E)?—A1?(po/M)?, 
G2= (p/E)—)2?(p/m)?. 
The total cross section is 


o= are? (Mc?/2E)?(p/po) Ur, (S) 


(4a) 


(4b) 


where Ur is U with cos’@ replaced by 3. 
In the nonrelativistic limit, po—0, 


onr= 910?(c/v)(1—7?)4U rr (6) 
with y= M/m, v=2p0/E, and 
Urwr= (1+1)*2+7?+ Od2+A2?(2+7-) J. 
Neglecting y? and putting A.=0, we obtain 
onR=TYro"(c/v)X’, (7) 


(6a) 


with 
X’= (1+A))?=7.8. (7a) 
If \2=0, the cross sections for electrons and for muons 
are identical up to term of order y*. The term )\,?y~?= 4.5 
for electrons if \2 is taken to be the Schwinger moment 
a/2mx. However, use of this value is unjustified since the 
electron’s anomalous moment is spread over the electron 
Compton wavelength and will produce a negligible 
effect upon the process considered here. 
The results given here have been averaged over 
proton and antiproton spin states. For the spin-singlet 
configuration the lowest order electromagnetic annihila- 
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tion into the electron or muon pairs vanishes for all 
energies. 


Ill. PROTON-ANTIPROTON ATOM 


As an application of the above formulas we consider 
the two-photon lifetime of the m 1S» state of the protonic 
analog of positronium.‘ Using the approximation of 


4 We have estimated the probability of slowing down in hydro- 
gen or in heavy matter and of capture into atomic orbits in liquid 
hydrogen. We find that when Bevatron-produced antiprotons are 
slowed in heavy matter, then even if the high-energy cross section 
for annihilation in flight is twice geometric, at least a few percent 
of them will be captured into inner orbits so that the effects of 
selection rules will be observable. For slowing in liquid hydrogen 


BROWN AND M. 


PESHKIN 


Wheeler® and Eq. (3), we find 
T2y= 1.8X 10-''n' sec. (8) 


The effect of the Pauli moment here is to decrease the 
two-photon lifetime by the factor X=38.5. This will 
be reduced if the anomalous moment is spread over the 
pion Compton wavelength, rather than being an 
effective point moment as we have assumed. 

It is a pleasure to acknowledge the assistance of 
Mr. Isadore Harris with these calculations. 
annihilation and scattering cross sections, we find that at least 


thirty percent will probably be captured. 
5J. A. Wheeler, Ann. N. Y. Acad. Sci. 48, 219 (1946). For 


we can make only a rough estimate. Using reasonable assumed 1/10, ¥(0) vanishes and this method does not apply. 
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The object of this paper is to examine the possibility of explaining the second maximum in (-p) scattering 
in the framework of the Tamm-Dancoff approximation for (x-p) interaction, by postulating a resonant 2-3 
interaction in the isotopic spin state J=0 of the r-r system. For this purpose the Tamm-Dancoff method 
in pseudoscalar theory, as formulated by Dyson and others, is first extended so as to include the effects of a 
x-m interaction. This is achieved by introducing a Green’s function whose form is determined on the as- 
sumption of a zero-range w-z interaction in the state J=0 of the x-+ system. The solution of the “modified” 
integral equation is greatly simplified by assuming the z-p interaction to be weak compared with the -r 
interaction (the reasons for which are given). The total inelastic cross section is then derived by using the 
unitary property of the S matrix. 

It is found that the Tamm-Dancoff approximation is unable to explain the (x-p) maximum on the basis 
of the proposed model. This is contrary to the result derived by other authors, who used the impulse approxi- 
mation for the interaction of the incident meson with the meson cloud surrounding the nucleon. 


1. INTRODUCTION 


HE Brookhaven experiments on 7-p scattering 
near 1 Bev have shown a definite maximum in 
the total x~-p cross section around this energy. There 
has been a natural tendency to explain this maximum 
as a resonant interaction. An attempt to explain it as a 
single-meson resonant state has so far given a negative 
result.! This perhaps may not be too surprising, for 
at this energy the inelastic processes play a very im- 
portant part, so that their effects have to be taken into 
account more adequately than was possible in B. In 
fact the cross section for the production of an extra 
meson is larger than the elastic cross section above 
1 Bev. 

There was a suggestion by the Brookhaven theo- 
retical group that a resonant P,,; interaction of each of 
the two mesons with the nucleon in the final state might 
account for the observed maximum. However, such an 
explanation meets with the immediate difficulty that it 
gives rise to a nonzero contribution to the total T=} 


1A. N. Mitra, Phys. Rev. 99, 957 (1955); referred to as B. 


state of the r-p system, as a result of which the r+-p 
scattering would also show a maximum at the same 
energy. Since, on the other hand, such a maximum has 
not been observed, the strength of this argument is 
somewhat reduced. Dyson? has recently proposed an- 
other mechanism which successfully avoids the difficulty 
of enhancement in the T= state of the 1-p system. 
He postulates a short-range m- interaction in the state 
of isotopic spin J=0 of the meson-meson system.® 
Taking the impulse approximation for the interaction 
of the incident meson with the meson cloud surrounding 
the proton, he finds that the observed magnitude of the 
m~-p cross section can be explained on this basis. It is 
clear that this sort of interaction can affect only the 
state T=} of the 1-p system. Moreover, it involves no 
assumption about the relative angular momentum of 
the pion and the nucleon, so that a number of partial 
waves can be simultaneously affected. 

A consequence of this hypothesis is that only neutrons 

?F. J. Dyson, Phys. Rev. 99, 1037 (1955). 

3 We are using the notation “J” for the total isotopic spin of 


the m-r system, as distinguished from “7” which stands for the 
total isotopic spin of the resultant x-p system. 
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should come out in the final state, as can be seen from 
considerations of charge conservation combined with 
the fact that the total isotopic spin J=0 is obtained 
only for the combinations (r*-r~) and (n°-r°). This 
prediction seems to be fairly well fulfilled according to 
the analysis of Walker’s data‘ on the total m~-p cross 
section at 1 Bev, showing that neutrons come out in 
~70% of the cases. 

An attempt has been made in this paper to examine 
whether the conclusion reached by Dyson on the basis 
of the impulse approximation is also maintained in the 
framework of the Tamm-Dancoff formalism. In other 
words, we calculate here the total (#~-p) cross section 
by incorporating a phenomenological (1-1) interaction 
of the resonant type in the Tamm-Dancoff equation for 
(x-p) scattering. In order to make the calculation 
reasonably simple we make the following assumptions: 


(1) Strong interaction between the mesons exists 
only in the state J=0 of the 2-meson system; the inter- 
action is neglected in the other isotopic spin states 
I=1, 2. 

(2) The interaction between the nucleon and a meson 
is assumed to be weak. 

The second assumption essentially amounts to postu- 
lating the Born approximation for the -p interaction 
in the state 7 =}. The reason for taking this approxima- 
tion may be summed up as follows: 


(a) No single-meson resonant state of T=} has been 
discovered so far. As discussed in B, the Ds; state was 
as good a candidate for resonant behavior as might be 
expected a priori. However, the increase of phase shift 
over the Born approximation result was extremely small 
for G?/4r=16. This result may be taken as a general 
index for other single-meson states of T=} as well, at 
least in the framework of the lowest order Tamm- 
Dancoff formalism. It is quite likely, though, that the 
situation might change if intermediate states involving 
more than two mesons are also included in the Tamm- 
Dancoff (T.D.) formalism. 

(b) The P33 state (which is known to be the only 
resonant state discovered so far) does not seem to have 
any influence on the present model which assumes a 
resonant 2-m interaction in the state 7=0 (not 1, 2). 

(c) The Born approximation for 1-p interaction ap- 
pears to be a partial improvement over the impulse 
approximation in the sense that the latter completely 
neglects the interaction of the incident meson with the 
nucleon core. 

(d) Lastly, the Born approximation simplifies the 
calculations enormously. Exact solution by partial wave 
analysis would mean solving at least four or five compli- 
cated integral equations corresponding to the same 
number of partial waves, on account of the high energies 
(~1 Bev) involved. 


4W. D. Walker, Proceedings of the Fifth Annual Rochester Con- 
erence on High-Energy Physics, 1955 (Interscience Publishers, 


Inc., New York, 1955). 
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It is of course realized (in spite of these arguments) 
that the interaction of the meson field surrounding the 
nucleon core is too strong to be described by the Born 
approximation. The present Tamm-Dancoff method, on 
the other hand, does not seem to provide a very effective 
means of taking this interaction appropriately into 
account. 

In Sec. 2 we indicate the derivation of the meson- 
nucleon integral equation including the effects of m-r 
interaction. Since the detailed derivation of this equa- 
tion without the effects of -r interaction has already 
been given by Dyson et al.,° it is enough for our purpose 
to outline the main steps leading to the modified equa- 
tion for pion-nucleon scattering. The effect of the m-r 
interaction can be conveniently represented by means 
of a “Green’s function” modifying the amplitudes of 
the two-meson intermediate states. 

Section 3 is devoted to the derivation of the form of 
the Green’s function on the assumption of a zero-range 
interaction between the two mesons. The Green’s func- 
tion involves the r-r scattering amplitude whose form 
is taken to be of the usual Breit-Wigner type. 

In Sec. 4 the total cross section for inelastic pion- 
nucleon scattering is derived by using the unitary 
property of the S-matrix, so that one has essentially to 
calculate the amplitude for forward scattering. The 
details of various integrations involved in this section 
are given in the Appendix. 

The fifth and final section is devoted to a brief discus- 
sion of the results. 


2. MODIFIED x-p INTEGRAL EQUATION 


In the notation of A, the equation connecting the 
amplitude g(p,k) of one nucleon and one meson, to the 
other possible states is given by: 


(E- Ey—k) Sua (p,k) 


=iG(16r"}] = fee ar/z,£, vor) 


XU (p) stat’ (p—k’) guaa' (p—k’; k, k’) 
+E (M2/Epi xk yor)'t(p)yor atl (P+K) gw (p-+k) 


+30 | dp'(M?/Ey_1E pws)! 


vu’ 


Xo(—p’+k)ravsu’ (p’)guuo(p, p’, —p’ +k) 


+L | @qd*k! (M?/Eq x Egor)! 
X0(q)T avs’ (—q—k’) 
X Suu'vaa’ (DP, —q—k’, q; k, K) (1) 


5 Dyson, Ross, Salpeter, Schweber, Sundaresan, Visscher, and 
Bethe, Phys. Rev. 95, 1644 (1954); referred to as A. 
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(B») 


Fic. 1. Graphs for x-p scattering: (a) denotes the graph for 
meson scattering without z-m effects; (b) is a pure self-energy 
graph; (c) represents r-p scattering including x-z effects. 


fa? 


Here, the spinors for nucleon states are denoted by u, 
u’, etc., and those for antinucleon states by 2, v’, etc. 

The first and the last terms in the above expression 
contain wave functions for two mesons, so that the 
equations connecting them back to the (1,1) state will 
be modified by the z-x interaction. The other two 
connecting equations will remain unchanged. We shall 
now discuss the connecting equation from the (1,2) to 
the (1,1) state. The treatment for the other state (3,2) 
is very similar. 

The connecting equation with the neglect of a-x 
effects is 


(E— Ep—r—r') 8 waa’ (p’; k,k’) 
=iG(169*)-4(M (EpwrE yx) 
XX w'(p')yer at” (pk) gua (p' +k, k’) 
; +£(ka)e(k’a’)}J. (2) 


The second term in (2) gives rise to self-energy effects 
only and was omitted in the treatment given in A. 
However, it is no longer permissible to omit this term 
when the z-z effects are taken into account. This can 
be seen immediately from an inspection of the graphs 
of Fig. 1. 

As long as the a-m effects are neglected, one can 
always distinguish between the two graphs 1(a) and 
1(b). However, with the inclusion of a 2-7 interaction, 
both 1(a) and 1(b) reduce to the form 1(c) and it is no 
longer possible to picture them separately. 

Now Eq. (2) is of the form’: 


g(k,k’) = K(k,k’)g(k’)+-K(k’k)g(k). (2a) 


To represent the effects of a -m interaction, one has 
now to add on the right-hand side of (2a) a term of the 
form : 


fics k’—k, k’’—k")g(k’"’",.k’”’) 
K8(k+k —k"!— kk) Pk" ark”. (3) 


Here J denotes the interaction kernel for the meson- 
meson interaction and depends on the relative momenta 


6 We are, for the time being, ignoring the nucleon momentum 
in the wave function g(p,k). 


of the particles before and after the interaction, and 
perhaps also on their total energy Ep in the center-of- 
mass system. The 6 function in (3) represents the over- 
all conservation of momentum. 

The Eq. (2a) for g(k,k’) should therefore read 


g(K,k’) = K (k,k’)g(k’) +-K (k’,k) g(k) 


+ f I (Eo, k’—k, k-+k’—2k”) 
Xg(k+k’—k”, kk”. (4) 


To see the nature of the solution of (4) somewhat more 
clearly, it will be convenient to relabel the arguments 
of g(k,k’) as follows: 


k+k’=2k, k’—k=2s, 
g(k,k’)—g (ko,s). 
g(k+k’—k”, k’’)—+g (Ko, k’’— ko). 


Then 


Equation (4) now reads: 
g(ko,s) = K (ko—s, ko+s)g(ko+s) 
+K (ko+s, ko—s)g(ko—s) 


¥ f T(E», 28, —28:)g(o,8:)d8, (6) 


where 


s)}= k’”— ko. 


The solution of (6) depends on that of the integral 
equation : 


G(s)=#(s—s)+ f T(E 2s, —281)G(s;)d*s,, 


where 8» is some arbitrary initial momentum. The solu- 
tion of this equation will be denoted by G(Eo,8,80). 

In terms of G, the solution of (6) can now be ex- 
pressed as: 


o(k,k’) = ¢(ko,s) = f PsG(Eo,8,8) 


X LK (ko— 80, Ko+80)g (Ko+80) 
+K (ko+80, Ko—80)g(Ko—80)]. (7) 


The function G depends, among other things, on the 
charge coordinates of the interacting mesons. In the 
absence of interaction, we have simply: 


Gaa’, pp’ (8,80) = 5 (s— $0)5ap5a’p’, (8) 


where 8, 8’ and a, a’ denote the charge coordinates of 
the mesons before and after the interaction. 

The intermediate state (3,2) can be treated in an 
exactly similar manner. 

The integral equation for g(p,k) may now be obtained 
by substituting an equation of the type (7) for each of 
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the amplitudes of the (1,2) and (3,2) states in Eq. (1). 
This equation being rather lengthy, we shall write it 
out only after some essential simplifications have been 
carried out. The elimination of the various spinors «, ’, 
etc., can be effected by introducing the projection 
operators A, defined in A, and the wave functions: 


ga’ (p,k) =>) u(p)gua(p,k). (9) 


Next, the reduction of the wave function to large 
components can be achieved in the manner outlined 
in A. After these simplifications and some reduction, 
the integral equation takes the following form in the 
c.m. system: 


(E— E,—wx)ga(k) 


= (G?/32n) f Bk! (Ep Ey wpon) Lae’ (kk) ga (k’) 


+ (@/64n3) f ok’ dqL” (k,k’,a) 


x (ra'Gaa’, pe’ (Eo, k’—k— q, k’— k+4q) Tp8a’ (k’) 
+1a/Gaa’, pp’ (Eo, k’—k—q, k—k’—q)r’ga(k’) ] 


~ (@/64x3) f dk’d’qL® (,k’,q) 


X [Gaa’, (Eo, k’—k—q, k’—k+q)rp70'g'(k’) 
+Gaa', ps’(Eo, k’—k—q, k—k’—q) Tp’Ta’Sa(k’) J. (10) 


Here the function G, regarded as a matrix in the charge 
coordinates, operates on the “initial” coordinates B, 6’ 
and changes them to a, a’. L is the part of the kernel 
which is related to the (1,0) and (3,0) intermediate 
states and will not concern us in the subsequent calcu- 
lations. The other quantities appearing in (10) are 
defined as follows: 


par ee Oe 
X (EpEyonqwx'—)*L™ (,k’,q) 
= (M+E)(Exyx—q—M)—(o-W)[o- (k+k’—q)] 
+ (M+ Ev)“ (Enya +M)(o-k) (0-k’) 
— (E.+M)[o- (k+k’—q) ](o-k’)]; 
pe: ey RA RD, 
X (EE pion qeov’q)*L® (,k’,q) 
= (M+Ex)(M+E,)+(o-k)(e-q) 
+(M+Evw)"((e-k)(o-k’)(E,—M) 
+(o-q)(o-k’)(E.+M)]. 


(11) 


(12) 


3. x-z INTERACTION 


If one calculates the lowest order x-x interaction with 
the help of the so-called “square diagram,” one en- 
counters the isotopic spin dependence of the “effective” 


Hamiltonian in the form: 


Tr(ratgta’Tp’) = 2(5ap5a's’—5aa’dpp/+5ap’5a'g). (13) 


The right-hand side of (13) can be expressed in terms 
of three operators £, , ¢ defined as follows: 


faa’, 68’ =Saa’'Spp, 


Naa’, BB’ = 5ap’ba'p—Sapda’s’s (14) 


S aa’, BB’ = 6.086 a'pt+6a860'p"- 


Thus £ and ¢ are even operators (i.e., symmetric in 
the interchange of a and a’, 8 and §’) and 7 is an odd 
operator. 

Now even if one does not take the “square diagram” 
seriously as representative of the m-m interaction, it is 
clear that the isotopic-spin dependence of the interac- 
tion can be expressed as a linear function of the above 
three operators only. Further, since mesons obey Bose- 
Einstein statistics, it is easily seen that £ and ¢ will be 
associated only with states of even angular momenta (of 
the z-r system) and 7 with only those of odd angular 
momenta. 

From the definitions (14) of these operators, one can 
easily find their eigenvalues and put them into proper 
correspondence with the three different states of total 
isotopic spin J (viz. 0, 1, and 2) that can be formed 
out of the two-meson system. This is discussed in 
Appendix I. Here we give only the results (with obvious 
notation): 

fo=3, 
no=n2=0, 
fo=f2=2, $1=0. 


We now find that the Green’s function G(s,8) can 
be written as 


§:=&=0; 


m=—2; (15) 


G(s,So) =A E+ Bn+Cf, 


where A and C are even functions of s and so and B is 
an odd function. The functions A, B, and C, can be 
expressed in terms of the “eigenvalues” Go, G,, and G2 
of the operator G in the three states of J=0, 1, and 2, 
by means of (15). Thus, 


Go=3A+2C, Gi=—2B, G2=2C. 


(16) 


Therefore, (16) gives 
G=3Goé— 3G in + 3G2(F— 36). (17) 


In order to find the forms of the functions G;, we 
must make some plausible assumptions about the na- 
ture of the m-r interaction. From the very mechanism 
proposed, it is clear that the interaction should be of a 
strong, short-range type. The two mesons should there- 
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fore come close together in order that this final state 
interaction may be at all effective in increasing the 
total cross section for -p scattering. This is possible if 
the relative energy of these particles is not large.’ 

We shall assume a zero-range interaction in the 
S-state of isotopic spin 7=0 of the x-m system. The 
departure of the Green’s function from (8) will then 
arise from the state =0, J=0 only. 

A partial wave analysis of 5*(s— so) gives the following 
result : 


5*(s—s,) = (4a?s50)'8(s—S0) 32 (0-+1)Pi(cosBen). (18) 


The integral equation for Gp will be the same as that 
for the wave function of the two-meson system. Using 
normalizations similar to those used in A, one then finds 
from (18) that the equation for the S-state interaction 
with isotopic spin J=0 is of the form: 


d’s' 


Go(s,s)=— f —V(s,8’) 


W Ws’ 


5(s’— so) 
x|- +P 
4’ s’so E,-—E 





Guts) | (19) 


V(s,s’)= f V (r) exp[ir- (s—s’) ]d*r. (20) 


Since the range of the interaction is assumed to be 
small, the exponential in (20) may be approximately 
replaced by unity, so that V(s,s’) reduces only to a 
constant, say 4m°A. The integral Eq. (19) is then seen 
to have an approximate solution of the form: 

Go(8,80) =a (wawso), (21) 
where a is roughly independent® of Eo, s, and so. To 
relate “‘a’’ to the x-m scattering amplitude, we note that 
the “wave function” for the z-r system satisfies the 
integral equation’: 


d®s’ 
vis8)=— f V(s9’) 
W gW e/ 


1 
x|-8a'- 2+ Ps’) |. (19a) 
E,—E' 


The solution of (19a), analogously to (19), is 


¥(8,80) = (27*aso/ws). 


7™See K. M Watson, Phys. Rev. 88, 1163 (1952). 

8 This can be easily seen by assuming a function of the form (21) 
and noting that the last term in (19) contributes mostly in the 
upper limit of integration, since the integral is evaluated as a 

rincipal value. Thus the approximate independence of Go from 
E, is established. 

® Note that (19) and (19a) differ only in the inhomogeneous 

term on the right-hand side. 


(21a) 


A. N. MITRA 


This function, evaluated at the “initial value” s=so 
is proportional to tané where 6 is the phase shift. Thus 
a is proportional to (so~ ‘wso tané). Now if we take out- 
going waves only, tané should be replaced by siné exp (is). 
Thus we have finally: 


Go= (—) (sinde*), (22) 


SWWs 


a being a constant with the dimensions of a length. 
Equation (22) gives Go as a function of the relative 
momenta 8 and s of the two pions before and after the 
interaction. However, the zero-range approximation 
cannot give the correct dependence of 6 upon energy 
near resonance. To specify this dependence of 6 we make 
the additional assumption that it is given by the usual 
Breit-Wigner form, viz. 


sinde® = (i1'/2)/[(e—e,)—aI'/2], (22a) 


where I’ is the width at half-maximum, « is the energy 
of either meson in the center-of-mass system of the two 
mesons, and e¢, is the resonant value of e. 

The functions G; and G: which correspond to the 
states J=1 and J=2, vanish according to our assump- 
tions. From (8), (14), (17), (21), and (22) we therefore 
obtain the Green’s function as 


Gea’, ga’ (8,80) = 53(s— 80) 5ap5a'p’ 
+ (a/3sw.) sindeSea’dag. (23) 


The charge dependence of the terms in the right-hand 
side of (10) can now be simplified with the help of (23). 
Introducing the operators Q, Q’ defined in A, we have 
the following results: 


ta/G(k’—k—q, k’—k+-q) rege. (k’) 
+rarG(k’—k—q, k—k’—q)r9-g(k’) 
=[$a| k’—k—q|“wx-—14.q7(sinde®)Q 
+6°qQ’+365(k—k’) ]e(k’); 
G(k’—k—q, k’—k+)r 870g (k’) 
+G(k’—k—q, k—k’—q)r9’ra:g(k’) 
=[§o| k’—k—q| “ony q (sinde”)Q’ 
+6%qQ0+35%(k—k’) ]g(k’). 


The last terms in each of the equations (24) are pure 
self-energy effects and will henceforth be neglected. The 
terms involving 6*q are the contributions obtained by 
neglecting the m-m interaction. The first terms are the 
specific contributions from meson-meson effects. 


(24a) 


(24b) 


4. INELASTIC CROSS SECTION 


We can now obtain the scattering matrix from the 
integral equation (10) for g(p,k) following the pro- 
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cedure of Mller.!° This equation is the same as that 
satisfied by the “wave matrix” defined by Mller. Since 
we are interested only in the Born approximation for 
the r-p interaction, we can substitute a plane wave for 
the initial wave function in the right-hand side of (10). 
We then obtain the submatrix T of the scattering 
operator which is defined for conservation of energy and 
momentum, in the form: 


T(K,k’) = (27)*M(k,k’), 


where M is defined by the equation:, 


(25) 


(E—E,—«n)g(k)= f M(kk’)g(k’)d%k’, (25a) 


This equation, in conjunction with (10), (11), and (12), 
helps to identify M immediately in terms of known 
quantities. 

The contribution of T to the S matrix is in the usual 
manner, given by 


—iT (20)''(p,+-Ry— py! — Ry’). 


Now using the unitary character of the S matrix and 
following the procedure of Lippmann and Schwinger," 
we obtain the total transition probability from the 
initial state in the form: 


Ys wea= > | T'a|2= —2 ImT.a= — 2 ImT (kk). 
The total inelastic 7-p cross section is then given by: 


transition probability 
Cin= 





incident flux 


esc T(k,k)]. (26) 
“Ete” m ’ )1- 


Our problem thus reduces to that of calculating 
ImT (k,k), i-e., the matrix element for forward scattering. 

The expression for T(k,k’) is greatly simplified when 
we put k=k’. Further from an inspection of (24) it 
appears that the contribution to ImT comes only from 
the term involving sind exp(i5). We have thus to take 
the imaginary part of (22a), which is given by 


sin’ = (I?/4)/[(e—er)?+ (17/4) ]. 


As regards the dependence of e on the momenta of the 
two mesons, we note from (10), (11), and (12) that the 
meson momenta (before m-r scattering) are k and 
k’—q, i.e., k and k—q (since we have put k’=k). The 
c.m. energy of each meson is then given by 


42 = (wit wx—q)?— (2k—g)?. (28) 
10 C. M@ller, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 


23, 1 (1945). 
0B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 


(27) 
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Collecting all our results contained in (10), (11), (12), 
and (24)—(27) and simplifying, we have finally: 
Cin = — 2[ Exon /k (E+) ](ar/3) (G?/41r) 


X LOW 1(k,€r)+Oy' J 2(k, er) J, (29) 


where 
sin’6 2(E,Eox—-q—M*)+2k-q—4k* 
Ji= fea 


JW q Ew k—qox—q (Ex ~ Exx—q Ries: Wke—q) 





(30) 


and 


sins 2(ExEg+M?)-+2k-q 
— 


qq ExEgoxq(ExtEgton.) 





(31) 


inn fi 


Q, and Q;,’ are the eigenvalues of these operators in 
the total isotopic spin state T=}, i.e., 


Q;=3, Q;/=-1. (See A.) (32) 


The evaluation of the integrals J; and Jz, can be 
considerably simplified by noting that the quantity 
sin’*6 which appears in each of them can, according to 


(27), be approximately represented as 
sin’6 ~ (rI'/2)5(e—e,), (33) 


since the width T' of the x-a resonance may be expected 
to be small compared with the “Doppler width” due 
to the momentum distribution of the mesons. The 
actual evaluation of these integrals is shown in Appendix 
II. Here we quote only the results [e,= (u?-+1?)!=w, ]: 


4nrT wo, ra Wk — ML 
a a 
RE,wor 2 Wer 

Extor\ /® | Or 

(2) ps 

Ey Zz Ex 


Wer (E2+£)) 
+( ) In— 
Ey 


1 oy 
E?= Eo2— 8r?— we, 


{ (wi—u)? +27}! 
E?=E?~+ (wr— pH)? +w2,?. 


4rTw, Ey—wrtM\ (or Web 
Br (oa eee 
RE wor M 2 Wer 


Wer (E3;+M) 
_ (~) In | (36) 
M { (wi—v)?+-w2,"}! 


E?= M?+ (we—p)? +27”. 
5. DISCUSSION 


Equations (29), (34), and (36) express the total in- 
elastic (#-p) cross section as a function of the c.m. 
momentum k of the meson and the nucleon, and the 
parameter r which represents the resonance momentum 
of either of the two mesons in their own c.m. frame. The 


(35) 
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relevant energy region of the incident meson (lab sys- 
tem), i.e., 700-1200 Mev corresponds to k ranging be- 
tween 0.5 M and 0.8 M. Thus we may calculate oj, in 
this energy region for different values of the parameter 
r and try to find the “optimum” value of r for which gin 
has a maximum at k=0.62 M which corresponds to 
~900 Mev (lab). Now a necessary condition on r is 
that it should not be teo large, since the mesons have 
to come fairly close together for the interaction to be 
effective. Reasonable value of r should vary between 
100 and 200 Mev (see reference 2 for a typical value 
of r). We have tried to determine the “optimum” value 
of r from the equation 


(do/dk)=0 for k=0.62 M. 


This equation is quite complicated, but after making 
some straightforward approximations based on the as- 
sumed smallness of (r/M), it reduces to the following: 


T 1 p 
0.92 (+ tar) —0.45 () +0.5p 
2 p 1+ ° 


7.9+1.65p 4.7+1.65p 





~ (2.54—0.77p?)!  (2.54—0.77 9%) 
0.9(1—1.9p") 
+ 
(2.54—0.77p%)?(1-+p%) 





— (0.1p)[ (1.440.4p?)#+-1.440.4e?}=0, (37) 


where 
k=0.62M. 


p= (w2r/wr), (38) 
It is easy to see from (37) that the expression on the 
left is overwhelmingly negative and does not change sign 
for any value of p in the range 0<p<1 (the limit p=1 
is certainly high from what has been said about r). It 
must therefore be concluded that Eq. (37) does not 
have a solution for any reasonable value of r. Hence 
the cross section o(k,r), as a function of k, does not 
have a maximum at the relevant energy region. More 
explicitly, o(k) is a monotonically decreasing function 
of the meson energy throughout the relevant energy 
region. 

The negative nature of this result forces the conclu- 
sion that a resonant -m interaction in the state J=0 is 
hardly effective in producing a maximum in the final 
(x-p) cross section. This result, it may be noted, has 
been derived in the framework of the lowest order 
Tamm-Dancoff approximation for the (x-) interaction. 
It is quite possible that a more adequate treatment of 
the meson-nucleon interaction (e.g., inclusion of 3- 
meson intermediate states, etc.) might give a result of 
a more encouraging nature. However, the object of this 
investigation was only to examine the working of the 
lowest order Tamm-Dancoff formalism in producing the 
desired result. Probably this approximation is enough 
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for the interaction of the incident meson with the 
nucleon core, but the interaction of the latter with its 
surrounding meson cloud is apparently too strong to be 
described by the Tamm-Dancoff approximation. The 
impulse approximation, on the other hand, takes ac- 
count of this latter interaction in a more realistic 
(though phenomenological) manner, in that the meson 
cloud is regarded as tightly bound to the “nucleore.”’ 
A field-theoretical description of this important feature 
in a more effective manner than provided by the 
Tamm-Dancoff approximation does not seem to be 
available at present. 
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APPENDIX I 


Let the charge functions be denoted by gaa’. Then 
from (14) we have 


(Eg) aa’ = Eaa’,68’8ss (Summation convention) 
=baa’b p88’ =Saa’8y7} 

(8g) aa’ = {€(Eg)} aa’ =Saa’d pp’ 56°87 
= 38 aa’By7=3 (Eg) aa’. 


This equation shows that the operator £ has eigenvalues 
§ given by the equation 


tr’—3§r=0, 
t=3, 0. 


1.e., 


(L.1) 


In order to associate these values with the correct iso- 
topic spin states (J=0, 1, 2) of the x-r system, we 
proceed as follows: 

Since the “weight” of a state of isotopic spin J is 
(27+1), we have the well-known relation 


Dd (27+1)§r=Trt=Saa'baa’, 
I 


i.e., 


1 e £o+38,+56.=3. 


Since the é’s are restricted to the values 3 and 0, the 
only possible solution of the last equation is 


fo=3, f=&=0. (1.2) 


In an exactly similar manner one can obtain the eigen- 
values of the operators 7 and £ which are as given in 
Eq. (15) of the text. 
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APPENDIX II 


Here we give an approximate derivation of the results 
(34) and (36) for the integrals J; and J; defined by (30) 
and (31), respectively. We examine J; first. 

From (31) and (33), one finds 


te f (5) 00-9 


(“*) 2(E,E,+M?)+2k-q 
p / EE gox-q(ExtE gto) 


(p+n*)}, 


We note that the integral J, does not diverge for y—0. 
We shall therefore neglect 1 compared with M, since 
this involves an error of O(u/M)? at most. We shall, 
however, not neglect » compared with w, since “r”’ is 
also of the same order of magnitude as uw. Equation 


(II-1) can then be simplified by noting the following: 
2(E,Eg+M?)+2k-q= (Ex+ Eyton) (Ext+Eq—ox-1). 





(II-1) 


where 
(II-2) 


€=Wp= €r=y. 


Putting 
(II-3) 


Wk—q = x, 
one now obtains 


lun f (wT /BEy) (dq/ Eo.) 


x i! dx8(p—1)(w,/1)(Ey+Eq—2). (IE) 


For integration over x, it'is convenient to change the 
variable to p according to (28), which gives 


X=Op~t (g—4p")}. 


On account of the appearance of the 6 function, non- 
vanishing contribution will arise only from «=o, where 


(II-5) 


(II-4) 


Xo= Wet (g—4r’)}. 


Since xo has to be real, g must be 2 2r. Further, since 
xo has to be positive and 2y, two values of x are 
admissible for 


P< 4+ (wr—Hy, 
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and only one if the opposite inequality is satisfied. Thus 
the two regions of g integration are 


(1) ar< gS [4+ (or—u)*}; 
(2) [47+ (wi— uw)? PRG &. 


Now most of the contribution to the integral comes 
from moderate values of g(~k), so that one may ap- 
proximate by using the multiplicative factor (¢/w,) in 
the integrand. This results in a considerable simplifica- 
tion in the integration procedure. We now use the new 
variable z defined by 


(II-6) 


(II-7) 
and obtain after integration over x, 


aok— pH 4nTw,\ 2E,+2E,— 2w% 
es a 
0 RE, Ey (wor?+2") 


4r*T'w, 
+f: n( hE, i E.(wa?-++2 2) 


Integrating over z and neglecting some terms of 
O(r,u/M), one obtains Eq. (36) of the text. 

The integration over J; proceeds in a very analogous 
manner since all the considerations used in the evalua- 
tion of J, are needed for J; as well. A slight additional 
complication arises from the appearance of the quantity 
Eq» in J;. Putting x=» [defined in (II-5)] in this 
expression, one obtains 


Eng2= M?+49-+ +2 (22—g— B12) 
= M?+-4¢-+ F892 dere (g?— 4°)! 
= (E,2+4q?—8r?) +40, (q?—49°)}. 


Rt E—or—2 


(II-8) 


The second term in (II-8) is small compared with the 
first throughout the range of g integration. The desired 
approximation consists in neglecting this term. 

In the case of J; also, one has the simplification 


2k —— 4k?+-2 (E, Ex M?) 
= (Eoy—qtx— Ex) (a+ E.- Eox—q)- 


After these simplifications the integration is now 
exactly analogous to that of J». Neglecting certain terms 
of O(r,u/M) one finally gets Eq. (34) of the text. 
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HOTOPRODUCTION of pions from nucleons was 
first observed at Berkeley in 1949. Since that time, 
extensive measurements of differential cross sections for 
m and «+ production from hydrogen have been made 
at Berkeley, Cornell, Massachusetts Institute of Tech- 
nology, California Institute of Technology, and Illinois, 
from the threshold region up to 500-Mev y-ray energy.” 
Production of ° and x~ mesons from neutrons has been 
inferred from photoproduction from deuterons. 

The purpose of this work is twofold: (1) to test a 
particular approximate meson theory and (2) assuming 
that the theory is fairly good, to provide a theoretical 
partial-wave analysis of the photoproduction matrix 
elements which may in turn provide some guidance for 
empirical analyses. Before turning in Sec. II to our 
particular theoretical study of photoproduction, we 
would like in Sec. I to make a survey of predictions, 
setting them into those of a more or less general nature 
and those which are properties of particular phenom- 
enological models or approximate meson theories. In 


* Supported in part by the National Science Foundation, and 
also by the U. S. Atomic Energy Commission while the author 
was at Brookhaven National Laboratory. 

+A preliminary discussion of this work appears in H. Bethe 
and F. de Hoffmann, Mesons and Fields (Row, Peterson, and Com- 
pany, 1955), Vol. 2. 

1 Charged pion production from hydrogen and deuterium, ex- 
perimental work: J. Steinberger and A. S. Bishop, Phys. Rev. 86, 
174 (1952); Feld, Frisch, Lebow, Osborne, and Clark, Phys. Rev. 
85, 680 (1952); J. M. Keck and R. Littauer, Phys. Rev. 88, 139 
(1952); White, Jakobson, and Schulz, Phys. Rev. 88, 836 (1952); 
Jarmie, Repp, and White, Phys. Rev. 91, 1023 (1953) ; G. S. Janes 
and W. L. Kraushaar, Phys. Rev. 93, 900 (1954); G. Bernardini 
and E. L. Goldwasser, Phys. Rev. 94, 729 (1954) ; Jenkins, Luckey, 
Palfrey, and Wilson, Phys. Rev. 95, 179 (1954) ; Sands, Teasdale, 
and Walker, Phys. Rev. 95, 595 (1954); Leiss, Robinson, and 
Penner, Phys. Rev. 98, 201 (1955); G. W. Repp, University of 
California Radiation Laboratory, UCRL-2953, 1955 (unpub- 
lished) ; Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
(1955) ; Tollestrup, Keck, and Worlock, Phys. Rev. 99, 210 (1955) ; 
Beneventano, Bernardini, Goldwasser, Lee, and Stoppini (to be 
published) ; G. Bernardini (private communication). 

2 Neutral pion production from hydrogen and deuterium: G. 
Cocconi and A. Silverman, Phys. Rev. 88, 1230 (1952); Wolfe, 
Silverman, and De Wire, Phys. Rev. 99, 268 (1955) ; Goldschmidt- 
Clermont, Osborne, and Scott, Phys. Rev. 57, 188 (1955); D. C. 
Oakley and R. L. Walker, Phys. Rev. 97, 1283 (1955); Walker, 
Oakley, and Tollestrup, Phys. Rev. 97, 1279 (1955); F. E. Mills 
and L. J. Koester, Phys. Rev. 98, 210 (1955) ; L. J. Koester, Phys. 
Rev. 98, 211 (1955); L. J. Koester (private communication). 


Sec. ITI, the results will be discussed in connection with 
the experimental data. 


I. SURVEY OF PHOTOPRODUCTION THEORIES 
A. General Properties 


It is possible to make some statements about pion 
photoproduction without recourse to any detailed the- 
ory or model. Several authors*-* have demonstrated or 
employed the result that, aside from an arbitrary com- 
mon phase factor, photoproduction matrix elements are 
real numbers times the same phase factors that charac- 
terize the corresponding scattering states. The essential 
reality of the photoproduction matrix elements when 
the scattering phase shift is abstracted depends on the 
assumption that in the scattering, real processes into 
other channels do not occur, for this would alter the 
phases of the wave function at close distances. Thus 
one must not extend this convenient result to very high 
energy, i.e., of the order of 1 Bev or up. 

This result is especially useful since the differential 
scattering cross sections have been measured in an 
energy region corresponding to that for photoproduction 
(Note: The laboratory energy in m+ 7* scattering plus 
151 Mev is the equivalent laboratory energy of the 
gamma ray for production of *, while for scattering of 
7 by p the relevant energy is 145 Mev.) 

It has also been shown by Watson’ that the assump- 
tion of charge independence yields a relation between 
the four different processes that occur in photopro- 
duction: 


ytpontn, (1) 
ytpoptn", (2) 
ytn—ptr, (3) 
ytn—n+n". (4) 


°K. Aizu, Proceedings of the International Conference on Theo- 
retical Physics, Tokyo, September 1953 (Science Council of Japan, 
Tokyo, 1954). 

4M. Ross, Phys. Rev. 94, 454 (1954). 

5K. Watson, Phys. Rev. 95, 228 (1954). 

6M. Kawaguchi and S. Minami, Progr. Theoret. Phys. Japan 
12, 789 (1954). 

7K. Watson, Phys. Rev. 85, 852 (1952). 
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THEORY OF PION PHOTOPRODUCTION 


B. Phenomenological Theories 


To clarify the following discussions, let us express the 
photoproduction matrix element as a sum of Born- 
approximation and final-state scattering terms (see Sec. 
I.D; compare reference 4): 


> (Br cosér-+Ar sindp) err. (5) 


Here the “Born approximation” or nonenhancement Br 
refers to all production into the 'th partial wave of the 
plane-wave part of the final state (i.e., B is the sum of 
all processes not involving a proper one-pion scattering 
in the final state). A phenomenological theory generally 
takes the form of (1) a model which prescribes the form 
of the energy dependence of some matrix elements Ar 
and Br, and (2) an assumption that other matrix ele- 
ments are negligible. The magnitudes of the matrix 
elements at some energy and some features of any rapid 
energy dependence are the parameters. In fact, beyond 
the threshold region one expects that these quantities 
Ary and Br, defined as in (5), will be slowly varying with 
energy. 

In the threshold region the energy dependence of the 
cross section will be given by the square of the matrix 
element (5) times the final meson momentum &. In this 
region the energy dependence of the Born terms Br can 
be reliably taken as the product of the centrifugal 
barrier dependence on final meson momentum, k', and 
an unknown function of the slowly varying quantities, 
photon energy g and total meson energy w. This latter 
function has generally been taken from the indications 
of meson field theory. For meson momenta small com- 
pared to the photon momenta, and small compared to 
momenta characterizing the size of the physical nucleon, 
this unknown function plays little role. The energy 
dependence at threshold may be taken in this case as 


do/dQ~(k/q)|¥ ar(k/q)'or|?. 


The a’s are real parameters. This momentum depend- 
ence is in fairly good agreement with experiment. If 
meson scattering is strong but short-ranged at threshold, 
so that 6/(ka)*+!>1, where a is the range of the inter- 
action, Watson® has shown that the & dependence of 
the A sind, or enhancement, term in the matrix element 
goes as sind/k'*! at threshold. The cross section due to 
such a term behaves again as k?+!, The detailed calcu- 
lation to be presented here substantiates this statement 
roughly where it applies, i.e., in the P$, T= state. It 
is indicated, however, that the Asiné term increases 
somewhat more rapidly with & than is deduced in this 
strong-scattering limit. Use of the foregoing relatively 
reliable results in the threshold region has been discussed 
by Watson and Gell-Mann,*® and Kawaguchi and 
Minami.® 

It is not possible to predict fully the magnitude of 


8K. Watson, Phys. Rev. 88, 1163 (1953). 


9M. Gell-Mann and K. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 219. 


761 


the photoproduction when final-state scattering plays 
an important role, nor to untangle the situation at high 
energies, without an assumption of detailed knowledge 
of meson nucleon systems; i.e., more than knowledge 
of the scattering phase shifts alone. This detailed 
knowledge, for example, of the form of the meson- 
nucleon system at close distances, can come from a 
meson field theory or, in the absence of such a detailed 
theory or of faith therein, it may be parametrized with 
the aid of a phenomenological model."*" In theories of 
photoproduction a basic aim will be of course to estab- 
lish connections with scattering results. The photopro- 
duction cannot be considered independently of scat- 
tering. 


C. Meson Field Theories 


The more basic field theoretical approach to photo- 
production has by now yielded extensive and interesting 
results. Without detailed calculations, theorems appli- 
cable to photoproduction at threshold have been de- 
rived” from a rigorous treatment which shows that in 
the low energy, zero-meson-mass limit, the cross section 
can be expressed in terms of matrix elements of par- 
ticularly simple form which are in fact the same as the 
matrix elements which define the strength of the basic 
interactions (i.e., they define the observed, or renor- 
malized coupling constants e? and G,’). The Kroll- 
Ruderman theorem presents the matrix element for 
S-wave photoproduction at threshold in the form of an 
expansion in ascending power of u/M. The leading term 
in this expansion is essentially the lowest order pertur- 
bation theory result for charged mesons involving the 
renormalized coupling constant while the corresponding 
term vanishes for neutrals. Similar theorems for P- and 
higher-wave photoproduction at threshold have been 
recently developed by Low® and by Klein." Klein has 


10 Treatments of higher energies based on particular physical 
assumptions have been made by Brueckner and Watson [K. 
Brueckner and K. Watson, Phys. Rev. 86, 923 (1952) ], and by 
Watson and Gell-Mann (reference 9). These discussions generally 
involve the one-level resonance formalism. This one-level reso- 
nance model parameterizes the cross sections associated with 
P}3, T=} scattering. In terms of the model and these parameters 
the energy dependence of the photoproduction term A is defined 
(i.e., the term representing enhancement of the photoproduction 
into the P}, T=% state due to the attractive interaction). One 
can add to this resonant matrix element smaller slowly varying 
terms representing other matrix elements. There is a large number 
of such terms however, which fact leads to some ambiguity with 
the present state of the data. See also Watson, Keck, Tollestrup, 
and Walker, Phys. Rev. 101, 1159 (1956). 

11 A phenomenological approach has been developed by R. G. 
Sachs, Phys. Rev. 87, 1100 (1952); 95, 1065 (1954), in order to 
describe the properties of the physical nucleon and pion scattering. 
It would seem that his treatment of the scattering is in a con- 
venient representation in case the intermediate coupling theory 
is a good approximation. Possibilities exist for extending this work 
to photoproduction. To do so will again, however, require in effect 
some detailed assumption about pion nucleon states at close 
distances. 

12.N. Kroll and M. Ruderman, Phys. Rev. 93, 233 (1954). 

13 F. Low, Proceedings of the Fifth Annual Rochester Conference 
oan Energy Nuclear Physics (Interscience Press, New York, 
1955). 

4 A. Klein, Phys. Rev. 99, 998 (1955). 
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HOTOPRODUCTION of pions from nucleons was 
first observed at Berkeley in 1949. Since that time, 
extensive measurements of differential cross sections for 
® and «+ production from hydrogen have been made 
at Berkeley, Cornell, Massachusetts Institute of Tech- 
nology, California Institute of Technology, and Illinois, 
from the threshold region up to 500-Mev y-ray energy.!? 
Production of +° and x~ mesons from neutrons has been 
inferred from photoproduction from deuterons. 

The purpose of this work is twofold: (1) to test a 
particular approximate meson theory and (2) assuming 
that the theory is fairly good, to provide a theoretical 
partial-wave analysis of the photoproduction matrix 
elements which may in turn provide some guidance for 
empirical analyses. Before turning in Sec. II to our 
particular theoretical study of photoproduction, we 
would like in Sec. I to make a survey of predictions, 
setting them into those of a more or less general nature 
and those which are properties of particular phenom- 
enological models or approximate meson theories. In 


* Supported in part by the National Science Foundation, and 
also by the U. S. Atomic Energy Commission while the author 
was at Brookhaven National Laboratory. 

+A preliminary discussion of this work appears in H. Bethe 
and F. de Hoffmann, Mesons and Fields (Row, Peterson, and Com- 
pany, 1955), Vol. 2. 

1 Charged pion production from hydrogen and deuterium, ex- 
perimental work: J. Steinberger and A. S. Bishop, Phys. Rev. 86, 
174 (1952); Feld, Frisch, Lebow, Osborne, and Clark, Phys. Rev. 
85, 680 (1952); J. M. Keck and R. Littauer, Phys. Rev. 88, 139 
(1952); White, Jakobson, and Schulz, Phys. Rev. 88, 836 (1952); 
a Repp, ‘and White, Phys. Rev. ‘91, 1023 (1953) ; G. S. Janes 

d W. L. Kraushaar, Phys. Rev. 93, 900 (1954) ; G. Bernardini 
and E. L. Goldwasser, Phys. Rey. 94, 729 (1954) ; Jenkins, Luckey, 
Palfrey, and Wilson, Phys. Rev. 95, 179 (1954) ; Sands, Teasdale, 
and Walker, Phys. Rev. 95, 595 (1954) ; Leiss, Robinson, and 
Penner, Phys. Rev. 98, 201 (1955); G. W. Repp, University of 
California Radiation Laboratory, UCRL-2953, 1955 (unpub- 
lished) ; Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
(1955) ; Tollestrup, Keck, and Worlock, Phys. Rev. 99, 210 (1955) ; 
Beneventano, Bernardini, Goldwasser, Lee, and Stoppini (to be 
published) ; G. Bernardini (private communication). 

2 Neutral pion production from hydrogen and deuterium: G. 
Cocconi and A. Silverman, Phys. Rev. 88, 1230 (1952); Wolfe, 
Silverman, and De Wire, Phys. Rev. 99, 268 (1955) ; Goldschmidt- 
Clermont, Osborne, and Scott, Phys. Rev. 57, 188 (1955); D. C. 
Oakley and R. L. Walker, Phys. Rev. 97, 1283 (1955); Walker, 
Oakley, and Tollestrup, Phys. Rev. 97, 1279 (1955); F. E. Mills 
and L. J. Koester, Phys. Rev. 98, 210 (1955); L. J. Koester, Phys. 
Rev. 98, 211 (1955); L. J. Koester (private communication). 


Sec. ITI, the results will be discussed in connection with 
the experimental data. 


I. SURVEY OF PHOTOPRODUCTION THEORIES 
A. General Properties 


It is possible to make some statements about pion 
photoproduction without recourse to any detailed the- 
ory or model. Several authors*-* have demonstrated or 
employed the result that, aside from an arbitrary com- 
mon phase factor, photoproduction matrix elements are 
real numbers times the same phase factors that charac- 
terize the corresponding scattering states. The essential 
reality of the photoproduction matrix elements when 
the scattering phase shift is abstracted depends on the 
assumption that in the scattering, real processes into 
other channels do not occur, for this would alter the 
phases of the wave function at close distances. Thus 
one must not extend this convenient result to very high 
energy, i.e., of the order of 1 Bev or up. 

This result is especially useful since the differential 
scattering cross sections have been measured in an 
energy region corresponding to that for photoproduction 
(Note: The laboratory energy in ++ scattering plus 
151 Mev is the equivalent laboratory energy of the 
gamma ray for production of x*, while for scattering of 
nr by p the relevant energy is 145 Mev.) 

It has also been shown by Watson’ that the assump- 
tion of charge independence yields a relation between 
the four different processes that occur in photopro- 
duction : 


ytpont+rt, 
ytpopt, 
ytn-ptr, (3) 
ytn—n+n". (4) 


*K. Alii, Proceedings of the International Conference on Theo- 
retical Physics, Tokyo, September 1953 (Science Council of Japan, 
Tokyo, 1954 

4M. Ross, Phys. Rev. 94, 454 (1954). 

5K. Watson, Phys. Rev. 95, 228 (1954). 

°M. Kawaguchi and S. Minani, Progr. Theoret. Phys. Japan 
12, 789 (1954). 

1K, Watson, Phys. Rev. 85, 852 (1952). 
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THEORY OF PION PHOTOPRODUCTION 


B. Phenomenological Theories 


To clarify the following discussions, let us express the 
photoproduction matrix element as a sum of Born- 
approximation and final-state scattering terms (see Sec. 
I.D ; compare reference 4): 


> r(Br cosérp-+Ap sindr) err. (5) 


Here the “Born approximation” or nonenhancement Br 
refers to all production into the th partial wave of the 
plane-wave part of the final state (i.e., B is the sum of 
all processes not involving a proper one-pion scattering 
in the final state). A phenomenological theory generally 
takes the form of (1) a model which prescribes the form 
of the energy dependence of some matrix elements Ar 
and By, and (2) an assumption that other matrix ele- 
ments are negligible. The magnitudes of the matrix 
elements at some energy and some features of any rapid 
energy dependence are the parameters. In fact, beyond 
the threshold region one expects that these quantities 
Ar and Br, defined as in (5), will be slowly varying with 
energy. 

In the threshold region the energy dependence of the 
cross section will be given by the square of the matrix 
element (5) times the final meson momentum &. In this 
region the energy dependence of the Born terms Br can 
be reliably taken as the product of the centrifugal 
barrier dependence on final meson momentum, k', and 
an unknown function of the slowly varying quantities, 
photon energy g and total meson energy w. This latter 
function has generally been taken from the indications 
of meson field theory. For meson momenta small com- 
pared to the photon momenta, and small compared to 
momenta characterizing the size of the physical nucleon, 
this unknown function plays little role. The energy 
dependence at threshold may be taken in this case as 


do/dQ~ (k/q)| XL ar(k/q)'or|?. 


The a’s are real parameters. This momentum depend- 
ence is in fairly good agreement with experiment. If 
meson scattering is strong but short-ranged at threshold, 
so that 6/(ka)?**>1, where a is the range of the inter- 
action, Watson® has shown that the k dependence of 
the A sind, or enhancement, term in the matrix element 
goes as sind/k'*! at threshold. The cross section due to 
such a term behaves again as k?*!, The detailed calcu- 
lation to be presented here substantiates this statement 
roughly where it applies, i.e., in the P3, T= state. It 
is indicated, however, that the Asiné term increases 
somewhat more rapidly with & than is deduced in this 
strong-scattering limit. Use of the foregoing relatively 
reliable results in the threshold region has been discussed 
by Watson and Gell-Mann,**® and Kawaguchi and 
Minami.® 

It is not possible to predict fully the magnitude of 


8K. Watson, Phys. Rev. 88, 1163 (1953). 


9M. Gell-Mann and K. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 219. 
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the photoproduction when final-state scattering plays 
an important role, nor to untangle the situation at high 
energies, without an assumption of detailed knowledge 
of meson nucleon systems; i.e., more than knowledge 
of the scattering phase shifts alone. This detailed 
knowledge, for example, of the form of the meson- 
nucleon system at close distances, can come from a 
meson field theory or, in the absence of such a detailed 
theory or of faith therein, it may be parametrized with 
the aid of a phenomenological model."*" In theories of 
photoproduction a basic aim will be of course to estab- 
lish connections with scattering results. The photopro- 
duction cannot be considered independently of scat- 
tering. 


C. Meson Field Theories 


The more basic field theoretical approach to photo- 
production has by now yielded extensive and interesting 
results. Without detailed calculations, theorems appli- 
cable to photoproduction at threshold have been de- 
rived” from a rigorous treatment which shows that in 
the low energy, zero-meson-mass limit, the cross section 
can be expressed in terms of matrix elements of par- 
ticularly simple form which are in fact the same as the 
matrix elements which define the strength of the basic 
interactions (i.e., they define the observed, or renor- 
malized coupling constants e? and G,?). The Kroll- 
Ruderman thecrem presents the matrix element for 
S-wave photoproduction at threshold in the form of an 
expansion in ascending power of u/M. The leading term 
in this expansion is essentially the lowest order pertur- 
bation theory result for charged mesons involving the 
renormalized coupling constant while the corresponding 
term vanishes for neutrals. Similar theorems for P- and 
higher-wave photoproduction at threshold have been 
recently developed by Low® and by Klein. Klein has 


Treatments of higher energies based on particular physical 
assumptions have been made by Brueckner and Watson [K. 
Brueckner and K. Watson, Phys. Rev. 86, 923 (1952) ], and by 
Watson and Gell-Mann (reference 9). These discussions generally 
involve the one-level resonance formalism. This one-level reso- 
nance model parameterizes the cross sections associated with 
P$, T=} scattering. In terms of the model and these parameters 
the energy dependence of the photoproduction term A is defined 
(i.e., the term representing enhancement of the photoproduction 
into the P}, T=} state due to the attractive interaction). One 
can add to this resonant matrix element smaller slowly varying 
terms representing other matrix elements. There is a large number 
of such terms however, which fact leads to some ambiguity with 
the present state of the data. See also Watson, Keck, Tollestrup, 
and Walker, Phys. Rev. 101, 1159 (1956). 

4 A phenomenological approach has been developed by R. G. 
Sachs, Phys. Rev. 87, 1100 (1952); 95, 1065 (1954), in order to 
describe the properties of the physical nucleon and pion scattering. 
It would seem that his treatment of the scattering is in a con- 
venient representation in case the intermediate coupling theory 
is a good approximation. Possibilities exist for extending this work 
to photoproduction. To do so will again, however, require in effect 
some detailed assumption about pion nucleon states at close 
distances. 

12N. Kroll and M. Ruderman, Phys. Rev. 93, 233 (1954). 

13 F. Low, Proceedings of the Fifth Annual Rochester Conference 
on High Energy Nuclear Physics (Interscience Press, New York, 
1955). 

4 A, Klein, Phys. Rev. 99, 998 (1955). 
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shown that the outgoing meson current term is correctly 
given at threshold to corrections of relative order (u/M)? 
by lowest order perturbation theory in all partial waves 
(at low energies this term will be the only one for which 
waves with />1 are important). The remaining portion 
of the P-state matrix element is given, to corrections of 
relative order u/M, by lowest order perturbation theory 
(including the observed anomalous moment in the 
photon nucleon interaction). These theorems may en- 
able one to determine the coupling constant and then 
to check the basic theory. Application of these theorems 
depends basically on the suggestion that the succeeding 
terms in the u4/M expansion do not have large coeffi- 
cients. It is well to keep in mind that this suggestion 
will generally be expected to be valid in the pseudo- 
scalar theory, where high energy, E>>uc?, intermediate 
states play an important role so that the cross sections 
are not sensitive to letting 4-0. On the other hand, 
this suggestion will generally be invalid if (1) the scat- 
tering is large in the final state, (2) meson-meson inter- 
action plays an important role. The second possibility 
is of a highly speculative nature, but the former is of 
immediate interest. It is clearly possible for the Ar 
terms associated with final state scattering to be com- 
parable with the Br terms at threshold, if strong scatter- 
ing is observed at threshold. It is found, however, in 
the detailed calculation of matrix elements to follow, 
that the enhancement is particularly small for charged 
mesons in the S state as the scattering in the two 
isotopic spin states interferes destructively. In the P3, 
T= state the enhancement term does contribute sub- 
stantially compared to the Born term at threshold. 
These two results indicate that the leading terms of the 
S-wave threshold theorem (Kroll-Ruderman) should be 
a good approximation, but that care must be taken in 
a comparison with data, because the data always come 
from above threshold and the production via other 
processes and into other waves must be properly sub- 
tracted. These questions are fully discussed in Sec. IIT A. 

Beyond the scope of the threshold theorems, i.e., in 
order to treat cases of strong final-state scattering, and 
at higher energy, detailed calculations must be made. 
Low-order perturbation theory,'*!® fairly successful at 
threshold as we have mentioned, does not agree with 
experiments at higher energy (say above 200-Mev 
gamma-ray energy). Inclusion of the observed magnetic 
moments of the nucleon in the interaction (as a Pauli 
term), as suggested above, yields considerable improve- 
ment in the r° predictions.'* These predictions are still 
far from satisfactory, however. 

More ambitious approximations to meson field the- 
ories have been recently considered by Chew,!’ Dyson 


46 Benoist-Gueutal, Prentki, and Ratier, Compt. rend. 230, 1146 
(1950); G. Araki, Progr. Theoret. Phys. Japan 5, 507 (1950); 
K. Brueckner, Phys. Rev. 79, 641 (1950). 

16M. Kaplon, Phys. Rev. 83, 712 (1951). 

17G. Chew, Phys. Rev. 95, 1669 (1954); K. Sawada, Progr. 
Theoret. Phys. Japan 9, 53 (1953); Fukuda, Goto, Okuba, and 
Sawada, Progr. Theoret. Phys. Japan 12, 79 (1954); Chiba, 
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et al., (D),'* Friedman, Lee, and Christian,’ and Low 
and Chew."*.” These theories have been applied with 
some success to some aspects of pion scattering and to 
some properties of the nucleon and two nucleon systems. 
This paper contains an extension of the work of (D) to 
photoproduction. 

The theories of Chew’ and of Dyson, although the 
basic philosophy is quite different, are in one sense very 
similar in their physical content where the same situa- 
tions can be considered. These are both Tamm-Dancoff 
(TD) approximations limiting the number of mesons 
present at one time to the minimum nontrivial value of 
two. The Chew theory uses gradient meson-nucleon 
coupling with a cutoff, or finite fixed source. It is a 
two-parameter theory (assuming one makes no use of 
detailed features of the source such as its shape). The 
Dyson theory uses the relativistic pseudoscalar coupling 
and includes the possibility of nucleon pairs. This is a 
one-parameter theory. One observes in this theory that 
there are important contributions in meson scattering 
processes from terms involving large energy denomi- 
nators which, it should be kept in mind, imply that the 
approximation is probably not good (by chance the 
coupling constant fitting the scattering agrees with that 
determined by use of the threshold theorems discussed 
above). A comparable physical situation exists in the 
Chew theory. Some physical quantities calculated 
therein are diverging at the cutoff and large contribu- 
tions are made right in the cutoff region. Adjustment 
of the cutoff allows one to bring in large contributions 
effectively equivalent to the large relativistic contribu- 
tions of the other theory. Countering this disadvantage, 
as a result of the cutoff, Chew’s TD theory can be 
applied to situations (i.e., properties of the physical 
nucleon) where the relativistic version has not been 
tractable. The cutoff theory is also easier to work with. 
All static models do, however, have the quality of being 
gauge variant and so essentially recoil corrections 
should be made in calculations of electromagnetic proc- 
esses." It is this gauge variant quality which leads 
to serious ambiguities in, for example, anomalous mag- 
netic moment and electron neutron interaction calcu- 
lations.” 

The intermediate-coupling theory and the approxi- 
mation proposed by Low (distinct from his threshold 
theorems already mentioned) are basically different 
from the TD approximation. None of these approxi- 
mate theories includes the other, i.e., they all have 


Yamazaki, and Fukuda, Progr. Theoret. Phys. Japan 12, 767 
(1954). 

18 F. Dyson et al., Phys. Rev. 95, 1644 (1954), to be referred to 
as (D); M. Kalos and R. Dalitz, Phys. Rev. 100, 1515 (1955). 

1 G. Takeda, Phys. Rev. 95, 1078 (1954); Friedman, Lee, and 
Christian, Phys. Rev. 100, 1494 (1950). 

2” F. Low, Phys. Rev 97, 1392 (1955). G. F. Chew and F. E. 
Low, Phys. Rev. 101, 1579 (1956). 

21R. Capps, Phys. Rev. 99, 926 (1955); N. Fukuda (private 
communication). 

2 R. Capps and W. Holladay, Phys. Rev. 99, 931 (1955) ; M. H. 
Friedman, Phys. Rev. 97, 1123 (1955); G. Salzman, 99, 973 
(1955). 
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different physical content. At the present time one 
cannot demonstrate that any of these approximations 
yields results faithful to a particular basic theory. 


D. Cross-Section Formula 


In this section, the expression for the photoproduction 
matrix element used in the subsequent calculations is 
derived. Some details of the separation of the matrix 
elements into two parts as given by Eq. (5) are shown 
and discussed. 

The interaction of the electromagnetic field with the 
mesons and nucleons, H,, is treated as a perturbation. 
The initial and final wave functions ¥;, Vr, are each 
considered as a sum of terms ¥'™"”) involving m 
nucleons, ” antinucleons, and / mesons. In the final 
state, the free-particle center-of-mass momenta will 
always be specified by k, —k for the meson and nucleon, 
respectively. The final state wave function depends on 
all the angle and charge variables: 


0= (k,o,7,1), 


in addition to the energy E specified by k. The meson 
charge is denoted by 7; k denotes the unit vector k/k. 
Let & denote all these eigenvalues of the one-nucleon, 
one-meson component of the final state Wpr“-°), The 
photoproduction matrix element can be written 


om (£)6(I— F) = (Wr(t), HV), (6) 
where I, F are the initial and final total momenta, re- 
spectively, and M is the total magnetic quantum 
number. The differential cross section is then, in the 
center-of-mass system : 

dq dk 
Je (7) 


da 
—{O)=$ 2 2, aman) — gh 
dQ dE; dEp 


Mio 


We take #= M=c=1 (here M is the nucleon mass) and 
Fy= q+ (¢+u)', Er= ER) +o()= (1+) A+R, 


where yu is the meson mass. Let 
wr n (= f de V EEDA EDA Eo (8) 


where a* and c* are creation operators for the nucleon 
and meson fields. In the Born approximation of photo- 
production, ¥r“:°:” is the plane wave given by 


wa (E,')=5(E— 2’) 
= (dE/dk)(1/k’)5(E—E’) Di dr*(Q)or(@’), (9) 


where the ¢r form a complete orthonormal set. In this 
calculation we will use, instead of the plane-wave final 
state wz, the wave function y expressed in the Gold- 
berger formalism,” which is the stationary-state solu- 
tion to the meson-nucleon scattering problem: 
~ %M. Goldberger, Phys. Rev. 84, 929 (1951). 

t Note added in proof.—We could equivalently remark that 


vrt=cosére“ry rp where y+, YY are the I'th partial waves of 
outgoing and standing wave solutions, respectively. 


- 


E 1 
V(EF') =— —D or* OQ) or’) 
dk k? r 


lace 1 
Xcosiret| (EE) +P] (10) 


4 mee 


where 6r is the scattering phase shift in the state ! and 
fr(E)=(1/r) tané. The 6-function singularity in the 
momentum-space wave function (10) corresponds to 
the incident plane wave. The additional term /(£’) 
represents the effects of scattering in the 'th state (the 
principal value of this term is to be taken at E= E’), 
The term in f corresponds to standing waves at large 
distances. These standing waves form a complete set; 
the perturbation theory yielding the transition to this 
final state selects a linear combination corresponding to 
outgoing waves.”4 

We shall again introduce the concepts of Born ap- 
proximation and enhanced portions of the matrix 
element as discussed in connection with Eq. (5) by 
writing the matrix element: 


mm (8) = f dt'V(E,£)B™(®). (11) 


This implies that we express the final state Vp in the 
form of an operator times Vr":%!, Let 


(12) 


1 
eda J d0'gx* (0) BY (8) ; 


a) 


then we have the final form for 91: 
mM (E) = Do (41)! (Q) 
- 
X cosére*! Br” (k) + Ar” (k) tanép ], (5) 


which was previously stated, where the Ar are written: 





1 
~ fr(k’) 


(13) 
E-E' 


yf 
a f kdk'Br(k’) 


dk k? tanér 


The fruitfulness of expressing the matrix element in this 
way depends on the A and B being insensitive to varia- 
tions in the phase shift. We find this lack of sensitivity 
to obtain with the interaction with which we will deal. 

Matrix elements to states of high angular momentum 
are less strongly suppressed by the centrifugal barrier 
in the case of photoproduction than in scattering. It 
will be seen later for example, that D and F states can 
play a moderately important role in the photoproduc- 
tion differential cross section in the terms Br of Eq. (5) 
in an energy region where they are not important in 
scattering or in the Ar terms. The proper way to calcu- 


*% The author would like to thank Dr. N. Austern for an inter- 
esting discussion of these questions and for early reference on 
them, such as N. F. Mott and H. S. W. Massey, Theory of Atomic 
Collisions (Clarendon Press, Oxford, 1933), first edition, p. 258. 
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Fic. 1. Configurations considered in this calculation. The solid 
lines represent connection via the meson-nucleon interaction, the 
dotted lines connection via the interaction with the electromag- 
netic field. 


late the cross section is then to include all partial waves 
in Br. Both experiment and theory indicate, however, 
that only S and P states are involved in meson-nucleon 
scattering up to an energy of about 200 Mev. Thus it 
will be correct to write the component Vr“-°*” of the 
final state in photoproduction as a plane wave corrected 
to include effects of the meson-nucleon final state inter- 
action only in those § and P states where they are 
important (actual calculation of the Ar’s shows that 
these terms are negligible when the scattering is small). 
The A siné terms will, for simplicity, be considered ex- 
plicitly only in the S states and in the P}, T=} state. 


II. CALCULATION OF THE MATRIX ELEMENT 


We wish to employ an approximate meson theory 
which provides the detailed results necessary to evaluate 
the enhancement or final state scattering contributions 
to photoproduction and which is consistent with the 
threshold theorems, i.e., the Br terms agree with lowest 
order perturbation theory (including the anomalous 
moment interaction) at threshold within corrections of 
order »/M or (u/M)?. We shall use the lowest order 
Tamm-Dancoff approximation to the symmetric pseudo- 
scalar theory. We shall include the anomalous magnetic 
moments in the electromagnetic interaction (as a Pauli 
term).?* The general philosophy of the approach can be 
expressed in terms of a two step approximation: (1) We 
approximate the scattering or photoproduction matrix 
element (using perturbation theory language) limiting 
the contributing diagrams considered to a relatively 
simple set. But in each diagram considered, all vertices 
and propagation functions are renormalized. The re- 
normalized operators correspond approximately to the 
unrenormalized ones for processes involving little mo- 
mentum transfer. Our second step then is (2) to ap- 
proximate each diagram by replacing some or all of these 
operators by the unrenormalized forms (with renor- 
malized coupling constant), where the convergence of 
momentum integrals suggest that this step is not ridicu- 
lous (some time orderings are also dropped). The results 
of this TD approximation already applied to the meson 

2% We do not attempt to calculate the anomalous moments 
themselves because the theory does not seem tractable in this 


respect. So it can be said of the photoproduction that we are 
“reducing the problem to a previously unsolved problem.” 


scattering problem in (D) will be taken over here to 
describe the final state. Only a brief discussion will be 
given here of the scattering wave functions. A basic 
problem is to treat the initial state in a consistent 
manner. A fairly convincing method is proposed which 
relates the photoproduction matrix elements to the re- 
normalized coupling constant and the final state func- 
tions, assuming that the latter are correct. Such a 
method exists by virtue of the gauge invariance of the 
electromagnetic interaction. 


A. Final State 


The treatment of the scattering problem in which the 
meson nucleon wave function and associated phase 
shift were determined is very successful in predicting 
the P$, T= % phase shift through 300 Mev," the 
coupling constant being adjusted to make a best fit to 
this data. The other predicted phase shifts are quali- 
tatively in agreement with experiment. Scattering in 
the S} and P} states with T=} was not handled be- 
cause of special renormalization problems (i.e., in the 
spirit of the discussion of the above paragraph). The 
explicit TD approximation made in order to determine 
the wave function involves two assumptions: (1) The 
physical system of a meson and nucleon at low energy 
can be limited to the simplest configurations (i.e., in 
addition to the basic nucleon-meson configuration we 
consider only those configuraticns which are connected 
to them through one power of interaction). (2) Self- 
energy diagrams have a vanishing contribution. Thus 
in the block diagram showing the processes taken into 
account (Fig. 1) the final state is represented as a com- 
bination of the four configurations: (1,0;0), (1,0;2), 
(2,1;0), and (2,1;2) in addition to the basic (1,0;1) 
configuration, where (m,n,;l) denotes a configuration of 
m nucleons, ” antinucleons, and / mesons. In effect, 
the proper TD approximation is used in only a portion 
of the final state configuration space in order to avoid 


(a) 


Pe 


We 


Fic. 2. Some possible 
scattering processes in the 
final state. See text, Sec. II. 
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a also R. H. Dalitz and F. J. Dyson, Phys. Rev. 99, 301 
(1955). 
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self-energy process. Self-energy diagrams are found to 
occur in two different ways. One type is found, for 
example, in the process (1,0;1)=2(1,0;2) which contains 
the diagram of Fig. 2(a) as well as that of Fig. 2(b) and 
others. Self-energy contributions of the type (2a) occur 
separated from other contributions in the Tamm- 
Dancoff integral equations and are readily dropped.’ 
The second type of self-energy contributions occurs 
only by virtue of the repetition of certain processes by 
the integral equation; thus (1,0;1)=(1,0;0) contains 
the diagram of Fig. 2(c). This latter type of effect 
exists only when J/= T=}. It is hard to separate out 
this effect. Among the simpler possibilities for handling 
the two states involved here, the most consistent is to 
use first-order perturbation theory for the entire states, 
with the noninteracting (1,0;1) configuration as zero 
order wave function. 


B. Initial State 


One gets into difficulty if one applies the same ap- 
proximations (1), (2) of the preceding paragraph to the 
initial state and then calculates the photoproduction. 
[In this case, first-order perturbation theory would be 
used to determine the wave function of the initial state 
from the zero order (1,0;0) configuration.] In this 
scheme, a typical photoproduction process involves 
photon absorption immediately “after” the first meson 
nucleon vertex followed by a meson nucleon scattering 
process as shown in Fig. 3(a). Meanwhile a process 
such as shown in Fig. 3(b) is not included. This pro- 
cedure is not gauge-invariant. The fact is that although 
we have a wave function of possible merit (which we 
would like to test) in one configuration of the final state, 
photoproduction is a transition between two states; and 
the initial physical system of the nucleon is not repre- 
sented in a comparable fashion by the wave function 


x 


(a) Se 








Fic. 3. Some possible 
photoproduction _proc- 
esses. See text, Sec. IT. 
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27 TIf the reader does not want to drop these terms, see W. M. 


Visscher, Phys. Rev. 96, 788 (1954). 
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calculated in lowest order perturbation theory. The 
procedure we can follow instead is to construct a gauge- 
invariant expression at first and then approximate this 
as well as possible. In order to do this we shall make 
the assumption that the final wave function Vp“:%" is 
good. Then it is necessary, for a consistent gauge- 
invariant theory, to insert a renormalized vertex oper- 
ator I’; for the first meson-nucleon vertex as indicated 
in Fig. 3(c). In order to evaluate matrix elements 
involving this operator, we can calculate the matrix 
element of the equation of continuity: 


0 
(—1,) =0, 
OXy IF 


in addition to the photoproduction matrix element: 
(A uJ uIP. 


We can assume that I';—+; is a good approximation for 
momentum or free-particle energy exchanges, at our 
time-ordered vertices, which are small compared to the 
nucleon mass. This is just to say that only the high- 
momentum intermediate states are troublesome. The 
high-momentum portion of the matrix element (14) can 
be brought into correspondence with the same portion 
of the photoproduction matrix element so that the 
necessary integrals involving the I’; operator are evalu- 
ated for us in (14). 


(14) 


C. Enhanced Matrix Elements Using y; 


Let us evaluate all the matrix elements using ys and 
insert the correction discussed above at the end. Let 
Hy be the free-particle energy. Let 


Hen=iG { Prorebabd, 
tuts f Jy,A,3 (1-++-rs)yaex 


~ie f 


he f Pi Aaliti+- ede, +i—rdsces, 


d¢* d¢ 
—-p——¢* ) A,@x 


OX, OX, 


where y, A, and ¢ are the nucleon, electromagnetic, and 
meson fields; H, is the sum of the electromagnetic 
interactions with the nucleon charge, meson charge, and 
anomalous moments yw, and yw, of proton and neutron 
(the latter term in H, is correctly stated for photon 
absorption). 

The photoproduction matrix element B(é’) is given 
in our scheme by second-order perturbation theory 
terms of the form: 


1 
(ewer. + —H 5 nQo'r*( wes a)3.*(a)), (15) 
E-H 


~~ £40 
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Fic. 4. The three low- 
est order perturbation- 
theory processes for 
photoproduction. 
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and those with H, and H,, interchanged. The three 

types of processes involved in (15) are shown in Fig. 4. 
Let us fix the polarization as »v=(x+iy)/v2 so 

that the q component of total angular momentum is 

M=1+}e-q. The final isotopic spin states of charge 

one and zero, respectively, in terms of proton and 

neutron functions g*, g~ can be defined as follows: 

T=}: (1/N3)ri9+, 
T=3: @'Oa—Drie. 
We define the S and P space-spin functions as follows: 
(4x7) *bsy¥—= x*, 


(4m) 'ppy4—-t = — (cosd x+-+sind e'*x-), 


. (16) 
(41) 'ppy¥-= (w cos ee sin8 ex), 


¥. 
(4a) 'py¥—4= (3)! sind e*# xt. 


The matrix elements Br(k’) and the corresponding 
Cr(k’) of the continuity equation, of Eq. (12) to the $ 
and P states, with M=4 unless stated, are then: 


—aBsy= —} ‘(o—12)T +[(1 /EP\Ko 
+9(Jit+Ki)+3P (Jot+2J2) ]T® 
+ (fig/2)[(1/P)Ko+Ki—Ji 
4 Jot 2S.) (ta) T° 4 1/(E41) JT 
—[1/(E+1)](aq/2)(1+4)T, 


—aBpy=3q(Lo—12)T —[4q(Jo+2J:) 
+qKo+(1/P) Kit PI, ]T 
+ (fiq/2)[3(Jo+2J2)—Ko—(1/f’)Ki 
+PJ,)(1—q) T°) —[1/(E-1) Ja’ T 
—[1/(E—1)}(aiq/2)(14+q)T™, 


—aBpy¥=t= (1/V2)[3q(Io—I2)— (6/5) (1—Is) JT 
+ (1/v2)[3q(Jot+2J2)+(2/f) Ki 
+ (2/5) f(2I:+3J3)+2qK2]T 
+ (1/2) (fq/2)L—4(Jo+2J2)+ (2/f) Ky 
+2K2— (2/5) (2I:+3J3) J(1—q) TO, 


—aBpy¥=}= (3/2)4[$q(To—I2)— (2/5)? (i—Is) JT 
+(3/2)§[$q(Jo—J2) — (2/5) &(Si—Js) JT 
+ (3/2)*(fq/2)[3(Jo—J2) 
+(2/5)f'(Si—Js) (1+q)To, 


ait iajo> (12) | Aa(ro+2s) 88 2+ 31) 


—[w(h)/k’}(qIit+ P72) +3( E(k’) +-0(k’)— E] 


1 1 
xf dx(qPi+ f’P2)D(a) {re 
-l 


+ (1A) tare BEF HCE) +008) 11 
x: , dxP,D(b) |r, 


where 7“ is the isotopic spin matrix element for 
process (a) which, in terms of the amplitudes to the 
=} and T=$ states, respectively, is: 


To) = {—»/3, V3}, 
=(V5, -V3}; 
T® = (1/V2){y/3, V3}, 
= (1/V2){2/3, —V3}, 
TA) = (1/v2){ —1/V3, 2/3}, 
= (1/V2){1/v3, — 24/3}, 
T© ={y/6, 0}, 
= {0, 0}, 


for y+, 
for y-+n, 
for y+, 
for y-+n, 
for y+, 
for y+n, 
for y+, 
for y-+n, 
TA) = {,/6, 0}, for y+), 
={—71/6, 0}, for y+n, 
t=k/[E(k)+1], a=a/LE(q)+1], 
D(a) =o(k’—q)[—E(g) + E(k’) +o(k’—q)], 
D(a’) =w(k’—q)[—q+(k’)+o(k’—q) ], 
D“\(b) = E(k’+q)[—E(q)+(k’) +E (k’+q)], 
D“(b’)= E(k’+q)[—q+ E(k’) +E(k’+4)], 
and the common factor is: 
ae a ee 
16m? 2L E(k’)w(k’)E(q)q 
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also, 
k’ fp 

I,= 
2 


-1 


dxP,,(x)[D(a)+D(a’)], 


Jan ff axP D(b) + D(o" 
uae a x al. (6)+ (b’)], 


rf 
Kguains f dxP,,{«(’)D(b)-+[E— E(k’) ]D(0)}. 
2 +4 


Some small terms were dropped from Cp, for sim- 
plicity. Also we used f=}(up—un) and we neglected 
Mpt Mn. 

We could just as well have considered the P} con- 
tribution in terms of magnetic dipole (M1) and electric 
quadrupole (£2) matrix elements instead of M=} and 
M = matrix elements. If we define the matrix elements 
so that one obtains the same total cross section for a 
given magnitude of either matrix element, then 


Bua=43V3Bpy"=!— 3 Bp", 


(18) 
Bro=}Bpy4+-3v3 Bp}. 


Production into the P} state must proceed by M1 
absorption but the above matrix element and this 
process are independent. 


D. Gauge Invariance and Modification 
of the Enhancement 


Now let us consider the effect of the modified vertex 
operator I’;. The vertex ys in the time-ordered processes 
should be replaced by /((k’—q)?, k”)ys, where f also 
depends on the process involved, as discussed in II B. 
Consider the functions f to be included appropriately 
in the integrands of J,, J,, etc. We see that the E2 
(electric quadrupole) matrix element [Eq. (18) ] and 
the matrix element Cp; have almost the same form in 
the two leading terms (i.e., leading powers of k’). Thus 
the £2 matrix element should be well approximated by 
the combination (for T= 3): 


Bro= Bro’ +2v3C py’ (1 +39), 


where the prime indicates matrix elements calculated 
with the unmodified vertex operator. In other words, 
according to the discussion of Sec. II B, we evaluate 
the terms in I’; about which we know the least, using 
Eq. (14). A simple check on this procedure is to ex- 
amine the contribution of the integrand of the matrix 
element (13) as a function of k’. This is done in Fig. 5. 
The curve Bg,’ before subtraction of Cp,’ is preserved 
for comparison. It is seen that momenta ’ in the region 
of M and above contribute very little. The assumption 
is of course that for the small momenta the unmodified 
vs is a good approximation. Similarly the contribution 
of the pair process (6’) to Bg2 becomes very small. 
The procedure is not as satisfactory for the M1 
matrix element [Eq. (18) ] where the forms of the 
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Fic. 5. The integrand of the enhanced matrix element, i.e., the 
integrand of Eq. (13) showing the relative importance of high 
momentum intermediate states. The dashed curve shows the £2 
matrix element before the gauge invariance correction is applied. 
The dotted and solid curves show the corrected E2 and M1 inte- 
grands respectively. The vertical line just above k is chosen so 
that the integral from k’=0 to this point is approximately zero in 
all three cases. 


photoproduction and equation of continuity matrix 
elements are not as similar. Here again, however, the 
leading term at high momentum is the same. We note 
that the leading term in modification of the coefficient 
of ¥s (i.e., in f) will be a function of k’ and independent 
of the process. But it appears that terms which are 
important for k’~M do not occur in the same way in 
the two matrix elements B’ and C’. On carrying through 
the calculation of the leading term we have: 


/ ’ 2 Aq 
Byi= Bui +2Cpy 1+( +1) - 
q 


“ 


The integrand of (13) is again plotted in Fig. 5. The 
situation is not as satisfactory, the contribution for 
k’>M being 30% of the total matrix element. Thus 
the M1 matrix element is probably only a fair approxi- 
mation to the gauge invariant expression. 

For the S state this procedure is not of practical 
interest as the contribution of high momenta to the 
matrix elements is small and C’ is very small. This 
result arises from the form of the final state wave 
function. 

It should be noted that we evaluated the photo- 
production and continuity matrix elements as if we did 
not need to consider, in addition to processes of the 
type of Fig. 3(b), where the diagram is taken as time- 
ordered, processes where the photon vertex is moved in 
time so that three or more mesons are present. Such 
processes should have been considered in both matrix 
elements. If a rough comparison® is made of the most 

*8One needs to make strong assumptions such as that the 
scattering process off the energy shell goes to lowest order per- 


turbation theory [K. Brueckner and K. Watson, Phys. Rev. 92, 
1023 (1953) ], in order to handle these terms. 
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TaBLE I. Isotopic spin 3/2 enhancement. 








EisbY BAs 


163 1.02 
264 0.41 
520 0.07 


BApy!~t 


—0.72 
—0.32 
—0.22 


pAp 4 


1.68 
0.73 
0.55 











important terms of this kind to the terms already cal- 
culated as a function of the intermediate momentum 
k’, one finds of course that the ratio is small for k’ <M 
but grows to order of } for k’>M. Thus one can esti- 
mate that the contribution of these high energy inter- 
mediate state terms will be considerably less than } the 
matrix elements already calculated, and they will tend 
to cancel when the vertex operator is modified as above. 
Roughly then the additional contributions would be 
<4 the M1 matrix element as already calculated, and 
negligible for E2 and S-state matrix elements. These 
contributions will be neglected in the following. 

The enhanced matrix elements as defined by Eq. (13) 
were integrated numerically using the B(k’) discussed 
above and wave function /(Z’) numerically obtained by 
Kalos and Dalitz'® from the Tamm-Dancoff integral 
equations. Results are given in Table I for the quantity 


BAr(k) = (4x/ieGV2) (2x)? 


XL (dq/dE1) (dk/dEv) RAr(k). (19) 


From the differential cross section, Eq. (7), it is seen 
that the tabulated quantity will yield microbarns/ 
steradian when squared and multiplied by 


. 445 (2/4) (@/4n), 
since 


10-/ (/Mc)*= 445. (20) 


It is convenient to list approximate analytic forms for 
these results (T=): 


BAs=[0.11/(kg)*](1—1.29), 
BAp,“-}= —0.319/kE, 
BAp;¥-3 =0. 73q/RE. 


E. Born Approximation 


To conclude, it is worthwhile to discuss the plots of 
the matrix elements Br(k) on the energy shell. The 
integrals in the expressions above simplify : 


Ty >hk f dxP,(x)/Lqw(k)—a-k], 


Tk f dxP,,(x)/[gE(k)+q-k], 


K,—w(k)J,/LE(k) +1). 


The integral J, in particular can be well approximated 
by expanding the denominator in k/E(k). This was 


partially done in reference 4, where in order to obtain 
the matrix elements —aBr(k) it is necessary to divide 
by the factor 


RLE(k) +1 LE) +1) 4 
cal Ia) 
8qF° 





In addition the anomalous moment contributions must 
be added. This will not be done here, however. We 
merely plot the Br(k) in Fig. 6. The quantities plotted 
are actually +6Br [see Eq. (19)]. Simple analytic 
forms for these quantities near threshold are given in 
Eqs. (27) and (32). 

The production into higher waves, />1, in Born 
approximation is shown graphically in Fig. 7. The 
quantities plotted are defined by the relation: 


> K.™(6)x°=8 & Br“gr” (6). 


j7,>1 


(22) 


In addition, the appropriate combination of isotopic 
spins is taken for x* production. Only two of the four 
functions for ++ production are important and none of 
those for x° production is important. The latter result is 
expected, as high partial waves arise only from the out- 
going meson current terms [such as process (a) of Fig. 4]. 
For negative-meson production K (r-)=— K(r*). 
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Fic. 6. Born approximation matrix elements to S and P states. 
Both photoproduction from protons and neutrons is considered, 
as indicated by # and n. The isotopic spin character of the meson- 
nucleon system is indicated as $ or }. In the $ p case the negative 
of the matrix element is plotted. In the T= # case, the matrix 
element for production from protons is shown, from neutrons the 
matrix element is equal but of opposite sign. The dashed curve 
is for the S state, the solid for the P} state with M =3, the dotted 
for the P} and the dot-dashed for the P} with M=}4. 
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III. COMPARISON WITH EXPERIMENT 


Using Eqs. (4) and (7), one obtains the differential 
cross section in ubarns/sterad for producing a meson of 
given charge from the calculated Ar and Br as: 


da/dQ= 445 (¢?/4m) (@*/4m) » | Xsos" |’, 


23 
BOX 4#= DY ar(Br cosir+ Ar sindr) exp(ir), a 
T=3,4 

where the ¢, are the angle spin functions given for S 
and P states in Eq. (17), and the factor 8 is defined by 
Eq. (19). Certain combinations of T=} and T=} 
matrix elements are taken to produce a meson of given 
charge. The required coefficients a7 yielding the various 
processes are: 


at,a-:  —(§)'(T=3)+(3)'(T=9), 
apy on: (3)*(T=3)+(§)(T=9). 


Writing out Eq. (23) explicitly for S and P states 
and grouping the higher waves as in Eq. (22), we have 
the expression most convenient for direct evaluation of 
the cross section in uwb/sterad: 


da /dQ=445 (e?/4ar) (G*/4r) | X s+K4'(6) 
-f (—Xpy+v2X p;') cos@ | : 
+ | Xpy+ (1/v2)Xp4*|? sin’ 


+$| Xp,}|? sin’e+ | K_4(6)|?. (25) 


The predictions and experimental results are gener- 


ally expressed in the form 
dat /dQ= A ot++A + cos+As* cos’, (26) 


for + production from protons, for example. One 

















as 4 + r 4 ‘ i 
“FG 135 180 


Fic. 7. Born approximation matrix elements summed for />1. 
For 265 Mev and 520 Mev Ejap’. See Eq. (22). 
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Fic. 8. The isotropic term Ao* in photoproduction of positive 
mesons from protons near threshold, vs the square of the center- 
of-mass meson momentum in units of wc. See Sec. III A. The 
correction due to the r+—7® mass difference taken from Table II 
would increase the cross section about 1 yb/sterad except at 
extremely low energy. The circles are weighted averages prepared 
by G. Bernardini from work at Illinois and Cornell. The crosses 
are points from California Institute of Technology of Walker et al. 
and Tollestrup ef al. (see reference 1). 


assumes in this expansion that D and higher waves are 
unimportant (except for S-D interference). Outside the 
extreme threshold region this is not true for charged 
meson production. It is seen in Fig. 11 that strong 
deviation from the form of Eq. (26) is predicted at 
extreme forward angles, 0< 20°. There are no extensive 
measurements that penetrate this region, so that in the 
following we will present the x* predictions in the form 
of the A’s of Eq. (26), using a least squares analysis of 
the predicted cross sections at 25°, 45°, 90°, 135°, and 
180°. The lower angle is omitted below 230 Mev. 


A. Charged Pions at Threshold 


Charged meson production near threshold is par- 
ticularly interesting because of the possibility of appli- 
cation of the Kroll-Kuderman theorem. To get a feeling 
for the situation, let us exhibit the S and P Born 
approximation matrix elements in rough analytic ex- 
pansions: 


BBs=(1/V2E)(k/q)‘L1—9/2+0(/¢)+0(¢) ], 
BBpy= (1/4V2E) (k/q)*L1 — (49/3) ], 
BBpy¥—}= (1/4E) (k/q){1—[3+ (27/3)q]}}, 
BBpy¥~'= (1/23) (k/q)*[1— (4—A)q]. 


(The nucleon mass, it is recalled, is set equal to unity.) 
The small role played by anomalous moment type 
processes is evident. 

The calculated (do/dQ) (90°) near threshold, dividing 
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out the kinematic factor 
x= (1/E*)(k/q), (28) 


as suggested by Bernardini in a similar analysis,” is 
plotted in Fig. 8 along with experimental data, with 
G?/4r= 15.7. The large contributions are Born-approxi- 
mation S wave, and also P$ wave production. The Born 
S and Born S-D interference and the full P3 term for 
M=} are plotted (for P3, M=}4 the matrix element 
is very small). The latter has the approximate analytic 
form: 


X py}=[ (0.31k/q)+0.74(3)! (6ss/k*) (kg)?], (29) 


with 633/%®~0.25 in units of 1/u*. We neglect the imagi- 
nary part of the matrix element. The second term on the 
rhs, the enhancement term, is approximately equal to the 
Born term at E}.)7= 265 Mev, but vanishes more rapidly 
at threshold. It seems accidental that the P§ contribution 
is just proportional to k*. It is seen that the S state con- 
tribution plotted this way is strongly energy dependent 
and is not a linear function of k? [at threshold the cross 
section reduces to 445(e?/4m)(G?/4a)XX 2/(2M+y)?]. 
It is important to note that the S-state contribution is 
not overwhelming at energies sufficiently high to have 
plenty of statistics. Thus a reliable estimate of the 
P-wave production is necessary. 

S-state enhancement contributions Ax were neglected 
in the calculations here or at higher energy for positive 
mesons. It is fairly well established experimentally that 
the S-wave phase shifts are: 


53= —0.11k/p, 
5, =0.16k/u, 


at least for Eis," 100 Mev.” Meanwhile the TD theory 
of scattering yields 


§;= —0.38k/p, 


and is inadequate to make a prediction for 6,. To get 
a rough idea of the enhancement in this situation, the 
quantity A was taken from the TD S-state calculation 
for T= (Table I) and the ratio A/B assumed to be 
the same in both isotopic spin states. Then the experi- 
mental phase shifts of Eq. (27) were used. The resulting 
enhancement term is small: X5~ 1.056Bs. 

Corrections have been calculated to account for viola- 
tion of conservation of isotopic spin resulting from the 
mass difference between charged and neutral mesons.*! 
This correction has not been included in the curve, 
Fig. 8, or in the cross sections, Eqs. (27) and (29). The 
calculation of this correction is given in the appendix. 


*G. Bernardini and E. L. Goldwasser, Phys. Rev. 95, 857 
(1954). 

*® J. Orear, Phys. Rev. 96, 178 (1954). 

3 The author would like to thank Dr. L. J. Koester for arousing 
his interest in this problem. H. P. Noyes, Phys. Rev. 101, 320 
(1956) has investigated the effect of nonconservation of isotopic 
spin on low-energy pion scattering. Basically, his considerations 
differ from the pews ones in that he assumes pion-nucleon 
interactions which may be long-tailed, while we employ a theory 
where this does not occur. 
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It is based on the assumption that for sufficiently small 
r, ¥"%(r) does not depend on small changes in the 
meson masses. The corrected cross sections are ex- 
pressed as functions of x= 2(ko—k,)/(Rot+k,) and are 
proportional to the cross sections calculated assuming 
equal masses. In the § state the corrections to the cross 
section are of order (6x)? and can be neglected [see Eq. 
(A1) ]. In the P states the corrections are of order x 
and are important. Let yo’, u,* be the experimental 
nm, x* masses, respectively. Indicating which masses are 
employed for x° and z* in the calculation by the nota- 
tion o(uo,u,), the corrected P state cross sections are 
[from Eq. (A3) ]}: 


2e*+—1 \ ky 
ot (uc® m+*) _ o*(wo° uo") ( i- ——*) em 
tkro ko 


2e*%o—1 ) Ro 
ky 


0° (mo® My*) = 0° (uy my *) ( LAE PW ag 
tkro 


where 6, and 6» are defined in Eq. (A2). Using the cal- 
culated cross sections to make the transition o(u4°,u4°)—> 
o(o*,uo°) we find for example the production into the 
P% state to be (assuming 6331, 5:3=0): 


o* (0° my®) = {1+[2— (4633/3kr0) Jot (uy*my’), 
0° (wo oy) = {1—[3— (8633/3kr 0) ]x}o° (uo®,mo’), 


where the cross sections of the right-hand side are those 
we calculated before considering the mass difference. 
It is seen that the radius, ro, dividing the free-particle 
region from that of strong interaction, enters explicitly 
(it does not for the S waves). This would not be a satis- 
factory situation if we wanted more than a rough idea 
of these corrections. We will take ro=3u. The correc- 
tions to the P$ cross sections are given numerically in 
Table II. 

The associated predictions for A,*+ and A2* are shown 
in Fig. 10. Extensive experimental data below 230 Mev 
from the same experiment yielding the results for Ao* 
(Fig. 9) are not shown. The errors on these data are 
about the same as those shown as higher energy. The 
predicted A+ curve agrees well with these data, while 
the A,* approaches closer to zero than experiment, the 
upper ends of the experimental bars roughly coinciding 
with the predicted curve. The quantity A+ is prin- 
cipally due to the contribution of the P}, M=} term 


(31) 


TABLE II. Relative corrections to be added to P$ cross sections 
due to the +*+—7® mass difference. 








x production 
— (3 — (1653/3) )x 


—0.74 
—0.37 
—0.25 
—0.18 
—0.14 
—0.08 
—0.04 


E,\ab x* production 
(Mev) [2 — (8ubss/3k) Je 





160 0.50 
0.26 
0.17 
0.13 
0.10 
0.06 
0.03 
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given in Eq. (29), while A,* is due to the S wave inter- 
ference with the difference between contribution to the 
P} and P3, M=} waves. 

In addition to these r+ predictions the predicted a 
cross sections may be compared with experiment. The 
o~/o* ratio at k=O for production from deuterium is 
found in the recent work of Beneventano et al. to be 
1.80+0.15. Coulomb corrections will reduce this result 
about 10%. The predicted value for o~/o* is the same 
here as in perturbation theory, i.e., [(M+p)/M P= 1.32. 
This result is insensitive to enhancement of the S state 
matrix element. Such enhancement contributes about 
equally to the two processes. There is, however, con- 
siderable question as to the significance of this com- 
parison of single-nucleon calculations with deuteron 
data.” The data actually contain a rather sharp increase 
in o~/x as threshold is approached (in the region up to 
50 Mev above threshold). The theory under discussion 
offers no hint as to the explanation of this rise. 

In light of the above comparisons, we note two points 
relative to the application of the Kroll-Ruderman and 
similar theorems. The enhancement contribution in the 
S state is estimated above to be small only because the 
experimental phase shifts are roughly equal and oppo- 
site. We see that, if one considered instead the a priori 
reasonable phase shifts 6,=6;~k/M, one would obtain 
a considerable enhancement term for the charged photo- 
production matrix elements, a term approximately of 
order (u/M) compared to Born approximation. Now 
the Kroll-Ruderman theorem predicts such terms to be 
(u/M)?, and the theorem is sufficiently general to de- 
scribe more theories than the true theory yielding the 
phase shifts (24). This is probably not a disagreement 
with the theorem which results from our approximations 
but is perhaps an example of the possibility of terms 
formally of order (u/M)’, say, to appear as terms of 
order In"(M/u)(u/M)?. The second point is the example 
of how the coefficients of various terms of relative order 
u/M, (u/M)?, etc., may become large due to resonance 
processes, so that one may observe large contributions 
for other than leading terms in the series. One, of course, 
observes this substantial deviation from Born approxi- 
mation in the P$ production. 

There are apparent two immediate weaknesses in the 
theory as used to predict charged pion photoproduction 

Tn these experiments, Eip7 is calculated from the observed 
meson energies, assuming that the meson was produced from a 
free nucleon at rest. Within 50 Mev of threshold, the relative 
energy of the two final nucleons is a fraction of a Mev. There 
has been no published treatment of the problem taking the strong 
interactions of these two nucleons into account at these energies. 
The question is whether or not there might be sufficient difference 
between the m-n and p-p systems to explain the different behavior 
of «+ and ~ cross sections. Without extensive investigation it 
can be observed that correcting for this effect is in the direction 
of reducing o~/o*. If there is a strong very-low-energy nucleon 
attraction in the final state, the energy of the incident photon is 
lower than one would otherwise calculate from the observed pion 
energy. Thus there are relatively more events near threshold for 
o* than one calculates using single-nucleon kinematics. Another 


way to look at this question is to ask: How reliable is the extra- 
polation to threshold considering the lack of knowledge of Ej417? 
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near threshold. One was choice of the coupling constant 
(call it G,) to be equal to that used in the scattering 
problem (i.e., equal to the G, which was fitted to the 
3,3 scattering data). We used a partial and approxi- 
mate renormalization procedure to make the photo- 
production calculation consistent with that for scatter- 
ing. The more correct the final state wave function used 
in this calculation the closer should be the agreement 
between G, and the correct renormalized constant. The 
coupling constant, G,, appearing in the scattering inte- 
gral equations (the latter are finite but high-momentum 
mesons make large contributions) is also an approxi- 
mation to the renormalized constant. The relation 
between G, and G, is otherwise obscure. A second weak- 
ness in the predictions lies in handling the S state 
enhancement. The estimate of this contribution as 
small is probably correct, but it may not be so small 
as to exclude quantitatively significant effects, consider- 
ing the accuracy of the data now becoming available. 


B. Neutral Pions at Threshold 


Neutral meson production proceeds qualitatively 
through an M1 transition to the P$ state without the 
large Born approximation S wave production that 
occurs for charged pions. Near threshold, however, we 
are in an advantageous position to observe the S and 
P} 2° production. 

The Born approximation matrix elements near thresh- 
old are approximately : 


BB s= (1/2) (kq)*(1+2), 
BBpy= (1/3E) (k/q)'g(1+2), 
BBp;'= — (1/6vV2E) (k/q)*g(1+A), 
BBpy!= (1/24/6E) (k/q)'g(1+2). 


The simple and important way in which the anomalous 
moment f=}(up,—u,) enters is of interest. The corre- 
sponding + matrix elements were given in Eq. (27). 

The S-state enhancement will now be important as 
the production into the S state arises from the difference 
between large T=} and 3 matrix elements. This en- 
hancement is estimated, as above, by using the Ag of 
the theory in conjunction with the empirical phase 
shifts of Eq. (28). The full S and P3 matrix elements 
near threshold are then approximately : 


X's= (1/2E)(k/q)*[ (0.42g/u) —0.24], 


X py = — (1/E) (k/q)'[ (0.050k/n) 
+0.25 (533/R*) (kg)? ], 


X py~1 = (1/E) (k/q)*(0.086k/y) 

+0.60 (533/h*) (kg)? ] 
where the Born and enhancement terms are exhibited 
separately in that order and (63;/k*)~0.25 in units of 


1/y*. The effect of the r°—a+ mass difference has not 
been included in Eqs. (32) and (33). 


(32) 


(33) 
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Fic. 9. Neutral pion photoproduction from protons. Semilog 
plot of total cross section near threshold. The filled-in circles 
were taken from Mills and Koester (see reference 34). The crosses 
are points from Goldschmidt-Clermont et al. (M.I.T. group), and 
the open circle from Oakley and Walker. See reference 2. The 
partial contributions of S and P$ wave production are shown. 
The correction due to *+—7® mass difference as given in Table IT 
is included. 


It is seen that the S wave production becomes small, 
as is observed experimentally, only through cancellation 
by the enhancement term (this term is but crudely 
estimated here). Note that complete cancellation is not 
possible as we have neglected the imaginary part of the 
matrix element.* Thus an S term with one higher 
power of & than that shown in Eq. (33) must at least 
be present. 

The P$ matrix elements come almost entirely from 
magnetic dipole contribution. In the region where 
kigi/y?~1, the ratio of M1 to E2 matrix elements, 
defined analogously to the B’s of Eq. (18), is 


Xui/Xz2= 15. 


Meanwhile the ratio of the Born term to enhancement 
term in X (41) is 1/1.6 and not zero as has been assumed 
in other theoretical approaches. Both of these ratios 
become smaller at higher energies. 

An interesting aspect of the calculation is that the 
P} contribution [Eq. (32)] is comparable with the P3. 
The ratio is 

Xp;/Xm=0.55, 


taking k4g!/u?~1. The effect of this P} contribution is 
to increase the magnitude of the coefficient of the cosé 
term in the matrix element, thus increasing — A; and A». 
% Watson (reference 5) has derived, as a consequence, an in- 
equality for Xs in terms of the r* matrix element which for small 
phase shifts is 
|Xs| 2 $(6:—4s)6Bs (x*) ~0.09(k/u) (1/V2E) (k/q)4. 


In Fig. 9, we have plotted the total cross section 
including the correction for the x+— 7° mass difference.* 
The predicted cross section is somewhat high near 
threshold. This difficulty may be associated with the 
poorly evaluated S wave production. The angular dis- 
tributions are shown in Figs. 13 and 14. It is seen that 
both Ao’ and A,° are too small in magnitude§ in the 
threshold region even where the total cross section pre- 
dictions are fairly good. There are sizeable experimental 
errors and discrepancies (some of the latter are probably 
just a question of energy resolution which, for example, 
might shift some M.I.T. points 5 or 10 Mev upward). 
As a result one has difficulty in pinning down which 
partial wave contributions are incorrectly predicted. It 
seems clear, however, that consistency requires that 
A?’ should be much more negative than predicted. This 
would allow a slightly larger A,’ and leave room for ad- 
justment of or [where, of course, or=4a(Ao+}4Az2) |. 
This is a deficiency in the theory which is independent 
of the S-wave production. There are two possibilities: 
(a) a strong reduction in the P} contribution will 
accomplish a decrease in A» as would (b) a strongly 
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Fic. 10. Differential cross section for positive pions as do/dQ 
=A ot+A,* cos#+A.* cos’#?. The experimental points are taken 
from the consensus of California Institute of Technology, Cornell, 
and Illinois work, prepared by Walker et al. See reference 1. 


* Note that the threshold points of Mills and Koester (refer- 
ence 2) and L. J. Koester (private communication) involve 
assumption of the ratio A,°/A,’~—0.6. But they are insensitive 
to this assumed ratio. For example, their or would be increased 
5% at 180 Mev and 10% at 140 Mev by assuming A.°/Ao?=0. 

§ Note added in proof.—It has been suggested to the author 
that it would also be interesting to divide the matrix elements 
into the different contributing physical processes. Let us divide 
the processes according to whether the photon interaction is with: 
(a) meson current (not including anomalous moment type proc- 
esses), (b) nucleon current (not including anomalous moment), 
(bA) anomalous moment. The approximate ratios of the contribu- 
tions of (a), (b), (bA) in that order to the following T=3/2 
matrix elements, are: M1 (Born) 4:2:7, M1 (enhancement) 
2:1:7, E2 (Born or enhancement) 9:1:0, S (Born) —1:6:2. These 
numbers apply at 265 Mev. 





THEORY OF PION PHOTOPRODUCTION 


increased E» contribution, i.e., a more positive P,;¥“=} 
matrix element. Empirically the possibilities (a) and 
(b) might be distinguished if we assume that the energy 
dependence of the discrepancy in A» must have a reso- 
nance behavior, if it proceeds through the P} state. 
With the present data and theory, we cannot be sure 
whether this effect shows a resonance. We illustrate 
this situation by plotting the differential cross-section 
predictions after setting the P} matrix elements equal 
to zero. There is sufficient improvement so that remain- 
ing differences could arise from a variety of relatively 
unimportant theoretical or experimental sources. 


C. Higher Energies 


Comparison of experiment with prediction for do+/dQ 
as a function of energy is shown in Fig. 10, while do+/dQ 
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Fic. 11. Differential cross section for positive pions at 265 Mev. 
The dashed curve is the least-squares fit to the solid curve at 
25°, 45°, 90°, 135°, and 180°, assuming no higher terms than cos’. 
The filled-in circles are from Walker et al. at 260 Mev, the crosses 
from Tollestrup et al. at 260 Mev. The open circles are from the 
data of Repp at 267 Mev. See reference 1. 


at 265 and 455 Mev is shown in Figs. 11 and 12. To 
give some feeling for these predictions, let us examine 
a simple approximate expression for the differential 
cross section. We use the approximation 
| Xpy|?= | @,By+ a4 (By cosd33+ Ay sindss)e% |? 

band (B COS633-+ A sind33)?= (A+ B*) sin (533+), 


where 


(34) 


a=tan-'(B/A). 


The strongly enhanced P$ contributions then have the 
form of peaks shifted from the scattering peak as a 
result of the production into plane waves. In the region 
250-400 Mev the principal contributions to o*+ are then 
approximately (in ub/sterad) : 


Agt=[6+16.5 sin* (635+ 36°(g/1.8)) ](u/k), 
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Fic. 12. Differential cross section for positive pions at 455 Mev. 
The dashed curve is the least-squares fit to the solid curve at 
25°, 45°, 90°, 135°, and 180° assuming no higher terms than ' 
cos’. The circles are the points of Walker et al., the squares of 
Tollestrup et al. The filled-in points are at 440 Mev, the open 
points at 470 Mev. 


where the constant term is due to § and />1 waves. 
A = —9 sinds3 COS633 (14, ‘k), 


where this contribution is the S interference with en- 
hancement of the P;“=! wave. 


Agt= — {13 sin*[633+36°(¢/1.84) ]—2} (u/), 
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Fic. 13. Differential cross section for neutral pions from protons 
as do/dQ=A +A? cos#+ A>» cos’. The upper curves and points 
refer to Ag’, the lower to A,°. See Fig. 14 for Az. See text for 
explanation of dashed curve, Sec. III B and D. The crosses are 
points of Goldschmidt-Clermont ¢fal., the filled-in circles of 
Walker et al., the open circles of Oakley and Walker. See refer- 
ence 2. See also reference 35. 
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TABLE III. Properties of P} matrix elements. 








Eiab? 538 | Xuit/Xget| 


| X*/Bt| an 


| X+/Bt| ge | Xui9/X B2| | X°/B°| a 





2.66 
3.65 
3.01 
1.45 


265 27 
310 62 
390 115 
455 130 


1.93 
2.14 
0.93 
0.41 


1.08 9.0 3.8 
0.98 5.9 4.8 
0.62 5.8 3.0 
0.62 4.2 1.6 











where the constant term in the bracket is due essentially 
to S-D interference. The photon momentum g=1.8u 
occurs aS E}4)7=330 Mev. The phase shift, 533, used in 
the figures is that of Kalos and Dalitz'* reduced slightly 
at the highest energies to conform with experiment* 
(typical values of 53; used are given in Table III). It is 
seen that although the pion scattering resonance occurs 
at say 195 Mev in the laboratory, corresponding to 
345-Mev photons, the peak will be shifted down about 
40 Mev (near 633;+36°=90°). We dissect the P$ con- 
tribution to do+/dQ in another manner by exhibiting in 
Table III the ratio | Xx;/Xx2| [using definitions analo- 
gous to Eq. (18) ]. These matrix elements X are then 
expressed as sums of two terms: the Born and enhance- 
ment contributions. The ratio of the absolute value of 
X to the Born contribution, abbreviated | X/B| ni, for 
example, is tabulated. 

Thé importance of the Born contributions is obvious. 
One remaining feature may be pointed out again: the 
peak at extreme forward angles due to D- and F-wave 
interference with S and P waves. The relevant matrix 
element (K,! of Fig. 7) is increasing with energy 
roughly as (k/g)'. Experiments to find this will have to 
be done inside 15° c.m. and preferably at the cross 
section resonance or higher energies (to avoid the can- 
cellation of the S- and P-matrix elements in the forward 
direction at lower energies). 

As a function of energy, dop®/dQ is exhibited in Figs. 
13° and 14. In Fig. 15, dop®/dQ is plotted at 260 Mev. 
The motivation for the latter plot is merely to contrast 
the more difficult ° experiments and their lack of points 
in the forward direction with the z+ experiments. The 
approximate analytic expressions for 7p’, valid say from 
250-400 Mev, are: 


Ag = 22(1.8/q) sin®(S3:+11°(g/1.8u)2)+2 sin?(83s— 35°), 


where the first term is the P;“=! (essentially M1) pro- 
duction and the second term arises from P} and P;¥=! 
contributions. 


A,®= —2.8(q/1.84)(1+2.3 sind33 cosd33), 


where the first term in the parentheses gives the Born 
approximation S-P interference and the second the 
enlianced P} wave interference with the S wave. This 


35S. Lindenbaum and L. Yuan, Phys. Rev. 100, 306 (1955). 

36 Data on do/dQ (135° c.m.) of Koester (reference 2) are not 
included because we don’t have sufficient information to cal- 
culate the A®’s from these data. The quantity is best a measure 
of A;° when combined with ¢7 and one finds, for example, assuming 
that A.°/A = —0.6 that A;°= —0.9+0.2 at 200 Mev. The result is, 
however, fairly sensitive to the assumed A2°/A 9’. 


is the only place where S waves play a role. 
AP= —Ao’+10 sin*[ 633+ 26° (g/1.8u) J, 


where the new term is a sum of further contributions of 
P} and the enhancement of the P;“=! waves. In Table 
III we again dissect further the P3 contributions to 
op® as discussed in the above paragraph (note that Br» 
for 1°’s is essentially zero). We have an important dis- 
crepancy between theory and experiment in that the 
theoretical A» is too positive at the peak and below.|| 
This may be explained by (a) a reduced P} matrix 
element or (b) an increased enhancement of the P3 E2 
contribution as discussed in the previous section. Either 
(a) or (b) would tend to eliminate the term added to 
— Ao in the expression for A» above. 


D. Conclusion 


This calculation consists of an evaluation of the 
enhancement of a production process due to final-state 
scattering, and proper combination of this matrix ele- 
ment with that associated with production into plane 
waves. 

Let us first discuss the magnitude of enhancement. 
Does this provide a test of the meson theory independ- 
ent of the two well-established experimental tests, i.e., 
of the coupling constant, through the threshold limits 
of photoproduction and p-wave scattering (particularly 
o* as discussed in the Kroll-Ruderman theorem), and 
the P} resonance energy? Technically the enhancement 
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Fic. 14. Differential cross section for neutral pions from protons. 


See caption of Fig. 13 for explanation. 


|| Note added in proof.—More recent data reported by Corson 
(Proceedings of the Sixth Annual Rochester Conference on High 
Energy Physics) leads to a considerable improvement of the 
theory with experiment. 
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must be a further test of the theory since it involves 
the magnitude of the final state wave function at small 
distances, which is not a quantity simply related to the 
phase shifts, but depends on the details of the inter- 
action. It may not provide a sensitive test (see below). 
At least the calculations using a static source and this 
relativistic calculation do not lead to quantitatively 
different enhancement effects. It should be repeated, 
however, that it is a test. Calculations of the magnitude 
of enhancement of other pion production processes such 
as y-d, p-p, m-p, have been consistently made without 
a satisfactory investigation of the behavior of the final 
state function at small distances. These calculations 
involve models or approximations which fit the asymp- 
totic wave function but seem arbitrary at small dis- 
tances (i.e., in their off the energy shell components). 
The magnitude of the enhancement is correspondingly 
arbitrary. 

The form of the matrix element, Eq. (5), as a sum of 
the scattering and plane-wave (Born) terms with the 
phase shifts explicitly exhibited is borne out as con- 
venient by this calculation. The terms A and B are 
indeed slowly varying with energy except at threshold 
where the rapid behavior is predictable. In addition, 
corresponding terms are of the same order of magnitude 
in adjacent spin-isotopic spin states. To further examine 
this point the terms A for the P} and P3, T= states 
were calculated and found to be similar to those ex- 
hibited in Table I (they are somewhat smaller than the 
A associated with the attractive P3, T=% state). Thus, 
for example we know that there is little enhancement 
in states with little scattering. The simple result of 
Eq. (34) also follows, giving the height and shift of the 
resonance peak which provides a very simple under- 
standing of the magnitudes and positions of the r+ and 
x production peaks. A specific feature which is inter- 
esting is that the enhancement to Born ratio in the M1 
matrix element to the P3, T=#% state is not much 
greater than one (i.e., A/B~ 2.5 at the resonance energy). 
Thus it would generally be dangerous to examine more 
than qualitative features of a production process if it is 
assumed to proceed entirely through this final state 
scattering mechanism. The production models men- 
tioned above often depend on a larger value for the 
enhancement. The r° P-wave production is, however, 
fairly amenable to a discussion based on enhancement 
alone. There, with isotopic spin cancellation in the 
Born term, the enhanced matrix element is more than 
5 times the Born. 

In repeating some of the pitfalls of this approximate 
calculation, we shall end on a note of caution. The 
obvious weakness of the final-state wave function in its 
emphasis of very high momentum components may not 
play a very important role in the photoproduction. 
This may be true to the extent that the photoproduction 


37 These ideas were used without much justification in refer- 
ence 4. 
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Fic. 15. Differential cross section for neutral pions from protons 
at 260 Mev. The crosses are points of Goldschmidt-Clermont et al. 
averaged from 240 to 280 Mev. A typical experimental error bar 
is shown on one point. The circles are points of Oakley and Walker 
at 270 Mev. See reference 2. See text for explanation of dashed 
curve, Sec. III B and D. 


matrix elements (Fig. 5) do not extensively involve 
high-momentum intermediate states, coupled with the 
fact that the final state wave function is quite flat 
through a wide momentum range. But, taking the 
final-state function for granted, let us consider two 
other difficulties. The approximation to the gauge- 
invariant M1 matrix element is probably not very 
accurate because high momentum components still play 
a role (Fig. 5). At the same time the explicit production 
coupling constant, Gy, was chosen equal to G,, that 
used in the scattering integral equation. The resulting 
nm peak seems to agree with experiment. But the rela- 
tive size of the M1 matrix element and the size of the 
appropriate coupling constant are probably both in 
error and this particular agreement is a coincidence. 
Further features of the comparison of theory with ex- 
periment show significant deviations. For example, the 
fact that the £2 r° production must be larger or the 
P} smaller to bring some important theoretical features 
in line with experiment has been pointed out. Although 
it seems reasonable that the enhanced 7° production 
should be M1, the deficiencies of the theory just men- 
tioned are such that the former possibility seems the 
easier to accept. The latter possibility would not indi- 
cate an enhancement effect but a difficulty with the 
Born term, thus indicating that the threshold theorem 
in the P} state does not yield a rapidly converging 
series. 

The author would like to thank Professor H. A. Bethe 
for suggesting this problem and Dr. N. Austern and 
Dr. R. L. Mills for interesting discussions. He would 
like to express his appreciation for the hospitality of 
Cornell University where this work was initiated while 
the author was a National Science Foundation Post- 
doctoral fellow. 





776 


APPENDIX 


We want to consider the effect of the r+—7° mass 
difference on the production processes 


yt+port+n, 
+ p. 


We assume that the basic effect is the difference in 
momentum that now characterizes the two events. At 
distances close to the nucleon, say r<r;, there is a 
region throughout which the final state wave function 
y%D(r) is characterized by relatively high momenta. 
More particularly, in this region the curvature of 
vy“) (ry) is much more rapid than that of a free-particle 
function characterized by ku (analogous to a potential 
deep compared to k?/u) and much more rapid than that 
associated with the mass difference Ay which will be 
characterized by the quantity (wAyu)!. At large dis- 
tances, say r>ro, ¥"*:)(r) takes on the free-particle 
form. The thickness of the boundary between the inside 
and outside region is small compared to the effect of 
the mass difference. In fact 


roK1/(udp)!. 


This follows from the nature of the meson-nucleon wave 
functions that are being considered here.*' Once the out- 
side and inside regions have been defined, the basic 
assumption can be made that isotopic spin remains a 
good quantum number in the inside region and the 
shapes of the various inside wave functions are un- 
affected by considering the pion mass difference (i.e., 
a characteristic virtual momentum / will differ rela- 
tively little from p’, where (u?+ p*)'=[(u+Ay)?+p?}). 

In the outside region, we have the asymptotic radial 
functions 


Pal (r)~A (e~**ar, ker)+ (etter ker), 
We") (r)~ Be-**6"/ker, 


where we are considering the production of mesons of 
type r*, and yq is the projection of the wave function 
which is associated with the meson 7%, etc. The coeffi- 
cient A is given by an appropriate combination of phase 
factors determined by the scattering phase shifts, and 
ka=kg, if ua=mus. Assume we have calculated the pro- 
duction matrix element setting wea=ug=pg", where pg? 
is the experimental or correct value for the mass of zg. 
In making the correction ua—ya‘, the logarithmic de- 
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rivative, 


Ya0)"(re) a (79), 


will remain the same. Then, since the inside wave func- 
tion in each isotopic spin state remains the same, the 
combination of isotopic spin states inside required for 
m* production, remains the same. Thus the logarithmic 


derivative, 
Ye" (re) al (10), 


will not change. This condition on Yq immediately de- 
termines the new value of the coefficient A and thus 
the new value of Wa“: (ro). Let, us use the notation 
Wa(uastp7) and MWa(uas) to indicate the final-state 
function and matrix element as functions of the meson 
masses employed for r* and +*. Then the correct matrix 
element is given by the ratio: 


Me (ta® Mea’) Va (Ma’Ma°,70) 


Ma (u Be’) Va (u 8°,ép*,7o) 


The result for S waves is approximately 


Ra=1+ 15 a(ka—kg)/ka, (Al) 
where da, kato, and kgro were assumed to be small com- 
pared to one. The quantity 6, is given for neutral and 
positive mesons in terms of the appropriate partial- 
wave phase shifts 4; and 4, (for isotopic spin } and 3, 
respectively) as 


e-Pilo — 2 ¢-Pids 1 e2ibi 


(A2) 


~28+— 1 2 —2i 
€ aib+ =} ribs 26 2ib1 


The result for P waves is approximately 


Ra=1+[ (2 *e—1)/ikro |x, (A3) 
where these are the first terms in an expansion in x, 
with x= (ko—k,)/k, R=4(ko+k,). The + signs apply 
to r° and x* production, respectively. These results are 
used to correct calculated cross sections in Secs. III 
A and B. 

These results can also be applied to pion nucleon 
scattering. It is indicated that in r* or m° S state 
processes the mass difference has no important effect 
(ie., |Ra|?~1). One should just employ the appro- 
priate momentum in the expression for initial flux and 
density of final states. This is in disagreement with the 
result of Noyes.*! 
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In this note, the expected - and K-meson multiplicities resulting from the annihilation of a nucleon pair 
at rest have been calculated on the basis of two versions of the statistical theory: the Fermi and the 
Pomeranchuk-Landau models. The Fermi model yields smaller pion multiplicities and larger probabilities 
for K-meson pairs than does the Pomeranchuk-Landau model. 





INTRODUCTION 


T is now well established experimentally that 

multiple production of mesons takes place in nuclear 
collisions of sufficiently high energy.' In view of the 
doubtful validity of the perturbation method for calcu- 
lating the cross sections for these events (which cor- 
respond to higher order processes), various phenomeno- 
logical (statistical) theories’ have been put forward. 
The central idea of these theories is to exploit the large 
strength of the interaction in order to formulate a 
model which should be valid asymptotically in the 
limit of very strong interaction. However, usually the 
basic “ansatz” can be formulated in different ways. 
Calculations based on these various theories for nucleon- 
nucleon and pion-nucleon collisions have been given 
elsewhere.‘ 

However, for one interesting case, the uncertainties 
of the various multiple-production theories are con- 
siderably reduced: this is the annihilation of a nucleon 
pair. Perturbation calculations have been made of this 
annihilation process by Helstrom,® by Ashkin, Auer- 
bach, and Marshak,® and by McConnell.’ It has been 
shown that the mesonic annihilation into a pair of 
spin-zero mesons (scalar or pseudoscalar) has a 1/2 
dependence and the average lifetime of a slow anti- 
proton (or antineutron) is probably longer than the 
time that it would take the antiproton to be slowed 
down and be captured in an orbit about the nucleus. 
The annihilation would then proceed extremely rapidly. 

The most important point to note is that the annihi- 


* On leave of absence from the Tata Institute of Fundamental 
Research, Bombay, India. 

1 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 91, 
758 (1953) ; 95, 1026 (1954). 

2 Sands, Bloch, Tuesdale, and Walker quoted in H. Bethe and 
F. de Hoffman, Mesons and Fields (Row, Peterson and Company, 
Evanston, 1955), Vol. IT. 

3E. Fermi, Progr. Theoret. Phys. Japan 5, 570 (1950); Phys. 
Rev. 81, 683 (1953); 93, 1434 (1954); Elementary Particles (Yale 
University Press, New Haven, 1951). W. Heisenberg, Nature 164, 
65 (1949); Z. Physik 126, 569 (1949); 133, 65 (1952). H. J. 
Bhabha, Proc. Roy Soc. (London) A219, 293 (1953). L. Landau, 
Izvest. Akad. Nauk U.S.S.R. 17, 51 (1953). I. Pomeranchuk, 
Doklady Akad. Nauk U.S.S.R. 78, 88 (1951). 

4 See references quoted in H. Bethe and F. de Hoffman, Mesons 
and Fields (Row, Peterson and Company, Evanston, 1955) Vol. 
II, and R. H. Milburn, Revs. Modern Phys. 27, 1 (1955). 

5 C. W. Helstrom, Phys. Rev. 78, 88(A) (1950). 

6 Ashkin, Auerbach, and Marshak, Phys. Rev. 79, 266 (1950). 

7 J. McConnell, Proc. Roy. Irish Soc. A50, 189 (1945) ; A51, 173 
(1947); A56, 45 (1954). 


lation takes place practically at rest and hence there is 
no Lorentz contraction of the fundamental volume in 
the center-of-mass system. Hence, there is no anistropy 
in this system and this reduces the uncertainty in the 
predictions of the various theories. 

As the first model for the calculation, we take the 
statistical version of Fermi’s theory. The importance of 
imposing rigid momentum conservation has been 
pointed our by Lepore and Stuart® and, in greater 
detail, by Milburn.’ In the following section we shall 
outline the calculation, following Milburn. It is shown 
subsequently to what extent the calculations are 
changed by taking account of the interaction of the 
outgoing mesons (Pomeranchuk-Landau model). 


STATISTICAL THEORY 
The transition probability per unit time is given by 
w= 2r|Kyi|2(dN/dW), (1) 


where 3C;; is the matrix element of the interaction and 
dN/dW is the density of states. The statistical assump- 
tion is that 


Hyi= AGI(O/V)}, (2) 


where Q is the interaction volume, V is an arbitrarily 
chosen normalization volume (which drops out in the 
final result), G takes account of the symmetry character 
of the final state, and A is a constant independent of 
the particular final state (provided it is consistent with 
all the conservation laws) and serves only to determine 
the over-all transition rate. This last may hence be 
omitted in the calculation of branching ratios for the 
various processes. The vanishing of the matrix element 
if the conservation laws are not obeyed can be taken 
care of, by considering in dV /dW only the region of the 
phase space accessible without violation of these laws. 

Pauli’s method of replacing conservation laws by 
discontinuous factors in the phase space factors has 
been used by Lepore and Stuart to deduce the density 
of accessible states in multiple meson production. The 
general formulas do not lend themselves to easy manipu- 
lation, and it is preferable to consider certain simplified 
cases and estimate the errors introduced. We shall see 


8 J. V. Lepore and R. N. Stuart, Phys. Rev. 94, 1724 (1954). 
®R. H. Milburn, reference 4. 
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TABLE I. Symmetry factors to take account of the complete 
symmetry of the final state and of the conservation of isotopic 
spin. The symmetry factor G(nz,nx;I)=JU(n,,nx;I)/ne\nx!, 
where 9l(n,,nx;I) is the number of representations for m, pions 
with T=1 and mx K mesons with T=} coupled to total isotopic 
spin J. The entries are i(nz,nx;/). 








IU(n,0 37) 
a Dik Seem ee ee ABD 


3 6 15 % 9 232 3 
6 1 3% D1 232 GS 1585 


I (n,2 51) 














that the predicted multiplicities are quite insensitive 
to the simplifications. 

We have considered the possible production of heavy 
mesons (7, K etc), collectively called K mesons, with 
a mass mx~965 electron masses. We assume that K 
mesons possess spin 0. It has been fairly well established 
by experiment that the production of these unstable 
particles is subject to an additional conservation rule, 
the conservation of “strangeness.” This has the effect, 
for the case under discussion, of allowing production of 
K mesons only in pairs (either a K+—K° pair, a 
K+— K~ or a K°—K’ pair). This conservation law has 
been imposed in computing the probable multiplicities. 

The simplified cases have been chosen so as to 
sandwich the actual case. The three cases considered 
are 


(a) All mesons are relativistic; 

(b) All mesons are nonrelativistic; 

(c) The K mesons are nonrelativistic but the pions 
are relativistic. It is convenient to express all masses 
in units of the nucleon mass and all energies in units of 
the rest energy of the nucleon. The appropriate densities 
of the states are 


aN (—) (4n—4)! 
dw wi\2 (2n—1) !(2n—2) !(3n—4) ! 
dN (8n*)""(mgx"*m,"*)3 

dw 





(nxmx+n,m,)! 
(W- NnKMxK— nzm,)>"/2-8/2 
——, (3b) 
P(3(mx+n,—1)) 
dN (24mx)*"*-» (8x) "* 
dw 








(nxmx)! 


(W- NKMk— n,m,)*! ngt+$nK)—5/2 


scettamamament, l'(3(mx+n,—1)) 


#” M. Gell-Mann, Proceedings of the International Conference 
on Elementary Particles, Pisa, 1955, Nuovo cimento (to be 
published); R. E. Marshak, University of Rochester report 
NYO-7138 (unpublished). 
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where n= n,+nx, and W= 2.00, mx=0.520, m,=0.148. 
With this choice of units, the relative probabilities are 


d 
P(n,,nx) = G(0.9452/Q5)"- -_ (n,,Nx), (4) 


where"! Qo=$2(h/m,c)®, h/m,c=14X10-" cm is 
the fundamental “volume” in which the annihilation 
takes place. It is to be noted that in the present case 2 
does not involve any Lorentz contraction factor. We 
shall disregard the factor (0.9452/Q)"— for the calcu- 
lations in the present section. 

The symmetry factor G takes care of automatically 
restricting the final state to be symmetric! for the 
interchange of identical bosons and is constructed so as 
to conserve the isotopic spin. It is given by: 


MN (n.,NK I) 
te! Gnx) FP 


and is tabulated in Table I. 

Using these expressions, the average and root-mean- 
square multiplicities of pions and of the total number of 
mesons have been computed. Since the K mesons are 
produced in pairs, if at all, it is more significant to give 
the percentage probability Px for a K-meson pair to be 
present. The results are summarized in Table II. 

It is worthy of note that the average multiplicities for 
the three cases considered do not differ much and give 
a total number of mesons of 2-3. In approximately half 
of the cases, a K-meson pair is also formed. The approxi- 
mate agreement between the average and root-mean- 
square values shows that the fluctuations in these 
numbers is rather small. 


(5) 


EFFECT OF A FINAL-STATE INTERACTION 


In the above we have tacitly assumed that the 
branching ratios were given essentially by the phase 
space factors. Heisenberg’ has considered the production 
of mesons in nuclear collisions as a shock-wave problem, 
described by a nonlinear equation. The theory, while 
not directly applicable to the annihilation of a nucleon 
pair at rest, contains a point worthy of notice and this 
is the “propagation” of the nonlinear “shock wave.” 
This would have the effect of dissipating the energy 
originally concentrated in the high wave numbers in the 
shock front to lower wave numbers. It would, hence, in 
the present problem, suggest a preference for states with 
higher multiplicities. 

_ Pomeranchuk* has pointed out that a strong final- 

1 This choice of % is supported by the large (“geometrical”’) 
cross sections for annihilation recently observed at Berkeley [O. 
Chamberlain, Bull. Am. Phys. Soc. Ser. II, 1, 9 (1956) ]. 

12 We have incorporated isotopic spin invariance in the present 
calculation without explicitly treating the effects of invariance 
under charge conjugation. Charge conjugation invariance yields 
selection rules for nucleon pair annihilation which tend to increase 
the pion re yn 4 [see T. D. Lee and C. N. Yang, Phys. Rev. 

) 


102, 290 (1956) and C. J. Goebel, Bull. Am. Phys. Soc. Ser. II, 
1, 52 (1956) }. 
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state interaction of the mesons can aiter the predictions 
of the statistical theory. The effect is somewhat similar 
to Heisenberg’s nonlinear shock-wave propagation and 
may be outlined as follows: the choice of 2 in Eq. (2) 
to be independent of the multiplicity is incorrect for a 
strongly interacting system of particles and should be 
replaced by 

=n, (6) 


where m is the number of interacting particles and 9, 
is the effective volume over which the interaction of a 
single particle (assumed to be a short-range force) is 
effective. The extra factor m” in the phase space factors 
which results can easily be seen to induce a preference 
for the higher-multiplicity states. 

Pomeranchuk (and following him Landau*) assumes 
that the meson-meson interaction has a range of the 
order of a Compton wavelength of the pion. There are 
grounds®- to believe that there does exist a strong 
meson-meson interaction of this range. To make a 
quantitative estimate of the effect of such a strong 
interaction, it is necessary to calculate the expected 
multiplicities for definite values of the ranges of 
interaction. We have made calculations for three 
different cases : 


(1) Only pions interact strongly, with a range 
~h/uc ; 

(2) Only pions interact strongly, with a range 
~0.75(h/uc); 

(3) Both pions and K mesons interact strongly, with 
a range ~0.75(h/uc). The resulting multiplicities are 
given in Table III on the basis of approximation (c). 


It is appropriate to mention a few points concerning 
the various approximations adopted. Among the three 
cases considered, Eq. (3c) is expected to be the most 
appropriate, since the numbers calculated show that 
the pions would, in general, be relativistic while the K 
mesons would always be nonrelativistic. 

An examination of the numbers in Table II and III 
reveals the following: On the Fermi model (i.e., the 


TABLE II. Average multiplicities of mesons resulting from the 
annihilation of an antiproton* with a proton (pf) and with a 
neutron (#p), respectively. The entries (a), (6), (¢) correspond to 
the three different approximations adopted in computing these 
numbers [see Eq. (3a), (b), (c)]: (a) all mesons are relativistic; 
(b) all mesons are nonrelativistic; and (c) K mesons are non- 
relativistic but pions are relativistic. 








(a) (c) 
Quantity pp np pp np 


(nz) 0.92 1 2.01 
(nx?) 1.43 2. 2.74 
(nx+mx) 2.12 25 2.86 
3 
7 





2.27 , 2 
3.31 ; 3 


9 1: 
1.52 ‘60 1. 
Pr 79 78 86 37 


((nx-+nx)*) 3.24 3.20 
35 








® The results for antineutron annihilation, namely nv and pi, 
are identical to the results for pp and nf, respectively. 


13 R. E. Marshak, Phys. Rev. 88, 1208 (1952). 
44 Marc Ross, Phys. Rev. 95, 1687 (1954). 
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TABLE III. Average multiplicities of mesons resulting from 
annihilation of an antiproton, with a proton (pp) and with a 
neutron nf, respectively, when a final state interaction is con- 
sidered. The entries 1, 2, 3 correspond to three different assump- 
tions concerning the interaction: (1) only pions interact strongly 
with a range ~h/yc; (2) only pions interact strongly with a range 
~0.75h/yc; (3) both pions and K mesons interact strongly with a 
range ~0.75h/yc. In all three cases the pions are considered to be 
relativistic and K mesons nonrelativistic. 








Case 3 
pp np 


2.33 2.45 

(nx?)* 2.74 2.83 

(ne+nx) 3.16 3.23 
3.39 
8 


Case 1 Case 2 
Quantity 


(nx) 





((nx-+nx)*)* ‘ : , , 3.36 
Pr 2 








pions do not interact in the final state), the pion 
multiplicities are low—of the order of 2 pions; K-meson 
production occurs only in about 25% of the cases. If one 
assumes that the pions interact strongly in the final 
state, the pion multiplicities are somewhat enhanced. 
If the K mesons are not strongly interacting in the final 
state (cases 1 and 2), the K-meson production is further 
reduced.!® However, since Px is low even in the Fermi 
model, the test between the two theories is afforded by 
the somewhat larger number of pions predicted by the 
Pomeranchuk-Landau Model for the annihilation 
process. 

In conclusion, it is to be pointed out that throughout 
this discussion, we have omitted any consideration of 
angular momentum conservation. So far it has not been 
found possible to incorporate this conservation law 
without greatly complicating the statistical model. 
The effect of considering the angular momenta of the 
outgoing particles would be to require that the sym- 
metry factor G(n,,nx;J) be further multiplied by the 
number of distinct angular momentum eigenfunctions 
corresponding to a specified total angular momentum. 
Since the requirement of total symmetry of the final 
state for interchange of identical particles has already 
been taken care of, the effect of considering the angular 
momenta of the outgoing particles is, qualitatively, to 
induce a preference for higher multiplicities. To make a 
quantitative estimate however, one would have to 
incorporate additional details into the statistical model. 
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18 The fraction of K mesons in high-energy showers (~10"? ev) 
seems to be low as indicated by the roughly constant value ~0.5 
for the ratio of x® mesons to charged shower particles up to the 
highest energies. A strong final state interaction of the type we 
consider would constitute an explanation. Moreover, it is quite 
possible that the strong interaction may obtain only in certain 
definite states of the interacting particles. The enhancement of 
the corresponding matrix elements and partial cross sections 
could then distort the predictions of the statistical theory. 
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The invariance of the curvature with respect to transformations is given a geometric significance that 
permits its immediate extension to more general curvatures. 





N the fifth edition of The Meaning of Relativity as 

well as in his last joint paper with Kaufman,'” 
Einstein introduced a transformation that he called 
“\-transformation” and that affects the components of 
the affine connection as follows: 


T*?,,=T8.,+5°QX, ». (1) 


He showed, by straightforward computation, that the 
curvature tensor R,,,” is \ invariant. In this note we 
shall give this result an intuitive significance which 
permits its immediate extension to more general parallel 
displacement operations. 

Given a vector at one point in a manifold, V°(x), we 
define a law of parallel displacement which yields a 
vector at the neighboring point (x+dx), 


dV*=—T, dx"V*. (2) 


If we displace V along a curve given in the parametric 
representation (6), then the result of the displacement 
from 6, to 6. may be conveniently given the form 


ve2)=P| eo( — f vax) |v6s, (3) 


where the symbol P[ ] denotes the “chronological 
product,” in which in every product the factors are 
ordered right to left according to increasing values of 
the parameter 0.’ 

If we vary the path from x, to x2 by an infinitesimal 
displacement vector 6x(@), leaving the end points fixed, 
then the variation in V (62) [V (61) being given | depends 
on the curvature. Using the same symbolic notation as 
in Eq. (3), i.e., suppressing the vector indices in V and 
the corresponding indices in the components of parallel 
displacement and in the curvature tensor, we find: 


5V (62) ’ 
2 


-»| f Redxixresp(- f rae) |v 00. (4) 


Clearly, Eqs. (3) and (4) now appear in a form in which 
it is quite immaterial that V is a vector field. If we were 


* This work was supported by a grant from the National Science 
Foundation. 

1 Albert Einstein, The Meaning of Relativity (Princeton Uni- 
versity Press, Princeton, 1955), fifth edition, p. 148. 

2 A. Einstein and B. Kaufman, Ann. Math. 62, 128 (1955). 

’F. J. Dyson, Phys. Rev. 75, 486 (1949). 


to write down the law of parallel displacement for a 
spinor field, then I, would represent the spin-affine 
connection and R,, the spin-curvature tensor. 

Regardless of its specific significance, the curvature 
R., is given by the expression 


R..=T ,.—Te.+([t.0 i]. (5) 


That it is a commutator can be shown by virtue of the 
fact (which will not be demonstrated here) that the 
parallel displacement about an arbitrary closed curve 
may be represented by a surface integral of an expres- 
sion somewhat similar to the chronological product 
appearing in Eq. (4). The two subscripts of the curva- 
ture are then multiplied by the two coordinate direc- 
tions on the surface of integration. The whole equality 
resembles Stokes’ theorem, except that we deal here 
not with a vector field but with an operator field having 
one “visible” vector index. 
The transformation (1) may now be written in the 
symbolic form 
r,*=" +), (6) 


where J stands for the identity operator. The additional 
term on the right “commutes” with all other operators. 
Accordingly we can integrate the relationship (1) in 
closed form. We find that V.* differs from V2 by a 
factor that depends only on the end points but not on 
the connecting path of parallel displacement : 


V2*=exp[A (0:)—A (02) |V2. (7) 


Accordingly, a variation of path with fixed end points, 
as it appears in Eq. (4), is unaffected by a 
\ transformation. 

The generality of the result suggests that \ trans- 
formations may occur in various unified field theories 
involving any kind of nonholonomic parallel displace- 
ment of geometric objects. In fact, the \ transformation 
appears to be closely related in its conception to Weyl’s 
original gauge transformations.‘ Weyl had introduced 
the gauge transformation as a local change in gauge 
(i.e., scale) of the metric tensor. The details were, of 
course, different. Nevertheless, the similarity in geo- 
metric significance and in the structure of the group is 
suggestive. Moreover, Eq. (6) differs from the gauge 
transformation law of de Broglie waves of charged 
particles only in that here the exponent in the trans- 


4H. Weyl, Preuss. Akad. Wiss. Ber., p. 465 (1918); Ann. 
Physik 59, 101 (1919). 
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formation law is real, whereas in de Broglie waves it 
is imaginary. 

It appears likely that A-type transformations will be 
encountered in any geometries with affine connections 
whenever they are not excluded by the type of sym- 
metry condition characteristic of Christoffel symbols, 
and further, that \ invariance is likely to be intimately 


PHYSICAL REVIEW VOLUME 


103, 


781 


related to ordinary gauge invariance in any theory that 
purports to contain references to the electromagnetic 
field. 
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Vacuum Polarization and Proton-Proton Scattering in the *P State* 
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The contribution of the vacuum polarization potential to the *P phase shift in proton-proton scattering has 
been calculated and employed to correct observed phase shifts to obtain the phase shifts associated with the 
specifically nuclear *P potential between two protons. In the energy range from 2 to 5 Mev, about half the 
observed phase shift can be attributed to vacuum polarization. From the results it is shown that if the 
potential between the two protons in both the 4S and *P states is represented by a square well of range 
2.6X10~ cm, then the *P potential is opposite in sign (repulsive) and approximately 13% in magnitude 


relative to the !S potential. 


N two previous papers'” the effect of vacuum polar- 
ization on proton-proton scattering in the ‘§ state 
at low energies was examined. On the basis of experi- 
mental data, some evidence for the reality of vacuum 
polarization effects was obtained, and by then intro- 
ducing a correction for these effects, new values of the 
constants characterizing the specifically nuclear inter- 
action between two protons in the |S state were derived. 
The changes in these constants—the zero-energy scat- 
tering length and the effective range—were small but 
not negligible. 

It was noted in the second paper cited that the cor- 
rection for vacuum polarization would be relatively 
much more important in deriving the properties of the 
specifically nuclear interaction between two protons in 
the *P state for the following two reasons: the vacuum 
polarization potential has a relatively long range, and 
the nuclear interaction in this state is much weaker than 
in the 'S state. Calculations have now been performed of 
the contribution of the vacuum polarization potential to 
the*P state phase shift in an appropriate approximation ; 
the results and their implications are discussed in the 
present paper. In brief summary, the present calcula- 
tions indicate that approximately one-half of the ex- 
perimentally observed *P phase shift in the energy 


* This work has been supported by the U. S. Atomic Energy 
Commission, The National Science Foundation, and the Nor- 
wegian Research Council for Science and the Humanities. 
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1L. L. Foldy and E. Eriksen, Phys. Rev. 95, 1048 (1954). 
2L. L. Foldy and E. Eriksen, Phys. Rev. 98, 775 (1955). 


region from 1 to 5 Mev arises from the vacuum polariza- 
tion potential, so that the correction for this effect is 
very important. After correction, the *P nuclear inter- 
action is found to be approximately 13% as strong as the 
'S nuclear interaction. The rather anomalous behavior 
of the *P phase shift at higher energies as observed in 
several measurements is not explained by the vacuum 
polarization effect, however. 


CALCULATION OF THE VACUUM POLARIZATION 
EFFECT 


We shall ignore for the present the possibility of a 
tensor nuclear interaction between two protons and 
assume that the nuclear interaction, like the Coulomb 
and the vacuum polarization potentials, is purely cen- 
tral. One can then easily show that the P-wave phase 
shift 6, is given by the following formula: 


M f° 
sind; = -— f Vuv dr. (1) 


0 


Here M is the proton mass, k= (ME,/2h*)!, where E, 
is the energy in the laboratory system, V is the sum of 
the specifically nuclear potential V, and the vacuum 
polarization potential V,,, but not including the 
Coulomb potential e*/r, v is the radial P-wave function 
in the presence of the potential V, while w is the radial 
P-wave function in the absence of this potential (that 
is, for a pure Coulomb potential), both « and v being 
normalized to unit amplitude for large r. Since both the 
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specifically nuclear potential and the vacuum polariza- 
tion potential are weak in the *P state, we may approxi- 
mate « by » in the integrand of (1), and since 6, is small, 


(2) 


This result corresponds to treating V, but not the 
Coulomb potential, in Born approximation, and u is 
then nothing more than the regular Coulomb function 
for /=1 normalized to unit amplitude for large r. In this 
approximation, which is presumably adequate for our 
purposes, the phase shift 6, is the sum of the phase 
shifts 6;" due to the specifically nuclear potential and 
5,°? due to the vacuum polarization potential : 


6:=61:"+6,"”, (3) 
M -) 
6"=— f V ,wdr, (4) 
Wk J 
M oo 


6°? = —— 


hk 


V, pdr. (5) 


Hence by subtracting from the values of 6; obtained 
from the analysis of scattering experiments, the com- 
puted values of 5;"”, one obtains values of 5," from which 
information about the nuclear potential V, can be 
directly obtained. 

Thus, the problem of vacuum polarization effects on 
P-wave proton-proton scattering is reduced to the 
evaluation of the integral (5) with u the regular Coulomb 
function and V,, given by 


2ae® r* 1 \(#-1)! 
vad=—— f cw(14—) dt, (6) 
3ar 2? 2 


with a the fine-structure constant, « the reciprocal 
Compton wavelength of the electron, and e the protonic 
charge. 

A first approximation to 6;°? can be obtained by 
treating the Coulomb potential in Born approximation 
as well, in which case one can insert for u in (5) the 
radial P function for a free particle: 


u=(mkr/2)*J;(kr). (7) 


While this approximation might be expected to be crude, 
the results when compared to more precise calculations 
(described below) turn out to be remarkably good. At 
the lowest energy considered (1 Mev) the error in using 
(7) is less than 4% and decreases at higher energies. On 
substituting (7) and (6) into (5) and integrating? on r, 


*G. N. Watson, A Treatise on the Theory of Bessel Functicns 
(Cambridge University Press, Cambridge, 1944), p. 389. 
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one obtains 


Sas) 


(#—1)} 2H 
x ——0,( 1+ ns ja, (8) 


# 


where Q), (irregular Legendre function) is given by 
z z+1 
Q,(z) =- in) -1. (9) 
2 s—1 


The integral (8) can be easily evaluated by numerical 
integration after change of the variable of integration to 
s=1/. However, one of the authors (E.E.) was able to 
evaluate an equivalent integral exactly with the follow- 
ing result*: 


an 
$7>= ee (148°)4(11+ 56%) 
T 


% (a 
(1+6°)!+1 


1 (1+6)!—-1\ 7 
Inf —— , (10 
+ tect) 1) 


n= Me/2kh?, 
B=k/x=0.14927n. 


For 81, which is valid in the energy range of principal 
interest (E> 1 Mev, »<0.16), (10) may be expanded to 
yield the formula 


an 
oe 1.5237 Inn 
oT 


+0.0668n? Inn+ (Inn)?]. (11) 

If one does not make the approximation (7) but 
inserts the exact regular Coulomb function for u, the 
problem becomes more complicated. One of the authors 
(E.E.) obtained an analytic approximation to the 
integral in this case*: 


an 
ee 2.02n+1.150n?+-0.264n 
tg 


— 1.5237 Inq—0.2325n? Inn+ (Inn)? J, (12) 
which is correct to a small fraction of a percent for the 
range of » under consideration. A check of this formula 
was made by a direct numerical integration of (5) using 
tabulated values for the Coulomb function at one energy. 
As mentioned earlier, for energies above 1 Mev the 


‘The derivation of formulas (10) and (12) will be published 
elsewhere by E. Eriksen. 
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difference between (10) and (12) amounts to only a few 
percent. 

Numerical calculations of the phase shift 6," on the 
basis of the above formulas indicated that the results 
over the energy range from 0.5 to 20 Mev could be 
represented to an accuracy of a few percent by the 
simple formula 


51°? (deg) = —0.0520+-0.0190 login, (Mev). (13) 


ANALYSIS OF EXPERIMENTAL DATA 


The available experimental data on P-wave phase 
shifts which is of sufficient accuracy to obtain informa- 
tion about the *P potential consists of results® primarily 
in the energy range from 1.8 to 4.2 Mev, plus a few 
values at higher energies.® The present discussion will be 
restricted to the phase shifts obtained by Hall and 
Powell’ from the analysis of the proton-proton scattering 
data of Worthington, McGruer, and Findley.® These are 
summarized in Table I. Assuming the validity of the 
Born approximation and the consequent additivity of 
nuclear and vacuum polarization contributions to the 
phase shift, one obtains the nuclear phase shifts 6," 
given in the same table. It will be noted that approxi- 
mately half the observed phase shift arises from vacuum 
polarization. This fact largely invalidates previous 
analyses’'’ of this data to obtain information about the 
specifically nuclear *P potential between two protons 
and indicates that this potential is only about half as 
strong as previously derived. 

An approximate comparison of the *P and 'S nuclear 
potentials for the proton-proton system can be made by 
assuming the same potential shape and range for a 
central interaction in the two situations, and comparing 
the potential depths obtained by fitting to observations 
of the respective phase shifts. Assuming again the 
validity of the Born approximation, one has for the *P 
nuclear phase shift the integral (4). The Coulomb func- 
tion « can be approximated for small r by the leading 
term in its expansion in powers of r: 


uC (kr)’, (14) 


with 
Ci= (149?) #Co/3 = [2a (14-77) /(2**— 1) 8/3. 


Substituting into (4) and taking for V, a square well of 


(15) 


5 Worthington, McGruer, and Findley, Phys. Rev. 90, 889 


(1953). 
¢ Kerman, Kreger, and Kruger, Phys. Rev. * 908 (1953); 
, 218 


E. J. Zimmerman and P. G. Kruger, Phys. Rev. (1951) ; 
B. Cork and W. Hartsough, Phys. Rev. 94, 1300 (1954); J. 
Rouvina, Phys. Rev. 81, 593 (1951); J. L. Yntema and M. G. 
White, Phys. Rev. 95, 1226 (1954). 

7H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953). 

8 A. Keller, Proc. Phys. Soc. (London) A68, 930 (1955). 
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Taste I. Scattering phase shifts for protons in the °P state. 








Lab 
energy 
(Mev) 


1.855 
1.858 
2.425 
3.037 
3.527 
3.899 
4.203 


51°? 
(calculated) 51" 


—0.047° —0.002°+0.020° 
—0.047° —0.010°=0.024° 
—0.045° —0.030°-+0.018° 
—0.043° —0.039°+0.022° 
—0.042° —0.052°-+0.023° 
—0.041° —0.068°+0.020° 
—0.040° —0.034°+0.023° 


é1 
(observed) * 


—0.049°+0.020° 
—0.057°+0.024° 
—0.075°+0.018° 
—0,082°+0.022° 
—0.094°+0.023° 
—0.109°+0.020° 
—0,074°+0.023° 











® See reference 7. 


range a and depth Vo, one finds 


5:"= — MRC PV 0a*/ 5h’. (16) 


Over the energy range of these experiments (1.8 Mev 
<E,<4.2 Mev, 0.077<7<0.12), one finds that C? 
varies only between 0.075 and 0.086. Hence 6," is ap- 
proximately proportional to k* or E,!. From the values 
of 5," given in Table I, one finds the weighted mean of 
5,"/E,} to be 0.0066°/(Mev)!, and assuming C,?=0.08 
this yields 

(17) 


Taking a=2.6X10-" cm to correspond to the range 
observed in the 1S state, one obtains 


Vo=1.8 Mev, 


Voa'= 2.1K 10-® Mev-cm*. 


(18) 


to be compared to the value —13.5 Mev for the po- 
tential well depth Vo in the 'S state. The uncertainty in 
(18) arises principally from the uncertainty in the 
experimental values and is of the order of +50%. Thus 
the *P potential is opposite in sign (repulsive) to the 1§ 
potential and only about 13% of the ‘S potential in 
magnitude. 

The above result is to be interpreted only semi- 
quantitatively since there is probably a substantial 
tensor contribution to the *P potential. The observed *P 
phase shift appears to undergo a change in sign at 
energies above 10 Mev. This apparently anomalous 
result, if taken seriously, can be interpreted as indicating 
that the *P potential is essentially repulsive at larger 
distances and attractive at short distances.* Whatever 
the significance of this behavior, it is clear that vacuum 
polarization is in no way responsible for it unless the 
observed low-energy phase shifts are substantially in 
error. 
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A short survey of the results obtained by applying the theory 
of Landau, Abrikosov, and Khalatnikov to pseudoscalar meson 
theory is presented. An independent deduction of the explicit 
expressions for the Green’s functions and vertex part is obtained 
on the basis of simple renormalizability considerations. The rela- 
tion thus obtained between go’, g* and the momentum cutoff A 
is such that the theory inevitably leads to the result that for 
point interaction (i.e., in the limit A— ©) the renormalized 
charge ge must equal zero. 

It is shown that if two cutoffs Ap and A, (corresponding to the 
nuclear and meson momenta) are introduced, this result can 
rigorously be proved for any value of go*, provided that the 
limits are moved apart sufficiently rapidly when A, — ©. In the 
course of the proof an estimation is made of the terms neglected 
in the zero approximation in the vertex part equation, these 
terms corresponding to diagrams with intersecting meson lines 
and nucleon loops. 

It is shown that for two different ways of carrying out the 
limiting process, namely, 


(a) for Ax > ©, and [In(A,2/m?) ][In(A,?/A2) <1, 
(b) for Ay > ~, and only [In(A,?/A,*) "<1, 


the contribution of these diagrams is vanishingly small for any go*. 

In the second case, the contributions from an infinite set of 
meson-meson scattering diagrams are summed and it is found 
that the total contribution is of the same order as that from the 
simplest diagrams of this process. 

The theory with pseudovector coupling, which is not renor- 
malizable when expanded into the usual perturbation theory 
series, is also considered. It is shown that renormalization can be 
carried out without expanding into a series; the renormalized 
charge in this case also vanishes. This result has been rigorously 
obtained only for a special type of limiting process A, ~, 
namely if the inequality 

(c) Ag?/m*[In(A,?/Ai2) «1 
is obeyed. 

In conclusion, a short discussion on the possibility of an experi- 
mental proof of the inconsistency of field theory is presented. 





1. INTRODUCTION 


NEW approach to a solution of the quantum 

field theory equations has been suggested by 
Landau, Abrikosov, and Khalatnikov.' Point inter- 
action was treated by these authors as the limit for 
A— ©, of a nonlocal interaction “smeared out” over 
a radius 1/A, the bare coupling constant go” generally 
being considered to depend on A. 

If one also assumes? that go*1, it becomes possible 
to expand any quantity (Green’s function, vertex part, 
etc.) for large momenta, when — p*>>m?, m being the 
nuclear mass (or electron mass in electrodynamics) in 
a series of the form: 


Folge? In(A*/— p*) + ge fal ge? In(A*/— p?) ] 
+ (go)? fol ge? In(A?/—p*) ]+---. (1) 
An essential difference between this expansion and 
the usual perturbation theory series is that all terms 
proportional to various powers of the quantity 
x= go? In(A?/— p”) are gathered together in the closed 
expressions f,(«x). The quantity « cannot be considered 
small even for g?<1, since In(A?/— p*) may be arbi- 
trarily large.’ In principle the functions f,(x) can be 


1 Landau, Abrikosov, and Khalatnikov, Doklady Acad. Nauk 
U.S.S.R. 95, 497, 773, 1177 (1954). 

2 It will be seen from the following that this condition is not 
essential for the further exposition. 

3 The usual perturbation theory series, 


Z ZX Car(go?)*[in(A*/— p*) » 
n=0 v0 
[see, for example, M. Gell-Mann and F. E. Low, Phys. Rev. 95, 
1300 (1954) ], follows from (1) if the f,(«x) in (1) are written in 
the form of a series: 
Sa(u)= Z Cass,’ 
0 


found with the aid of the Dyson-Schwinger integral 
equations. As a matter of fact, Landau, Abrikosov, and 
Khalatnikov determined in this way the zero-order 
term fo(«) in the series expansion of the same type as 
(1) for the Green’s function and the vertex part in 
electrodynamics. 

Analogous calculations for pseudoscalar meson theory 
were carried out by Abrikosov, Galanin, and Khalat- 
nikov.‘ The following expressions were obtained for the 
case — p*>>>m’: 

DP s~ysae(go’,A?/— p*), 


1 
G(p)~—B(g0", A?/— p*), 
YP 


1 
D(p)=—4(g0", A*/— Pp’), 
ye 


where,® in the case of symmetric pseudoscalar theory: 
a=", p=O-™, d= (3) 

and for neutral theory: 
a=O"", B=Q™, d= os, (4) 
QO= 1+ (Sgo?/4ar) In(A?/— p*). (5) 
The dependence of go? on A and g.2 was found! to be 


where 


Pet SN a 
1— (5g.2/4m)L 


‘ Abrikosov, Galanin, and Khalatnikov, Doklady Acad. Nauk 
U.S.S.R. 97, 793 (1954). 

5 At large momenta, the vertex part I'5(p, p—k) depends on 
the largest of the momenta p, k, and p—k. Henceforth it is 
assumed (if not otherwise stated) that p is the largest quantity. 
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where L=In(A?/m?), or® 


go" 


pe 
1 ca (5g0?/4) i 


9 


The structure of expression (7) is such that, irre- 
spective of the mode of variation of go” with A (with 
the only restriction that go?20, for the theory to be 
Hermitian), we obtain 


go — 0, 


when Ao or Lo. (If g®*L>~ as Lo ~, 
then g?< 4r/5L— 0; if, however, go? — N, where NV 
is any constant, then g’?< V/L— 0). 

Thus present field theory leads to the result that the 
renormalized nucleon charge is equal to zero. 

At first glance, this conclusion may seem to be in- 
correct since, according to (6), go? increases with A. 
Beginning from some A, the conditions go’?<1 will be 
violated, and the series expansion in go”? upon which 
(3), (4), and (7) are based will be invalid. 

It is not difficult to see, however, that all the relations 
remain valid for any go? which is not small, provided 
that the “smearing out” of the interaction is carried 
out from the very beginning in the most general form,’ 
the point interaction 


gow (“)Y5TaW (x) Pa (x) 


being considered as the limit for A, > ©, Ap— © of 
the interaction 


gu f Favs (x— y,*— 2) (x)ystaW (y) Pa (z)dydz, 


where Fa,a;(x—y, «—2) is nonzero only if y and z are 
near to x, within regions with radii 1/A, and 1/A,, 
respectively. For A, > ©, Ap— ®, 


Fapay(x—y, X—2) 3 6(x—y)b(x—2) 


and A, is always greater than A; (otherwise the results 
do not differ’? from the single cutoff case). After renor- 
malization the result should not depend on the method 
of approaching the limit, as the renormalized quantities 
do not contain any “smearing” parameters. 

It can be shown (see reference 7 and below) that for 
the two-cutoff technique all relations remain exactly 
the same (in the momentum region — p?<A,’) as in the 
one-cutoff case, the only difference being that instead 
of A the quantity A, enters all the formulas and g;? is 
replaced by 

go 
¢¢=—___—____— (8) 
1+ (go?/m) (Lp— Lx) 

6 Relations between go? and g,* similar to (6) and (7) were ob- 
tained by T. D. Lee [Phys. Rev. 95, 1329 (1954) ] for a special 
model of interaction fields. See also G. Killen and W. Pauli 
(Kgl. Danske Videnskab. Selskab, Mat.-Fys. Medd. 30, No. 7 
OTL. Abrikosov and I. M. Khalatnikov, Doklady Acad. Nauk 
U.S.S.R. 103, 993 (1955). A, is the nucleon momentum cutoff and 
A, is the meson momentum cutoff. 


in symmetric theory, and by 


g 0 
(9) 


in neutral theory: here L,=In(A,?/m?), L,.=In(A,2/m?). 
The quantity Qo is arbitrarily small for any value of 
£0 if 
Ly- Li= In(A,”, A,2) 


is sufficiently large. Therefore the series expansion (1) 
(in which go” is replaced by go”) is always valid. More- 
over, the first term [(2), (3), (4), or (7)] of this type 
of series (zero order in Qo”) will, for sufficiently small 
go’,® be equal to the total sum of the series (1) with any 
degree of accuracy. 
Thus, relation (7), which may now be written as 
Go” 

1+ (5902/40) Ly 


2 


(10) 


is correct, to any degree of accuracy, for any go, provided 
that In(A,?/A,’) is sufficiently large. 
For A, > ©, or Li > ©, it yields 


ge Bis 0, 


irrespectively of the mode of variation of go with A. 

Thus, modern meson theory for point interaction is 
inconsistent, as it leads to the absurd conclusion that 
no physical interaction exists (this statement also 
applies to electrodynamics,’ to scalar coupling meson 
theory, and, as will be shown below, to pseudovector 
coupling theory). 

In this paper, we shall give a simple deduction of the 
explicit expressions (2)-(5) for the Green’s functions, 
and of formula (6) for the “‘bare’”’ charge, on the basis 
of renormalizability considerations (Sec. 2). In Sec. 3, 
the two-cutoff case of Abrikosov and Khalatnikov will 
be considered. An estimation of the validity of formulas 
(2)—(9) of the zero-order approximation will be made in 
Secs. 4-7 by applying the two-cutoff technique. 

For this purpose an estimation is made of the terms 
neglected in the zero-order (in go”) approximation, cor- 
responding, in the vertex part equation, to diagrams 
with intersecting meson lines and nucleon loops. 

It is shown that for two different ways of carrying 
out the limiting process, namely, (a) if in the limit 
L,— ©, L,—L.=I\n(A,?/A;’) is so large that 


(a) Li/ (Lp— LiL, ‘LypK1 
(the so-called ‘“‘super-two-cutoff technique”), and (b) 


8 For such a transition to the limit of point interaction in 
which In(A,?/A,?) remains large, see I. Ya. Pomeranchuk, Doklady 
Acad. Nauk U.S.S.R. 104, 51 (1955) ; 105, 461 (1955). 

* L. Landau and I. Pomeranchuk, Doklady Akad. Nauk U.S.S.R. 
102, 489 (1955); I. Pomeranchuk, Doklady Akad. Nauk U.S.S.R. 
103, 1001 (1955). Landau pointed out in the spring of 1954 that 
this difficulty might appear in present day theory; Fradkin in 
the fall of 1954 independently suggested that the renormalized 
charge must be equal to zero. 
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if only 
(b) (Lp—Li)“*<1, 


the contribution of these diagrams is vanishingly small 
for any go. 

In case (b) the contributions from an infinite set of 
meson-meson scattering diagrams, which are essential 
for the problem, are summed, and it is found that the 
total contribution is of the same order as that from the 
simplest diagrams of this process. 

Thus, result (7) [or (10)] and the conclusion that 
g.—0 for Li; can be rigorously proved not only for 
limiting transition (a) but also for the case (b). 

We shall (in Sec. 9) consider separately the theory 
with pseudovector coupling, in which the usual series 
expansion in go” cannot be renormalized. 

If an even more special case than (b) is considered, 
namely the “super-two-cutoff” case for which 


A? AZ 
= 1. 
m?(Ly— Ly) m?* In(A,?/A;’) 





A;? A? 
—>en(—) : 
Py m 


when L; — ©, then it will not be difficult to prove that 
renormalization can also be carried out for pseudo- 
vector coupling and that the renormalized charge will 
be zero. 


2. DEDUCTION OF THE GREEN’S FUNCTIONS AND 
VERTEX PART FORMULAS, (2)-(6), FROM THE 
RENORMALIZATION CONDITIONS 


The expressions (2)—(5) possess, as one would expect, 
renormalizability properties: 


a(go*, A?/— p*)=ac(g2, — p’/m*)/ac(g.*, A°/m’), 

B(go?, A?/— p”)=B-(g2, — p?/m*)/B-(g-*, A?/m?), 

d(go*, A*/— p*)=de(g2, — p*/m?)/de(g.’, A*/m*), 
goer= goa. ge,A? /m)BE( ge, A?/m?)d-( ge, A2/m?). 


Indeed, qualities (11) can be obtained from (3) or 
(4) if one notices that Q=(Qo-Q., where 


Q.=1—(5g22/4x) In(—p*/m’), 
Qo= 1+ (Sgo*/4ar) In(A*/m*), 


and if one determines a, 8,, and d, similarly to a, 8, 
and d, with Q, substituted for Q. [The last of Eqs. (11) 
will then determine the dependence (6) of go? on A. ] 

We shall now show that the explicit forms (3) and 
(4) of functions a, 8, and d can be obtained directly 
without solving the integral equations, exclusively on 
the basis of the renormalizability properties (6) and by 
using considerations similar to those presented in Gell- 
Mann and Low’s paper* (see also papers referred to in 
reference 24). 


(11) 
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We introduce the quantity 


8°(E) = gora"(go’, L— £E)B"(go?, L—£)d(go?, L—£) 
= gla? (g.,E)8.7(g.7,£)de(g7,€), (12) 


which may be called the effective charge for a given 
value of — p” and which is in fact independent of A. For 
convenience of notation, instead of A?/— p* and — p?/m? 
the logarithms of these quantities, L—¢=In(A?/— p’) 
and £=In(—*/m*), are written as the arguments of 
the functions a, a,, etc. If now we denote a’=da/dé, 
etc., it will not be difficult to see that the logarithmic 
derivatives of the functions a, 8, d with respect to & 
may be expressed as functions exclusively of g*: 


a’ /a=ae'/a.= F1(g"), 
p’/B= Be’ /Be= F, (g*), 
d'/d=d,'/d.=F3(g*). 


Consider, for example, the first of these equations. 
According to (12), = &(g.*,g”), and therefore the quan- 
tity a-’/a-, which depends on g.” and , can be expressed 
in the form of a function of g? and g’. Therefore the 
ratio a’/a, which equals a,’/a., can be expressed as 
follows: 


a’ (g0?, L—£)/a(go’, L— £)= FiLg?, 8"(g0", L- t)]. 


It is emphasized here that, according to (12), 
g= g*(g0’, L—£). 

If go? is fixed and LZ and £ are varied in such a way that 
L—€ remains constant, then g.*, which according to 
(11) depends on go? and A, will vary, whereas the other 
quantities in (14) will not. Relation (14) will therefore 
be fulfilled only if F; does not depend on g.’ explicitly. 
In this case we arrive at the first of the Eqs. (13): the 
other equations can be proved in a similar manner. 

One can determine the explicit form of functions F), 
F., and F; in (13) by assuming — L. In this region 
In(A?/— p*?)= L—€ is not large, and for go?<1, go?(L—&) 
is also a small quantity, i.e., the familiar perturbation 
theory can be applied. According to (12), for EL, 
g’ — go’, as then a=S=d=1. 

Simple calculations, carried out to logarithmic ac- 
curacy (i.e., by taking into account only the largest 
logarithmically diverging part of the integrals), yield 
in the first order of perturbation theory for symmetric 
pseudoscalar theory”: 


a= 1+ (go?/4ar) (L— §), 
p= 1— (3g0?/4r) (L—&), go (L— £) < 1, 
d= 1— (g0?/)(L—&). 


#” After elimination of isotopic spin variables and matrices, 
we obtain for example for the vertext part 


(13) 


(14) 


Sa 
Ps(p, ph) =n J ” ys(p—l—m)>1 
Xys(p—k—1—m) y5(2@—p*) 1d, 


where Feynman’s notation has been used, with p=yp=v~opo 
—Y7b, P=ki—k*, dtk=(2x)*dkodkidkodks;; iGo(p)=i(p—m)™ 
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Hence for §—> L we get: 
a! /a= — go’/4r, B'/B= 3g0°/4ar, d'/d=go?/n. 

Comparing with (13) we obtain to first order in g’: 

F,(g’)=—g?/4e, Fo(g?)=3g'/40,  Fs(g*)=g"/n. 

Since, according to (8) and (9), (g?)’/g?=2F1+2F, 
+ Fs, we then obtain 

Lg*(é) ]’/g?(E) = (S/4ar)g?(E). 
Integrating this equation over from é to L [and taking 
into account that, according to (12), g?(L)= gv? ], we get 
go go 

1+ (Sge/4n)(L—8) Q(8) 

Inserting this expression for g*(é) and the expressions 
for the functions F,, F2, F; into (13), and integrating 
over &, we directly obtain (3). 


Analogously, in neutral pseudoscalar theory the 
perturbation theory formulas yield: 


a=1— (g0’/4r)(L—£), 
B=1—(go?/8x)(L—&), go*(L—£) <1, 
d= 1— (gc?/)(L—£), 


and we obtain F,(g?)=g*/4r, Fo(g?)=g*/8x, Fs(g’) 
=g*/2n. The form of g*(é) in this case turns out to be 
the same as that in (15), and after integration of (13) 
over & the formulas (4) for a, 8, and d immediately 
follow. 





g(é)= 


3. THE CASE OF TWO CUTOFFS’ 


Let us consider in greater detail the two-cutoff theory. 
We shall show that all the formulas are indeed the 
same as those for a single cutoff, provided that go is 
substituted in all formulas for go”, and A, for A. 

After elimination of the isotopic spin variables and 
matrices (a trivial operation), the Dyson-Schwinger 
integral equations for symmetric" pseudoscalar theory 
take the form: 


go" 
l's(p, p—k) =0y¥5—— frco-o 
T1 


XIsG(p—k—-DI'sD(Dd4l, (16) 


corresponds to the nucleon line, and 41iD)(l) =4ri(?—y*)™ to 
the meson; the S-matrix being T {exp[go/Yrsta¥ ¢adx]}. 

For integration with logarithmic accuracy, only the region in 
which / is much greater than any of the momenta # or & is 
important [i.e., on a logarithmic scale, the region {<2 < L where 
z=In(—/?/m?)]. Disregarding in this region the momenta p and 
k and the masses m and » compared with /, we obtain for the 
integral the value 


(=) J" @/H) = (—i/ J" de= (1/4) L—9. 


The value of a given in the text then follows. 

Jn neutral theory the integral term in the equation for I's 
has a positive sign, whereas in the equations for G and D the 
integrals enter without corresponding multipliers 3 and 2. 


fa 


Fic. 1. Vertex part diagrams with intersecting meson lines (6,c) 
and nucleon loops (d,e). 
3g0? 
j-=—— 


TW 


rWG(p— Horse |G(9)=1, (17) 


2g0" 
ew fsplecprsa(o—Her 
1 


us 


—GNTG(P—WrDe- 9} DEH) =1. (18) 


(Concerning the notations, see reference 10.) Here 
6=OazAp(p, P—k) is the Fourier component of the 
“smear-out” function Fa,a.(x—y,x—z) [for A,— 0, 
A,—, 6-1]. By definition, @ vanishes if — p*>A,,, 
or —k’>A,’. At high momenta all quantities vary 
slowly (logarithmically) and therefore the detailed form 
of this function is unimportant. It may be considered 
that 6=1 if the momenta do not exceed the cut-off 
values, and otherwise 6=0. 

Equations (17) and (18) are exact, while Eq. (16) 
approximate. The latter equation takes into account 
only the simplest diagram in Fig. 1(a), and does not! 
take account of more complex irreducible diagrams (in 
the usual Dyson sense) with intersecting meson lines, 
of the type shown in Fig. 1(b), 1(c), etc., or with 
nucleon loops, as in Fig. 1 (d), 1 (e), etc." The possi- 
bility of disregarding these diagrams in the expansion 
of type (1) in the zero approximation with respect to 
go’ (or go’, for two cutoffs) will be examined in detail 
below. 

If Ap=A,=A, the functions (2)-(3) will be solutions 
of Eqs. (16)-—(18) for large momenta. In this case, all 
integrals break off at the momentum value — p*=A?, 
and only the region in which p and & do not exceed this 
cutoff value is essential. 

For two-cutoff values A,>A;, I's also vanishes if 
either of the momenta # or & exceeds the cut-off value 
(as then =O and, according to (16), 's=0). Thus, 
integrals (16) and (17) break off at the momentum A, 


12 All lines and points on Fig. 1 are thick and therefore refer to 
the exact functions G, D, and I. 
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Fic. 2. Approximate behavior of the functions a(£), 8(£), and d(é) 
in symmetric theory with two cutoffs. 





and (18) breaks off at A,. Moreover it follows from 
(18) that d(n)=1 if —k>A,? or n»=1n(—k?/m?) > Ly, 
as in this case, the functions I’; and @ in the integral 
term in (18) vanish. 

For —k?<A;,’, ie., n< Ly, the integral term in (18) 
does not vanish. Let (k?—y*)II denote that part of it 
which corresponds to integration over the region 
Av< (— p*)<A,’: 


280° ~» 
(e—y)=— f Sp[G(p)PsG(p—b)ys 
A, 


T1 Ak 
—(G(p)TsG(p—k)5)it—u* jd'p. 


It will be shown below that in the most important 
region u*<(—k*)<A,? the dimensionless (and positive) 
quantity II is practically independent of &*. Taking 
into account (19), Eq. (18) may be written in the form: 


(19) 


Ak 


SplG(p)PsG(p—k)ys 


220° 
(e—wytm+— f 
T1 


—(G(p)T sG(p—k)y5)k2=u2 Jd*p | D(k) =1. 


Substituting in this equation and also in (16) and (17) 
D(k)=(141)"D(k), Lord(n)=(1+I1)'d(n)], (20) 


we obtain for I's, G, and D the set of Eqs. (16), (17), 
and (18), that is, a set which is exactly similar to that 
in the case with a single cutoff momentum A=A,, 
provided however that go” is replaced by 


go’= (1+ 11)"g0’. (21) 


It is evident that in the range <1, the solutions 
for a(£), 8(€), and d(£) will be the functions (3), (5) 
[or (4), (5) for neutral theory | obtained above, if one 
replaces A by A; and go” by go”. For = L; these functions 
equal unity; for &>L,, in the range Li<E<€ Ly, the 
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functions a(£) and 8(£) remain equal to unity [since 
in this case there is no logarithmic integration region in 
integrals (16) and (17) and in the approximation con- 
sidered here they should be neglected ]. In distinction 
to a and 8, the function d(n) for n=, undergoes a 
jump’ from the value (1+II)~ [in agreement with 
(20) ] for n= Li—e, € > 0, to the value d=1 for" > Ly. 
An approximate plot of a(£), 8(€), and d(é) is shown 
in Fig. 2. 

Substituting in (19) the values (2) of the functions 
I's, D, G and, in accord with the foregoing, putting 
a=$=d=1 in the range of integration, it is easy to 
compute the integral: 


2g° pr 1 1 ae 
— $0] ye eave 
mt re p p-k pp 

kg ple kge? 
d§=——(L,— I). 


Tv Lk T 


a 
~ 


Hence 
Il = (go?/m) (Lp— Lx) (22) 


and (21) is the same as relation (8). In the neutral 
theory there is no multiplier 2 before the integral in 
(18) and II in this case equals: 


T= (gc?/2m)(Lyp— Li). 


Thus we obtain (9). 

Relations (7), (8), and (9), which lead to the result 
that for point interactions the renormalized nucleon 
charge is zero, depend significantly on the explicit form 
(3), or (4), and (5), of the functions a, 8, d. The form 
of these functions is in turn determined by Eqs. (16), 
(17), and (18). [We emphasize once again that the 
deduction of formulas (3) and (4) from the renor- 
malization condition is equivalent to an asymptotic 
solution of the set of Eqs. (16)—(18) ]. 


4. ESTIMATION OF THE TERMS NEGLECTED IN 
ZERO-APPROXIMATION THEORY 


Consider now the theory with two-cutoff values A, 
and A, [in which go’ in Eqs. (16)—(18) is replaced by 
go? |. We shall show that in this case the neglect in (16) 
of diagrams of the type shown in Fig. 1(b), (c), (d), (e), 
etc., with intersecting meson lines and nucleon loops, 
can be rigorously justified. In order to do this the terms 
emitted in (16) should be estimated. For this purpose 
the functions (2), (3), and (5) of the zero approximation 
[with respect to go? | should be used. 

It can be shown in a general way that to a diagram 
with n intersecting meson lines [of the type shown in 
Fig. 1(b), 1(c), etc.] there corresponds in (16) a 
quantity of the order (go*)"~ in the sense of the expan- 
sion of type (1) [to be more exact, the series expansion 
(1) in which go? is replaced by go? and A by Ax, ]. 

3 This is due to the circumstance that the integral term in 


(18) suddenly vanishes when 7 exceeds L,, which is a result of the 
assumption made above concerning the form of the function 0. 
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This is simply a result of the fact that on integration 
over n virtual meson momenta only one of m integrals 
is divergent (logarithmically) and the result of integra- 
tion is thus proportional to In(A,?/—?). Hence the 
contribution from such a diagram will be of the order 
(if free-field functions D, G, and I’; are used in the 
estimation), 


rys(gat)™ ln (A2/— p*)=ys(go?)”"[ ge? In(A*/— p*)], 


i.e., of the order 


(23) 


(go?)"-, 

as §o” In(A?/— ’) is, with respect to expansion into a 
series of type (1), a zero-order quantity. A more 
accurate estimation, obtained by substituting in the 
integrals expressions (3) or (4) for a, 8, and d, yields 
instead of go? In(A?/— p”) a numerical function of this 
quantity F,,(g0? In(A?/— p”)) of order unity. We shall 
demonstrate this for the simplest case, when n= 2; the 
corresponding diagram is shown in Fig. 1(b). _ 

Using expressions (2) for I's, G, and D (with 
D=D/(1+I1)), we find that the contribution of this 
diagram, 


Go’ 2 
s(~) freo-pre-i-rg(p-i-1—® 
mi 2: 
XPsG(p—k—l)T D(DD(U') ddl’ 
(in symmetric theory a factor 5 appears because of the 


isotopic spin variables: ty7,7aTu7/= 57a: it is absent in 
the neutral theory), may be represented in the form: 


as Lk : 
—y-~ ES a®(z)84(z)d?(z)dz. 
(2) J 


4a 


It is taken into account here that only the logarithmic 
region £<2< L; [z=In—P/m?], in which / and /’ are 
much greater than # and &, is important; and that, for 


a fixed value of /, the integral over J’, 
ll’ 

4] ——— 

(1+1')?1'4 


4y/ 


converges, is equal to unity, and values of /’ of the 
order of / are essential in it [correspondingly, we put 


= 4” 4 M, 
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Fic. 3. Meson-meson single-scattering diagrams. 
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Fic. 4. Double-scattering diagrams. When each of the squares 
in Fig. 4(a) is replaced by one of the figures in Fig. 3, two series of 
18 identical diagrams are obtained. Thus altogether there are 
18X3=54 different diagrams. 


everywhere: 2’=In(—/?/m?)~z and G(p—k—/-I') 
~G(p—Il—l')~G(-—1-l')~— (I+ l’)"'8(z), etc.]. In- 
troducing the variable g=1+ (590?/4r)(Li.—2) and 
carrying out the integration, we obtain the result: 


(-1) 
590° — 
4a 


(24) 


Q 
f a®(q)8*(q)d?(q)dq, 
1 


which confirms the estimate (23) for n=2, if 
Qo? In(A,2/— p*) is replaced in (23) by a function F2(Q): 


1 Q 4 5 
F,(Q)=-— f a®Btd?dg = ———(1—Q-*/), 
4a J 167 


T 


which is, for any Q= 1+ (5902/4) (L,—£), a quantity 
of the order of unity or less. 

Thus, in the zero approximation in o°, all diagrams 
with intersecting meson lines are indeed unimportant. 
It is more difficult to appraise the contribution in (16) 
of all possible diagrams of the type shown in Fig. 1(d), 
1(e), etc., which possess an arbitrary number of nucleon 
loops. 

Let us consider a diagram of the type shown in Fig. 
1(d), which contains in the meson-meson scattering 
part any arbitrary diagram of this process represented 
in Figs. 3-6, etc. (say, diagram n, if the diagrams are 
numbered). The contribution from it [see Fig. 1(d)] 
may be written in the form; 


go? : 
sy (=) frico—nre(r-i-nrdo 
T1 
xD!) D(k-1-V)R, (I, , —k, kR-1—V) da, 
if 
(Go°/4ari) Rn (hi,ko,ka,ka) (25) 


(with ky+ke+k3+hk,=0) denotes the contribution cor- 
responding to the mth meson-meson scattering diagram 
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Fic. 5. Examples of “contractible” diagrams. 


under consideration. A denotes a factor which depends 
on the isotopic spin variables"; this factor is absent in 
the neutral theory. Taking into account in the integral 
only the logarithmic region E< z<¢ Ly, we obtain simi- 
larly to (24) 


»(=) [ eo#@aoartoas 
4n] J; 


ge 7? 
sipere f a*(q)5*(q)a(q)ARx(4)dq, (26) 
20r 1 


where R,(z) or R,(q) are the expressions for 
R, (1, , —k, k—I-?’), 


where /, /’, and kR—/—I’ are very large and of the same 
order of magnitude .[In this case the sum of any two 
momenta on which R, depends will be of the same 
order of magnitude as /, /’, or k—/—I’; it is shown 
below that under these conditions R, depends only on 
a single variable, R,= R,(2). ] 

We shall first consider the simplest diagrams for 
single and double scattering (Figs. 3 and 4). In accord 
with (25), let Ro correspond to the contribution from 
the six diagrams in Fig. 3 for single scattering and 


R= Riot Rit Rie 


to the contribution from the diagrams of Fig. 4 for 
double scattering [a doubled number of these diagrams 
(108) can be obtained from Fig. 4 if each square in 
Fig. 4 is successively replaced by one of the diagrams 
in Fig. 3. Figure 4(a) then yields two series, each con- 
taining 18 identical diagrams]. For example, after 
separating, in accord with (25), the factor 9°/4i, the 


14 Tf, in symmetric theory, a1, a2, a3, and a, denote the isotopic 
in variables of meson lines /, l’, —k and k—i-—I’ in Fig. 1(d), 
then A =7a)Ta2Ta,4 and 


R, (1, ', —k, R—-1—I’) = Rayazaza,™ (I, I’, —k, R—-1-1’) 
depends on these variables. 
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following quantity is found to correspond to Fig. 3(a): 


G0 Ap 

Ru=— | SpLPsG(p)PG(pthTsG(p-+hr thy) 
71 

XTsG(p— hi) ]d'p-Tr(7a:7097asTa3). 


(In the neutral theory, the factor Tr(7a,7a2Ta4Ta3) does 
not appear here, of course.) For all 18 diagrams of the 
type shown in Fig. 4(a) we get the quantity Ria, where 


(27) 


2 


jr ¢™ mM 
2Ria(hi,ka,ks,k) = —— f Ro(ki, kell’) DOD’) 


mt 
X Ro(—l, —I’, ks, ka)d4l (28) 


and J’ = —]—k,— k2= —1+-k3+hy. Evidently, Ry and R, 
are quantities of the same order (of zero order in 9°), 
as the factor go? in (27), and (28) is “absorbed” by the 
logarithmically diverging integral. This can easily be 
confirmed by straightforward calculations. Taking into 
account only the logarithmic region 

n<é< Ly 


in (27) [n=In(—k?/m*), — is the square of the 
largest meson momentum] and 7<z< Ly, in (28), we 
obtain 


Ro oni Pods, 
po(Q) = (16/3) (Q*5—1)+ (4g0?/x) In(A,?/A,?), 
6, = baya2da 324+ Oaya30a2a4+6aja4ba 243, 


(29) 


Ri=p16,, pi(Q) = (30) 


11 7? 
ma f po?(q)d?(q)dq 


1 
for symmetric theory, or analogously, 


Ro(Q)=24(1—Q-") + (690?/m) In(Ay?/Az), (31) 


(32) 


a & q 
R, Q Re d 


for neutral theory. 

Substituting these values into (26), we can estimate 
the contribution to (16) from the diagrams of Figs. 
1(d), 1(e) containing one or two squares. Consider, for 
simplicity, the case Q>>1 [i.e., go?(Li—n)>>1], when 
(26) is maximal. In this case, we can substitute in (26), 


HA 
Oo AH 


2 
Ot 


Fic. 6. Examples of “un 
contractible” diagrams. 
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in accord with (29), po~(16/3)Q*/®, or, according to 
(31), Ro 24+ (6907/2) In(A,?/A,?)=const. This yields 


5(5G0?/3m) (1—Q-*®) = y5590?/3zr, 
¥5(Ro/24m)§0?(1—Q-) ~ 5(Ro/24x) G02, (Ro= const) 


for the contributions from diagrams of Fig. 1(d), for 
symmetric and neutral theories respectively (it has been 
taken into account that in symmetric theory 46,=5ra3). 
The quantities thus obtained are of the order g:?, and 
vanish if go — 0. 

Contributions from the diagrams of Fig. 1(e) for 
double scattering can easily be estimated in a similar 
manner from (30) or (32). The corresponding quan- 
tities are also of the order go” and should not be taken 


into account in the zero-approximation theory. [m 


symmetric theory, for example, the contribution from 
Fig. 1(e), for Q1, differs from the contribution from 
Fig. 1(d) only by a numerical factor, since in this case, 
according to (30), 


“ia(s) freee 35) 


5. “CONTRACTIBLE” AND “UNCONTRACTIBLE” 
MESON-MESON SCATTERING DIAGRAMS 


The difficulty, however, is that besides the diagrams 
of Fig. 1(d) and Fig. 1(e), for single and double scat- 
tering, there is an infinite set of similar diagrams with a 
larger number of nucleon squares, to each of which 
there corresponds a contribution of the same order of 
magnitude.!® As a matter of fact there is an infinite 
number of meson-meson scattering diagrams, each of 
which corresponds to a contribution of the same order'® 
as (29) and (30) or (31) and (32). 

These diagrams can be called “contractible.” They 
are composed only of nucleon squares connected by 
meson lines and are such that if two squares connected 
by meson lines are successively replaced by one square, 
one finds that, by gradual simplification, the diagram 
will reduce to one of the diagrams in Fig. 3. (For 
example, the diagrams of Fig. 5 are “contractible,” 
whereas those in Fig. 6 are “uncontractible.”) If the 
“contraction” is replaced by the inverse process, then, 
starting from one of the diagrams of Fig. 3, we arrive 
at the diagrams of Fig. 4, Fig. 5(b), or 5(c), ete. 
Substitution of two squares instead of one does not 
change the order of magnitude of the diagram con- 
tribution, as an extra factor go' and two diverging 
integrals (over the meson and nuclecn momenta) then 
appear. The result is, roughly speaking, that the 


pi(Q) = 


18 This was noted by Landau and does not refer to electro- 
dynamics. For the latter (owing to cancellation of the divergences 
in the total contribution from diagrams of Fig. 3) a quantity Ri, 
of order eo? with respect to Ro, will correspond to the diagrams of 
Fig. 4 with two squares. Therefore, the following discussion refers 
only to meson theories. 
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diagram contribution will be multiplied by o‘Z,Lx, 
which is of order unity. (If L, > ©, gc°L,— 7, and 
Go'L Li — wGc°Ly.) The transition from a diagram of 
Fig. 3 to one of Fig. 4 carried out in (28) is a good 
example of absorption of the factor go? due to divergence 
of the integral. Similarly, a simple estimate shows that 
a quantity of higher order in g) corresponds to “uncon- 
tractible” diagrams. 

If the contribution from the infinite set of all the 
meson-meson scattering diagrams (i.e., the exact value 
for the meson-meson scattering amplitude) is denoted 
by 

(Go?/4ari) P’ (hi ,ko,ks,ks), 


then, for large meson momenta k; the P’ can be repre- 
sented by a series of the same form as (1): 


= P(%)+9eN(%)++++; = Got In(Ay?/—F). 


The first term of this series is defined by an infinite 
sum 


P (ki ,Ro,Ra,ha) _ i Rn (hi,ko,ks,ks), 


n=0 


(34) 


which is taken only over “contractible” diagrams. 

Correspondingly, the total contribution to (16) from 
diagrams of the type shown in Figs. 1(d), 1(e), etc., 
with an arbitrary number of nucleon loops, is deter- 
mined by expression (26), in which R, is replaced by 
the total sum P. The magnitude of the expression thus 
obtained can be estimated only if the series (34) can 
be summed, or if at least it can be shown that the series 
does not diverge. 

In the following, it will be shown that the difficulty 
connected with the necessity of evaluating the sum (34) 
(the so-called parquet problem) can be circumvented if 
a special type of limiting process (b) (super-two-cutoff 
case) is considered. 

The possibility of evaluating the sum in (34) will be 
discussed in Sec. 7. 


6. “SUPER TWO CUTOFF CASE” (B) 


If, as Az — ©, (0) is fulfilled, the contribution to 
(34) from all terms of the sum except Ro will be infini- 
tesimally small and 


lim P= Ro. 
AR 
Indeed, since 
5g0° Lin 
4 1+(go?/m)(Lp—Ln) 


where n< Ly, we get for L,p—-Li > ©] 


en (ESN) 


and therefore, according to (30) or (32). 


Q=1+ 


Ri 0. 
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Similarly, all other terms of the series (34) vanish, 
because the quantity @o'L,LZi, by which, roughly 
speaking, the contribution from any diagram is multi- 
plied if one square is replaced by two, itself vanishes. 

If Li/LpK1, Ro according to (29) or (30), becomes a 
constant of order unity, and according to (26), for 
P=Ro=const, the contribution to (16) from all 
diagrams of the type shown in Figs. 1(d), 1(e), etc. 
will be proportional to L;/L, and vanish for L, > ~. 
[To be more precise, in the limit L, > ©, (L,/L,) > 0, 
the contribution to (16) from a diagram with m squares 
will be proportional to (L;/L,)". ] 


7. COMPUTATION OF MESON-MESON SCATTERING 
AMPLITUDE (34)!* 


The sum (34) of all contractible-diagram contribu- 
tions obeys an integral equation whose form depends 
only on Ro. In order to deduce this equation we intro- 
duce the concept of reducible and irreducible diagrams. 

Diagrams which are reducible with respect to 
“separation” of meson lines k, and k. from k; and ky 
are defined as those which can be divided into at least 
two parts, connected by only two meson lines. It is 
assumed, moreover, that the separation is carried out 
in such a way that lines &, and kz are connected to one 
part and ks, k, to the other. [For example, the diagrams 
of Figs. 4(a), 7(a), and 7(c) are reducible. ] Those 
diagrams which do not possess this property are irre- 
ducible with respect to separations of k;, ke from ks, 
k,,!” [example : diagrams in Fig. 3, Figs. 4(b), 4(c), 7(b), 
and 7(d) ]. 

For the sake of generality, we shall first consider all 
(i.e., contractible and uncontractible) meson-meson 
scattering diagrams. Let P’ be the total contribution 
sum, R’(ki,k2; ksks) the sum of all irreducible diagram 
contributions (in the sense of separation of k,, ke from 
ks, ka), and F(ky,ko3k3,k,) the sum of all reducible 
diagram contributions: 


P' (hi,ko,ka,ka) = R’ (Riko; Raha) +F (Riko; ks,ka). (35) 


P’ is symmetric with respect to any transposition of 


16 The computations made in this section were carried out in 
collaboration with I. T. Diatlov. See I. T. Diatlove and K. A. Ter- 
Martirosyan, Soviet Phys. JETP 30, 416 (1956); Diatlov, 
Sudakov, and Ter-Martirosyan, Soviet Phys. JETP (to be 
published) ; V. V. Sudakov, Soviet Phys. JETP (to be published). 

17 The same diagram can be reducible or irreducible in this 
sense, depending on how the meson lines approach it. Thus, the 
diagram in Fig. 4(a) is reducible in the sense of “separation” of 
ki, ke from ks, k«, whereas the diagrams in Figs, 4(b), 4(c) are 
irreducible. 
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Fic. 7. Diagrams (a) and (c) 
are reducible, whereas (b) and 
(d) are irreducible with respect 
to “separation” of k; and ke 
from ks and ky .(In the sepa- 
ration method illustrated in 

Fig. 7(a) the part contiguous to 
a _ *& and hk, is swe ogi 
, 4 Tespect to “separation” o 
. al . these two lines from the two 
others.) 


4 4 


meson lines, whereas R’ and F’ are invariant if k; 
and ke, or ks and ky are transposed, or if k,, ke is replaced 
by ks, ky. P’ and R’ are related by an integral equation 
which is similar to the Bethe-Salpeter equation, 


P’ (ki,Ro,k3,R4) 9 2 
0 
= R’(ki,k2; single JR bass LI’) 


TL 
xDDD) P'(—1, —l’, ks, ka) dtl, 


where /’= —/—k,—ke, just as in (27). 

For convenience we present here a short deduction 
of this relation. Consider an arbitrary reducible diagram 
(with respect to separation of k,, ke from ks, ks), 
and let the site of separation be chosen in such a 
manner that the part adjacent to k; and ke is already 
irreducible (with respect to separation of ;, ke from 
I, l’). An example of this type of separation is shown in 
Fig. 7(a). Denote by pn’ (ki,k2;/,l’) and om(—/, —/’,Rs,ka) 
the contributions from both parts of the diagram; we 
then obtain, evidently, for the total contribution 


/ Jo , NNT) 
Sum’ (Rika; s,ka) = —— fo. (Riko; 1,1’) D(D) 


71 
XD(l')om'(—l, —I’, ks, kad‘. (37) 


Summing both sides of this equation over all possible 
diagrams, i.e., over n and m, we obtain 


(36) 


2 


Jo 
2F’ (kiko; k3,k4) = = JR ss LI’) 


T1 
x D() DU) P'(—1, —I’; ks, kdl, (38) 


which is equivalent to (36). Equation (38) was obtained 
by taking into account the fact that when the total set 
of all possible diagrams in both parts of the reducible 
diagram are connected by lines / and /’, two sets of 
identical diagrams appear. As a result the factor 2 
emerges in the left hand side of (38), just as in (28). 

Consider now only contractible diagrams and let P, 
R, and F denote the corresponding sums only for them. 
The foregoing considerations can be applied to this 
case without alteration, and we obtain: 


P(k1,ke,k3,k4) = R(Ri, Reo; ks,ka) +F (Riko; ka,ka), 


G0 ag hg] 
F (bibs; bak)=—— f R(bskss 1!) DOD) 


TI 
xX P(—l, —I’, ks,ka)d'l. 


(39) 
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We may use relations (39) to solve our problem, if 
we note that any “contractible” diagram is necessarily 
reducible with respect to separation of some pair of 
meson lines from some other pair (provided that it is 
not a simple diagram of the type of Fig. 3). Indeed, 
by carrying out the contraction process, any arbi- 
trarily complex contractible diagram can be transformed 
into one similar to that shown in Fig. 4, for which this 
statement is obviously true. 

Thus, 


P(ki,ko,k3,Rs) = Ro(Ri,ko,Rs,Ra) + F (Ri, ks; ho, ks) 


+F(ki,k4; ko,ks3) +F (kiko; k3,Rs). (40) 


This results together with (39), yields 


R(ki,k2; Rss) = Ro(hi,k2,ks,Rs) 
+F (ki,ko; ks,ka)+F (Rika; Ro,Ra) 


and 
F (ky ,k2; ks,ks) 


2 


g 
Si seine Jf CRoGba bale + 2 Oba k»,l’) 


201 
+F(k,l'; kel) JD DD(U)CRo(l, —l’, ks, Rs) 
+F(—l, ks; —l', ks) +F (1, ha; —I’, hs) 


+F(—l, —l’; ks, ks) Jd4l. (41) 

Equation (41) uniquely defines the function F if Ro 
is known. 

If the meson momenta are large and only the loga- 
rithmic region —?>>— (ki +k)" is taken into account, 
then (41) can be considerably simplified. An attentive 
scrutiny of (41) reveals that if the momenta k; and kz 
are very large and considerably exceed their sum ki+ho, 
F will be dependent only on the two variables 
¢=In[—(kit+ks)?/m?] and n=In(—?/m?*), where & is 
the larger of the momenta &, and kp; i.e., in this case’® 


F (hike; Rs,ka) =P (0,6). 


If, however, all sums k;+; of meson momenta are 
quantities of the same order [this is exactly the case 
which is of greatest interest with respect to substitution 
in (26) ] or if there are two large momenta belonging to 
different pairs—the first to ki, k2 and the other to the 
second pair, then n»={ and F will depend only on one 
variable F=F(n)=(n,n) [by definition n is always 
>¢). 

A shortcoming of Eq. (41) is that when F depends 
on one variable it is coupled in (41) with the value of 
F(—1, —l’; ks, ka)-~®(z,n), depending for ]—+* on two 
variables. 

18 Tt is assumed that the larger of the momenta k; and ky, 


(momentum &’) is of the same order of magnitude as k3+h, 
= —(ki+ke); otherwise F=(n,{,n’), where n’=In(—k’?/m?). 


a 
a 
é, 
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_Fic. 8. Division of a reducible diagram into N irreducible 
diagrams with respect to “separation” of lines /; and /;’ from J; 41 
and /;41’. 


Thus, for example, in neutral theory we obtain 


Jo Lk 
F(n)= "F f [Ro(z)+2F(z) ] 
T - 
” \<[Ro(2)-+2F (2)+6(2,n) W2(2)dz. (42) 
F(n) therefore can be found only if @(z,n) is known. For 
this reason we are forced to consider in (41) the case 


when k, and k are very large compared with their sum. 
We then obtain: 


#(n,¢) = ——LRo(n) +2F (n)] f [Ro(s) +2F (2) 
Sr : 


Z j° ¢" 
+(0g}P@de—— f [ Ro(z)+2F (2) ] 


as 


X[Ro(z) +2F (2) +(2,¢) Jd(z)dz (43) 


and, according to (42), &(n,)=F(n). The set of Eqs. 
(42) and (43) has a unique solution which can easily 
be constructed for go?(Li—n)<1, or g?(Li—n)>1. 
The corresponding calculations are given in the ap- 
pendix for the case of symmetric theory. The equations 
corresponding to (42)—(43) in this case are also given 
in the Appendix. 

We shall now demonstrate that if all the momenta 
sums k;+; are quantities of the same order, then the 
set (42), (43) is equivalent to a simple equation for the 
function!® P(n)= Ro(n)+3F (n). 

In this case we deduce anew an equation which is 
similar to (41). From the very beginning, however, we 
restrict our considerations only to asymptotic values of 
the functions and take into account only the logarithmic 
integration region n<z< Ly. 

An arbitrary diagram reducible in the sense of sepa- 
ration of ki, ke from k3, ky consists of a number of 
diagrams (at least two) connected by meson lines /;, 
li =—l+kitke (Fig. 8), each of these diagrams being 
irreducible with respect to separation of the pair of lines 
li, L from 141, liza’ (see Fig. 8). If the momenta /; and 


19 In the symmetric theory each of the three functions depends 
on the isotopic spin variables in an individual manner, i.e., 
P(n)=Ro(n)+Fa(n)+Fo(n)+F-(n), where the subscripts a, ), 
and ¢ refer to the three diagrams in Fig. 4 [i.e., Fa = F (ki,k2; Ra,ka), 
Fo=F(ki,ks; ko, ks), F.=F (kik; ke, ks) ]. 
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liz, are very large the contribution from the ith dia- 
gram in such a chain, fn;, will depend only on the 
larger of these momenta. We write it as 


Sni(BinBi41), 2;=In(—1?/m’), 


where fn; in fact depends only on the larger of the 
quantities 2;, 2;,:. In this case, analogously to (37), we 
obtain for the total contribution from the diagram in 
Fig. 8 


—90 N Lk le 
fuons-~-an)=( ) f day: f dzy 
4r . 1 


X fno(,21)d?(21) fn1 (21,22)? (ze) eee 
X@ (zw) faw(zy,n), (44) 


where N is the number of irreducible diagrams in the 
chain in Fig. 8, corresponding to the given reducible 
diagram. The integration region over 2, Z2, «+, 2, can 
be divided into N regions in each of which one of the 
variables, say 2;, is smaller than the others. Corre- 
spondingly, (44) can be represented as the sum of V 
integrals over these regions: 


N —Oe 
frony---aw(m) =D 


i=l 4r v, 


front: . -ng_1(24)d?(z,) 


X fninigr- . -nw(24)d2;. (45) 
Here fnoni---ni-1(2;) is defined in exactly the same 
manner as in (44), i.e., it is the contribution from that 
part of the diagram under consideration (part I in 
Fig. 8) which is contiguous to lines k,, ke and /;, /,’, and 
which one would expect if &; and k2 were quantities of 
the same order as /;, };’. Similarly, fniniy1---nw(z;) refers 
to part II in Fig. 8. 
By definition, 


DL fno(21)= R(21) (46) 


is the contribution of all irreducible diagrams (with 
respect to separation of lines kj, ke from /;, /;’), and 


x 


ie * 


i=2 no,mi,+++,ni—1 


2'-* fron: -ong_1(25) = F(2;) (47) 


is the contribution of all reducible diagrams (in this 
sense). 

The factor 2‘ [similar to the factor 2 in (38) ] takes 
into account the fact that on summation over all types 
of irreducible diagrams in each “contractible” part (of 
part I in Fig. 8), 2" identical types of reducible dia- 
grams appear. 

According to (46), (47), and (39), 


P()=R()+F()=— 


i=1 noni: --ni—1 


2's mony:- -nj_1(2). (48) 


Multiplying Eq. (45) by 1/2” and summing over NV 
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and all ; we obtain, in accordance with (47) and (48), 


2 


ie ee oa 
P()=—- f P(2)d2(2)P(2)de. 


Ty 


(49) 
In neutral theory P(n)= Ro(n)+3F(n), and therefore 
39 2 Lk 
Pie iito—-— f P'(2)d2(2)dz. (50) 

8r 4, 


In the symmetric theory P depends on the isotopic 
spin variables a;, Pajazazas(n)=P(n)d,, where 5, is 
defined in (29). In (49) we therefore find (for the func- 
tion F, corresponding to diagrams of Fig. 4(a) which 
are reducible with respect to separation of ki, ke from 
ks, ks), 


3 
oN Payagvy (2) Prwagag(z) = [25,+Séarardaga4 |P?(z). 


vp=l 


Thus, for the quantity P(n)6,=po,+FatFitF., we 
get 


11 ° Lk iN 
Mien f P(2)d(z)dz. (51) 
8r ¥, 


In the approximation considered here [zero order in 
go, for an expansion of type (1) ], Eqs. (50) or (51) 
accurately define P(n). These equations can easily be 
solved after substituting in them expressions (3)—(4) 
for the functions d and (29)—(31) for the functions po 
and Ro. We shall consider the most general case, in 
which, besides the usual interaction, a direct interaction 
of the type” Ao¢g* is included in the Hamiltonian. The 
only alteration in the formulas given above is that a 
constant quantity is added to (29) or (31). As a result 
one should substitute in (50) or (51), 


po= (16/3)(x—1)-+6o, 2=Q*, 
Ro=24(1—x) +b, x= QU, 


respectively, for symmetric and neutral theory, where 
bo is a constant. Substitution in (50) and (51) yields, 
after introducing a variable x in accord with (52) and 


(52) 


% In the presence of this interaction, the S matrix has the form 


T exp[ f Vreread ede + Jie soreuseods] } 


in symmetry theory and 


r{ exp| Trobedr +3, f dz] 


in neutral theory. 
2 This constant is equal to 


(4/m) Qo? In(Ay?/Ax*) +(44do/fo*) [or 4+ (4xdo/g0*) ] 
in symmetric theory, and to 
(6/m) Jo? In(Ap?/Ax2) + (4ard0/Go®) Lor 6+ (4ard0/go*) ] 
in neutral theory. The values in brackets refer to the case 


(go?/w) In(Ay?/Ay*)>>1, for which (9o?/m) In(Ay?/Ay*)=1; Xo 
=Qo ro. 
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taking into account (3), (4), 
16 11 ¢ dx 
P(bo2)=—(e-1)+6-— fi P*bo,2)— 
3 6 1 x? 
(53) 


P(6o,2)=24(1—2)4+6o—— [ PXE—,2)— 
ot) =24(1—2) + by J (bo) 


Here, as in the following, the first formula refers to 
symmetric theory and the second to neutral theory. 
Differentiating (55) with respect to x we obtain 


dP (box) _ 16 11 ot 
dx X ae x ). 


(54) 
dP(bo,x) 3 /P(bo,x) \? 
a(n 
dx 2 
where, according to (53), P(bo,1)= bo. Solving Eqs. (54) 
with this boundary condition, we obtain 
- eae 
11 B+(8/11)x29"” 
(145)h+1 Bove 
x 
3 (145) 41 
B 


(145)\—1- 


x 


x= O85, 


P (bo, 
(b,x) = (55) 


r= OH, 





P bo,x) = 


Vv 145 


where 


B= (1+4b0)/(1— 346), ie 
20 


eh (a .) 


These formulas show that P(bo,x) is a quantity of 
the same order of magnitude as Ro(x). Substituting (55) 
in (26) we find, as in (33), that for Q>>1 the contri- 
bution in (16) of all diagrams with any number of 
nucleon loops is 

590° 590? 
ye —(1- G4) ys — 
117 lin 

(145)!+1 

Y5 —9r(1 
720 


(145)!+1 
—Q- 65) x = 5 o 


for symmetric theory and neutral ait respectively. 
It is obvious that for go? — 0 this contribution vanishes. 


8. RENORMALIZATION PROPERTIES OF THE 

SCATTERING AMPLITUDE P(bo,x). DEDUCTION 

OF (54), (55) FROM THE RENORMALIZATION 
PROPERTIES 


In the familiar renormalization procedure,” the 
meson-meson scattering amplitude 


(g0?/4ar) P (bo,x) 


22 For the sake of simplicity we consider in this section the case 
A,=Ax=A, for which 9o?=go?, Xo=Ao, and the quantity bo (see 
reference 19) equals 42ro/go?. To change to the two-cutoff case 
D, d, go®, Xo, bo should be replaced by "B. d, Jo?, Xo, and by. 


is multiplied after renormalization by 
Ze=d5- wd fs DL) = d*(g0? Ls 


According to (12), g2=go?/Qo, Qo= 1+ (Sgo?/4r)L, 
and according to (3) and (4), Z3?=Qo-*/* in symmetric 
theory and Z;=Q,** in neutral theory. Thus we 
obtain 

e P(bo,x 
Ze — Ys sinet a ) 
4 4 


Tv Xo 


(57) 


where x%o=(Qo*/® in symmetric theory and x»>=Q o-* in 
neutral theory. Thus after renormalization, P(bo,x) is 
replaced in all the formulas by 


P (x)= P(bo,x)/xo, 


which is the meson-meson scattering amplitude after 
renormalization.” As x=xox, [where x» and x, are 
defined in terms of Qo and Q, as «x is in terms of Q], we 
obtain, in accord with (55), 


P.(x) = P(be,%e), 


where P is a function (55) and 6, is a function of do, go’ 
and L being defined by the formulas 


(1+-3b.)/(1— $$b-) =[(1+3b0)/(1— 


(145))-+1 (145)!~1 
( —— “b.) rs (1+ : i.) 
48 48 
(145))-+1 (145)!—1 
(e289) /(8 fe 
48 48 


If P(bo,~) and P.(x) are replaced by the quantities 


(58) 


bo) Jeu, 


P(bo,x) go" 4rd 0 
(6H do, L—8)=— =P", 2), (59) 
bo Amro go 
Be P(bo,*) 


P(g? , hats (x ‘= 7. 
4r. 4th. 0° 


(60) 


where, according to (59), ®(go?,Ao,0)=1 [since P(bo,1) 
= by for §=L, x=1], one may then rewrite the renor- 
malization relation (57) in a form which is exactly 
similar to that of (11). ® and @, are the vertex parts 
of the meson-meson scattering diagrams before and 
after renormalization. According to (57), 


AoP (go?, Xo, L=~ §) =Vcd? (ge? Ac L)Pe( ge? AcE), (61) 


where Z;~ is replaced by d?(L). Putting &=L, we 
obtain 
No= Ad? (ge Ae, L)Pe( ge, Ac,L). (62) 


This formula defines the dependence of Ao on A,, L, and 
g.’, which was expressed above in explicit form. In- 
serting in (61) the values of \, from (62), we obtain, 


Tt should be noted that P.(x), according to (55), remains 
finite for any value of bo. 
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as in (11), 
P(g0*, Ao, L- §) ™ Pe( Ge? Ac,E)/Pe(ge*,rc,L). (63) 


Equations (11), (62), and (63) completely determine 
the renormalization procedure, if one takes into account 
that a, 8, and d in relations (6) depend, in the presence 
of direct meson-meson interaction, on Ao; and a., Be, 
and d, depend on ),. 

We now show that Eqs. (54) and (55) for the meson- 
meson scattering amplitude can be obtained from these 
equations in a manner similar to that used above to 
obtain the values (3) and (4) of the functions a, 8, 
and d. 

We introduce, similarly to (12), the effective charge 
of direct meson-meson interaction, 


A(E)=AoP (ge, Ao, L—§)d*(g0’, Xo, L—§) 
=APe(ge AcE)d?(g-7,Ac,E). 


By a method similar to that used in obtaining (13), 
we obtain from (11) and (63) 


a’ /a=ae' /a-= F i(g*,d), 
8'/B=B.'/Be= F2(g*,r), 
d'/d=d,'/d.=F3(g*,d), 
P'/0=0/0.=Fi(g2,r), 


(64) 


(65) 


where the functions F;, F2, F3, and Fy depend only on 
the effective charges (12) and (64). As an example we 
present the proof for Fy. From (12) and (64), we obtain 


f= £(g.7,g",A), A= Ae(ge7,8",A) ; 


therefore the ratio ®,'/@., which is a function of g,?, A., 
and £, can be expressed as a function of g,”, g’, and X. 
Thus &’/@, which is equal to @,’/®,., can be expressed 
as follows: 


®" (go°,Ao, L~ £), P(g0",Ao, i §) sta Py (gc*,g",A). 


If the values of go? and Xo are fixed in this equation and 
L and & vary in such a manner that L—£& remains 
constant, it will easily be seen [see the similar equation 
(14) ] that the only varying quantity in (66) will be g.?. 
Equality (66), therefore, can be true only if F, is in 
fact independent of g.’, i.e., we arrive at the last of 
Eqs. (65). A similar proof can be applied to the re- 
maining cases. The logarithmic derivatives of the 
effective charges (12) and (64) yield 


Le }'/g?= 2F 1(g*,A) + 2F 2(g?,A)+F3(g?,), 
N’/A= Fa(g?,A)+2F 3(¢°,d), 


which (if the functions F are known) can be considered 
as the differential equations for g*(£) and \(£). These 
equations should be solved with the boundary condi- 
tions: g*(L)=go?, A(L)=Xo. Letting F—>L, A<K1, 
go’K1 (and Ao~go*) and using perturbation theory, one 
may determine the functions F;. For F,, F2, and Fs we 
obtain the previous expressions (since the effect of 
direct meson interaction on them is a higher order 


(66) 


(67) 


SUDAKOV, 


AND TER-MARTIROSYAN 


Ie 


Fic. 9. Essential diagrams in perturbation theory 
for Ao™~ go". 


effect), and hence for g*(é) we obtain the expression 
(15): 


8° (£)= g0?/Q(E). 


In order to obtain F,, one should determine P to first 
order in go” and Xo. 

From the diagrams of Fig. 9, we obtain for the cases 
of symmetric and neutral theory: 


4 


80 11 
hP=do+—(L—#)——Av*(L—8), 
i 2 


go! 3 
AGP =Ao+—_(L— §) ~pee~ é). 


2n? 


[The three terms in these formulas correspond to 
diagrams (a), (0), (c) in Fig. 9. ]. Hence, 


Fy= (P"/®)g-4n= (11/2)A— (g*/m°A) 


for symmetric theory and Fy= $\—(3g*/27°A) for neutral 
theory. Inserting these values of F, and the values of g* 
found previously in (67), we obtain the equations 


N’(é) 11 2g0° 
| Xr 


a ———_-+-——_, 
mr(E)Q(E)  wO(E) 


3go! go 
~— ==) (§) ==, 
A(é) 2 2Wd(E)O(E) wO(E) 


These equations reduce directly to (54) if, in accord 
with (64), the substitution \(£)= (go®/4ar) P(bo,x)d?(«) 
is made and one changes to the independent variable 
x=(*/° in the case of symmetric theory and to x=Q-"/5 
for neutral theory.™ 


A(é) 2 


9. VANISHING OF MESON CHARGE IN PSEUDO- 
SCALAR THEORY WITH PSEUDOVECTOR 
COUPLING 


As is well known, within the framework of the usual 
perturbation theory, the theory with pseudovector 
coupling is not renormalizable. 

This, however, cannot be used as an argument 
against a treatment in which an expansion in powers of 
go" is not used. 

We shall consider the theory with two-cutoff values. 


% See also in this connection N. N. Bogolubov and D. V. 
Shirkoff, Doklady Akad. Nauk S.S.S.R. 103, 400 (1951); Nuovo 
Cimento 3, 845 (1956); D. V. Shirkoff, Doklady Akad. Nauk 
S.S.S.R. 105, 972 (1954); J. C. Taylor, Proc. Roy. Soc. (London) 
234, 296 (1956). 
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We confine our considerations to the limiting process (c), 
(Ax?/m?*)[In(A,y?/Ax”) P11, 


as this is the simplest case. 
We will now show that in this case** the Schwinger- 
Dyson equations 


e . 


U (p, p—)=0rsk=—— frev- 1 
m2 11 


XI'G(p—k-DPD(Dd'I+---, (68) 


3 ? 
| p—m—- : : Joraee-nrower|ow- 1, (69) 
wim 


280° 
{— er— f sptrac ‘p)OyskG (p—k) 
ri 


— (1G p)OrekG (PH) e'p | DE)=1 (70) 


(where @ is the cut-off function, » the observable meson 
mass, and m the “bare” nucleon mass which equals, as 
shown below, the observable mass), have a simple 
solution of the form 


G(p)= (p—m)", 
ysk 


if the momenta are less than 
the cutoff values, 


0 otherwise, 


(71) 


I'(p, | 


4g, aot 
pw)=[14—= n/a.) D(k), 

72 

D(k) = (—p?). i 


First of all it will be proved that (72) is a corollary 
of (70) and (71). 

Inserting (71) in (70) and transforming the inte- 
grand in (70), we get 


1 1 
det pata) 
p—m p—k-m 


1 1 
spf k—— |-—- 
p—m p—k-m) (Pp — m?)(( p- k)?—m?) 


8m? k? 


The term 


1 1 1 1 
sol a kh—— —|- k——_ — k—_—_ 
p—m p—k—m p-—m p-—k-m 


does not make any contribution to the integral in (70).?6 
25Only neutral theory will be considered. In this case the 
S-matrix has the form T {exp[(go/m) Syvs(—-i9 ¢)vdx ]}, where € £0 
is the dimensionless coupling constant and (—iY)e“"= Ke** 
#6. S. Fradkin and Avrorin (to be published). It should 
be remarked that, if the cut-off procedure is carried out in such a 


The second term can be written as 


_ — Smith 


2 ‘pk — ke 
8m’ e - - (73) 
p?—m*) 22)°L ( (p—k)? —m*] 


On substitution of (73) in (70), the second term of 
(73) gives a convergent integral, whereas the integral 
of the first term of (73) diverges logarithmically. The 
part of this divergent integral in the region A,” < (— p”) 
<A,’ will equal (k?—y*)IT, where 


I= (4g0?/m) In (ass ‘A;?). 


Taking into account in (10) only the largest, logarith- 
mically divergent part of the integral and writing 
(1+II) in front of the brackets in (70), we get the 
following Sai for D= (1+II)D(k): 


Do (k) = (#—w)[1— (4g2/m) In(A2/—k)], (74) 

80" as 

= (1+II)g°=- (75) 
1+ (4g? ‘1r) In(A,?/ ‘Ai2) 


which is the same as (72) since g,” In(A,?/A;’), accord- 
ing to (c), is an infinitesimally small quantity. Accord- 
ing to (71) and (72), g2 is the renormalized charge. 
Thus, if (72) is substituted in (68) and (69), go? will be 
replaced by g.2 and the free-field function D is sub- 
stituted everywhere for D. 

Equations (68) and (69) are satisfied in this case, 
i.e., the integral terms which enter them are infinitesi- 
mally small. To prove this we estimate the integral 
term in (69), 


2 


2 phe 1 dk 
; — f a sk- : 
p—k-m P-p 


3g 


We have 

M (p)—~pig2A2/m’, (76) 
to terms of the order of m?/— p? and — p’/A,? relative 
to unity. 

If — p is not small compared with A,’, the magnitude 
of M(p) will be even smaller. 

If, however p=m, then M(m)=Am will be the 
change of mass resulting from interaction with the 
meson field. In this case, expanding (pb—k—m)~ in a 
series in m, we obtain 


M (m)= (77) 
According to (75) and (c), g2A,2/m?<<1, and (76) and (77) 


Am~img2A,?/m?. 


way that 
Sayer 


yields a nonzero result, the proof that the renormalized charge is 
zero is even simpler. 
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are vanishingly small quantities [(77) in particular 
shows that Am/m<1, i.e., the “bare” nucleon mass is 
practically the same as the observable mass ]. 

In the exact equation (68), besides the term written 
above, which corresponds to the simplest diagram of 
Fig. 1(a), one should also take into account other 
terms which correspond to more complicated diagrams 
with intersecting meson lines and nucleon loops (Fig. 1). 

We first consider the case when the momenta 9, 
p—k, k, corresponding to free ends in (68), are small 
compared with A,. 

It is easiest of all to estimate the contribution from 
the term given in (68), 


ge 1 1 d‘] ge A 
f 1 oe. 
mri p-t p-k-i P 4m? 
It evidently is vanishingly small compared with y;k. 
Consider now an arbitrary diagram of the type of 
Figs. 1(b) and 1(c) with m intersecting meson lines. 
Its contribution involves the factor (g.*)"; in the 
integrand we have m functions D=(k’—y*)", 2n 
functions G, and 2m functions I’, the number of inte- 
grations over the momenta fy, ke, ---, &, of the mesons 
being m. The order of magnitude of the integral will not 
be underestimated if each integration over —k? is 
carried out independently, starting from — p” (or —’, 
since for — p’<<A,? and —k*<A,’ the lower limit is of 
no consequence, owing to the quadratic divergence of 
the integrals). Thus we obtain the following estimate of 
the contribution J, from the diagram under considera- 
tion, 

To eyskCn(g2)"(Ax?/m?)", (78) 
where C, is a numerical factor. Obviously the mag- 
nitude of (78) is arbitrarily small for g°A;,?/m’<1. 

Consider now the diagrams of the type of Figs. 1(d), 
1(e), etc., which include meson-meson scattering. An 
elemeritary “square” of Fig. 3 in the case of pseudo- 
vector coupling does not involve any divergences, and 
yields a contribution equal in order of magnitude to 


go (—k*/m?)? (79) 


if (—k®)~(— hi?) ~(— he?) (he) ~— (kit hot hs)’. 
Now compare this quantity with the contribution from 
the diagrams of Fig. 4, containing two squares. Using 
(71) and (72), we get the following estimate of the 
contributions: 


gebk! Ak — pk? 2 A? 2 
fmol) et) 

m® m m* 
Thus, in order of magnitude, (80) differs from (79) 
by a factor (g2A,?/m*)*<1, and is vanishingly small. 
The series of successive meson-meson scattering acts 
converges rapidly and practically equals (79). In other 


words, the contribution from all the diagrams with 
nucleon loops of the type shown in Figs. 1(d) and 1(e), 


(80) 
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is practically the same as the contribution 914 from the 
single diagram in Fig. 1(d); the magnitude of the 
latter can readily be estimated, 


A? 


3 
$ia~skC u( =) <Krysk, 
me 


where Cy, is a constant. 

The estimates thus obtained show that all diagrams 
with intersecting lines and nucleon loops of the type 
shown in Fig. 1 form a series 


2 A? n o + A? n 
sk oa Ba(se—) = 5k ‘a B,, ae al ’ 
n=l m? n=1 14 m? In(A,7A;’) 


(81) 


where the B, are numerical multipliers. This series is 
evidently asymptotic. However, its sum can be made 
arbitrarily small relative to ysk by virtue of condition 
(c). Thus T really equals ysk, in agreement with (71). 
Up to the present the momenta p and k were con- 
sidered small compared with A,. If this condition is not 
obeyed, the difference between I and sk will be even 
smaller than in the case considered above (this is 
similar to the situation in electrodynamics and in 
pseudoscalar coupling theory). For example, if 


—pP>Av, —P«KAP 


the quantity 1/p (instead of 1/k) will correspond to 
the nucleon lines of the diagrams in Figs. 1(b), 1(c), 
etc. Instead of (78), we obtain the following estimate 
of the order of the contributions from diagrams with n 
intersecting meson lines: 


A? n A? n 
renskc,'(—) (=) ’ 
-? at 
which is even smaller than the quantity in (78). 
Thus, by strengthening inequality (c), in the limit 
A. — ©, we may, with any degree of accuracy, satisfy 
Eqs. (68), (69), and (70) with functions (71) and (72). 
Relation (75), which establishes the connection 
between the renormalized and “bare”’ charges, indicates 
that for A, > ©, 
ge “— 0, 


which is similar to what one finds in electrodynamics 
and pseudoscalar coupling theory. 


10. CONCLUSION 


The result g.2—+0 was rigorously proved above for 
pseudoscalar theory with two different types (a) and 
(b) of limiting processes A; —> ©. In both cases, in the 
limit A, — ©, the physical interaction disappears; thus 
under these restricted conditions the result g?— 0 is 
independent of the form of the limiting process. It is 
significant that no ambiguity arises in the theory and 
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after renormalization all the results are independent of 
the form factors, i.e., of the specific nature of the 
limiting process (parameters of the type A, and A, 
which characterize the ‘“diffuseness” completely disap- 
pear from the formulas of the renormalized theory ; they 
remain only in the formuls relating the unrenormalized 
quantities). This indicates that, from the theoretical 
viewpoint, various types of limiting processes are 
equivalent ; i.e., in the limit of A, ~ ©, any relationship 
between A, and A, is permissible.?” 

In other words, physical results for fixed finite 
distances should not depend on the character of the 
limiting process, i.e., on the relation between A, and 
Ax, which, in the limit, refer to infinitesimally small 
distances. 

It can be seen from the foregoing that two cutoffs are 
necessary to keep, in the range up to A,, the “effective” 
charge go’ small, no matter how large the bare charge 
go might be. A slow, logarithmic dependence of all 
quantities on the momenta, and the possibility of 
expanding into a series of the same type as (1), is due 
to the smallness of go”. Thus, introduction of two-cutoff 
values considerably simplifies the problem, as in this 
case the theory with an arbitrary go directly reduces to 
the case when the charge is small (if I>>1) and ex- 
pansion (1) and formula (7) are valid [or else the 
problem directly reduces to the case when the inter- 
action is turned off, if (6) I In(A;?/m?) - 0, or (c): 
II-A,?/m? — 0]. Since the results are independent of 
the character of the limiting process, the result that 
g.’ equals zero can also be expected in a single-cutoff 
theory in which A,=A,. (According to (7) for a suf- 
ficiently small go this is certaintly true.) If, however, 
go” is not small in the single-cutoff theory, the functions 
will depend strongly (nonlogarithmically) on the mo- 
menta near the upper limit, and a more refined mathe- 
matical technique will be required. Nevertheless, in this 
case one may also present some general considerations 
which indicate that the renormalized charge should 
vanish. 

For simplicity consider the case of electrodynamics 
for which at e°<1 we have! a=6=1, 


d(k)=[1+ (e0?/3) In(A2/—#) 
= (3ar/ed?)[In(A?/—?) }. 


The latter equality refers to the case when (¢¢°/37) 
XIn(A?/—?)>>1. Inverse proportionality between the 
function D=k-*d(k) and e* indicates that in the 
Lagrangian of the system the part belonging to the free 
fields can be neglected. [It is not difficult to see that 


27 This does not signify that the “smearing” function @ can be 
introduced in an arbitrary way, the only restriction being that 
04, > 1 as Ay — ©. Since the unrenormalized theory involves 
logarithmically and even quadratically divergent integrals, it is 
important that @A, approach unity sufficiently rapidly with 
decreasing momenta. Otherwise some definite general conditions 
will be violated (e.g., the conditions of the Lehmann theory) 
which chould be satisfied in any physically reasonable theory. 
The results obtained in this case will not have any physical sense. 
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in this case the average of T(A,(x)A,(y)) over the 
physical vacuum, which defines the D function, is in- 
versely proportional to é9. | If, however, the free-field 
Lagrangian does not play any significant role, at e’<1 
it is natural to assume that with increasing e¢? its role 
will be even smaller. Therefore [d(k) }' must also be 
proportional to eo? for eo?>1, i.e., ec’d(k) is independent 
of eo? and always has the form ec’d(k) ~ 3a[In(A?— &) | 
(if only —# does not approach A’ too closely). Hence 
for e2 we obtain 


e2 = 3a[In(A?/m?) |! 0, 


just as in the case when e?<1. 

It should be noted also that for two cutoffs one may 
consider firmly proved the validity of the expansion of 
the various quantities in series of type (1) in powers of 
an arbitrarily small quantity go”. Thus, for I's or g2 we 
get series of the type 


n=l 


20 A? 
ls-¥s= > (aey"B.(0¢ ie ), 
—--? 


Py A? 
P= (00Ga( ov n—), 
n=l ° 
where, for instance, G:(x) =[1+ (5x/4m) }", etc. 

Although these series are apparently asymptotic”® 
and not convergent, their sum, nevertheless (as for any 
asymptotic series) can be approximated, with any 
degree of accuracy, by the first terms if the latter 
decrease sufficiently rapidly with increasing n. This was 
directly demonstrated above for I's. A similar state of 
affairs also holds for the expansions of other quantities. 
Therefore, for go? 0 the expansion of the various 
quantities in series of type (1) is permissible, and does 
not in any degree undermine the rigorousness of the 
proof. 

Evidently, the vanishing of the renormalized charge 
is a general difficulty which appears in any theory with 
point interaction. This difficulty is encountered in elec- 
trodynamics, is pseudoscalar and pseudovector meson 
theories, in meson theories with mixtures of various 
interactions, in theories with mesons and nucleons of 
various types which mutually transform into each other 
without restriction when the interaction has the form 
dia 8yWVaeWe¢y, Or with certain restrictions,” and 
finally, even in the case of a meson field which interacts 
with itself and possesses an interaction energy of the 
form Ao¢g*. The relation between the renormalized 
constant A, and Apo in the latter case can be directly 
determined from (62) and (60), since according to (62) 


Ne= (g0°/41r) P(bo,%0)d*(L). 


28 C. A. Hurst, Cambridge Phil. Soc. 48, 625 (1952); A. Peter- 
man, Helv. Phys. Acta, 26, 291 (1953). 

*® Theories with mixtures of various interactions and various 
mesons were studied from this viewpoint by A. D. Galanin, 
Soviet Phys. JETP (to be published). 
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This equation, in the limit go?—>0 (which means 
that free nucleons and mesons directly interacting with 
each other are being considered) yields 


Xo 
A.= 
1+ (11/2)Ao In(A,?/m*) 


(82) 





for the symmetric theory, and 


Xo 


1=—____—_ — (83) 
1+ $Xo In(A,2/m?) 
for neutral theory. 
In these formulas Xp can only be a positive quantity, 
as otherwise arbitrarily large values of ¢ will correspond 
to the minimum of the energy 


1f /d¢\? Xo 
{ *) -e |e 
2L \dx, 4! 


and this is obviously absurd. 

From formulas (82)—(83) it follows that for point 
interaction (for A, > ©) the renormalized constant A, 
will also vanish. 

The fact that the renormalized charge is zero seems 
to indicate the existence of a certain operator which, in 
the case of point interaction, transforms the energy 
operator 3C to the form 


= U5 


in which it merely represents the sum of free-field 
energies and the interaction operator disappears. Thus 
the failure of modern theory lies in the fact that in the 
limiting case of point interaction it directly leads to the 
disappearance of any type of physical interaction. 

In conclusion, we shall consider the possibility of an 
experimental proof of inconsistency of the theory. 
Evidently the important types of experiments will be 
those in which weakly interacting particles (electrons, 
photons, and possibly u-mesons) are involved, as present 
theory yields quantitative results only for these particles. 
If the inconsistency of the theory is due to a change 
in the usual properties of space at small distances ~1/A, 
one should expect that departure of experiment from 
theory will be observed if the essential momenta are of 
the order of or exceed 1/A. Moreover, the characteristic 
length should be the same for electrodynamics as for 
meson theories. Equation (76) shows that A?/m? cannot 
be very large, as then the physical meson charge 
constant g.? would be small, and this is contrary to 
experiment. Therefore A in order of magnitude equals 
m, where 1/m=h/M,c~10- cm. This length corre- 
sponds to electrons with an energy of 400-1000 Mev. 
Thus if the electron energy in electron-electron scat- 
tering experiments in the center-of-mass system is of 
the order indicated above (i.e., 10*—10* Mev in the 
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laboratory system), deviations from theory (from the 
Mller formula) should be expected. For this reason 
it would be highly interesting to carry out precise 
measurements of the cross sections for the Compton 
effect, M@gller scattering, pair production, etc., at these 
energies. 

If ~ mesons are also weakly interacting particles (i.e., 
if the anomalous » meson scattering described in the 
literature” does not really exist), u-meson experiments 
may also be very important. The most promising 
experiments seem to be those on meson pair creation by 
quanta of same Bev energy, and also experiments on 
high-energy 6 electrons formed by u particles. 

Discussions with L. D. Landau were of great aid to 
us in obtaining some of the results presented in this 
paper, and the authors express their sincere thanks to 
him. We also take the opportunity to express our ap- 
preciation to J. I. Diatlov, V. Berestetsky, A. Galanin, 
and B. Joffe for stimulating discussions. 


APPENDIX: LIMITING FORM OF SOLUTION OF 
EQUATION (41) IN SYMMETRIC THEORY 


We shall consider here equations which are similar 
to (42) and (43) but for the case of symmetric theory. 
If the momenta &; and ke are very large so that the 
largest of them, k, is much greater than k,+h, (i.e., 
n>&, n=In(—#/m’), &=In[ — (kit+k2)?/m*]), we seek 
the solution of (41) in the form: 

F (hy,ke jak) =B(0,£)6.+Pi(n,£)daraxda3a4 (a) 


Putting here n= £, (n,n) =F (n), ®1(n,n) = Fi(n), we then 
obtain 


F (Ri,k2; Raya) | gme= PF (9)bs+F1(9)bara2da304. 
According to (40), for the unknown sum 
Payaga3a4(hi,ko,ks,hs) 
of the contributions of all contractible diagrams we have 


Payagazaa(n,£) = P(,£)6.+ Pi(n,£)dara250304, 
Payagaza4(n,n) = P(9)b6.+P1()bara2da304, 


where 


(b) 


P(n,£)=po(n)+2F (n)+®(n,é), () 
P,(n,€) =#1(n,€) — Fi(n) 
P (n)=P(n,n)=po(n)+3F (n), 
P(n)=Pi(n,n) =0. 


Inserting (a) in (41), considering separately in (41) 
the integration regions {<z<y and®™ nQz< ly, and 


(d) 


% J. L. Lloyd, and A. W. Wolfendale, Proc. Roy. Soc. (London) 
A68, 1045 (1955); A. I. Alikhanov and G. P. Yeliseev, Izvest. 
Akad. Nauk U.S.S.R., Ser. fiz. 19, 732 (1956), and other inves- 
tigations. 

‘Taking account of the fact that in the first region Ro, 
F (hi; ke,l’) and F(k:,!'; ke,l) depend on 7, and in the second on z. 
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equating the coefficients of 5, and daja2da3a4, we get 


(x,y) = — §Lpo(x)+2F (x) +Fi(x)] 


y dr 
xf [eo(r) +2F (1) +Fi(7) +(7,y) ] ? 


-1f [oo(r) +2F (1) +Fi(r)] 
1 


dr 
x Doo(7) + 2F (7) + Fi(2)+0(7,9) 
(e) 
#:(2,9)=—4 f € ($)Loo(x) +2F(x)] 


X [oo(r) +2F (7) +(7,y)+41(7,y) ] 
+Fi(oonrs) FD 

-1f “(@)Loo()+2F(0)] 

X[oo(2) +2F (2) +0(r,9)+1(1,9)] 
+F(MLeales)- POD 


where n, ¢ and z have been replaced by the more conven- 
ient variables x, y, and 7, respectively: += Q*(n), y= 
Q/5(¢) and r=Q*/5(z), and (go?/4m)d?(2)dz= —4dr/r’. 


Putting in (c) x= y, we obtain two additional equations, 


F(x)=—} f [oo(r)-+2F (7) +Fi(r)] 


dr 
X Loo) + 2F (r)+ File) + O(r 2), 
(f) 
Fy(x)=—} f {(5/2)Loo(7) +2F (2) 


X [oo(r)+2F (7) +6(7,x)+¢1(7,2) ] 
dr 
+Fi(7)[oi(71%)— Fi(r) }—, 


which are equivalent to Eq. (42) of the neutral theory. 
It should be remarked that Eqs. (53) and (54) obtained 
directly for P(x)=po(x)+3F(x) are equivalent to the 
set of Eqs. (e) and (f) or (42) and (43); ie., they 
can apparently be obtained from the latter as their 
mathematical corollary. However, we were unable to 
accomplish this. 

For simplicity consider the case when po(x) is defined 
by formula (52) for bo=0, i.e., po(x)= (16/3) («*—1). 
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We now prove that in the limiting cases x—-1<1, 
y—-1K1 (ie, ge(L—n)K1, go?(L—$)K1) and x«>1, 
y>1 [i.e., go?(L—n)>>1, ge?(L—§)>>1], the solution of 
the set of equations (e) and (f) can be found easily. 
The case x—1<1 and y—1<1 is equivalent to the 
usual perturbation theory. The system (e) and (f) can 
then easily be solved by an iteration procedure, if in 
the zero approximation F= Fj =@=,=0 is substituted 
in the right hand side of these equations. We obtain 


F(x)=- as) f po’(r)dr = — (1/9) (16/3)?(x—1), 


F(x) ~ — (5/18) (16/3)?(x—1)*, 
(x,y) — F(x) 
= — (1/6) (16/3)?(x—1)[(y—1)*— (a— 1), 
#1(x,y) — Fi(x) 
= — (5/12) (16/3)?(x—1)[(y—1)*— (x—1)?]. 


If these expressions are substituted in the right-hand 
sides of (e) and (f), one may determine all the functions 
as series in (x—1) and (y—1). 

If x>>1 and y>>1 in (e) and (f), then large values of 
the integration variable r are important (r>>1). There- 
fore, neglecting unity compared with r (or x or y), we 
insert po(r)=(16/3)r in (e) and (f), and we replace, 
in the second term of (e) and (f), the lower integration 
limit (unity) by zero. It will now be shown that (e) 
and (f) have solutions of the form 


F(x)=Ax, F,(x)=Aiz, (g) 


where the values of the constants A and A; can be 
determined by solving (e) and (f), i.e., by substituting 
(g) in (e) and (f) and differentiating (e) twice with 
respect to x, 


Ob(x,y) B 
— = —_[ Bx + 6(x,y)], 
Ox? 342 


1 


3x? 
+(x,y) +; («,y) J+A [1 (x,y) — Aix J}, 


where B= (16/3)+2A+A:. This differential equation 
should be solved with the boundary conditions 
&(0,y) =; (0,y) =0, 
dP (x,y) OP; (x,y) 
Stememcaee =—— =() 


, 


Ox 


jrmy Ox rey 


which follow from (e) if the expressions (g) for the 
functions F and F, are taken into account. 
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It is not difficult to see that the solutions are 


B 
= — Br+—avy', 
pe 


5B 1 
? =A el 7 agi aaa A 1’, 
m v 


where un >0 and »>0 are positive roots of the equations 
u(u—1)=3B, v(v—1)=3B+}(B—A).  (h) 


— the condition 6(x,x) = F (x)= Ax, &;(x)= Aix, we 

y A=[(1-n)/uJB, Ai=—(5/3)[(v/u)—1]B. (i) 
The last equation together with (h) yields 

v=1+(5/6)(B/x), 
and therefore 
Ai=— (5/3)[(1/u)—1JB— (25/18) (B’/w’). — (j) 
Inserting in the definition of B, 
B= (16/3)+2A+A,, 


the expressions (i) and (j) for the constants A and Aj, 
we get the following equation for B: 


B+ 3u2B— (32/9)u?=0, 


which should be solved together with Eq. (h) for y. 
The only solution which gives positive values of u 
and » is 


B=(16/3)(7/11)?, »=49/33, »=73/33. 
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According to (i) and (j), we then get 


A=— (16/3) (16/121), 
=— (16/3) (40/121). 


In accord with (g), (c), and (d), we obtain 
(16/3) (x—1){1— (88/27) (x—1)? 
— (8/3)[(y—1)?— (w—1)?]+--+}, 
x—1<1, 
(16/3)a{1+- (5/3) (xy 
— 16/88y-16/83) 4...) >], 
— (5/12) (16/3)?(*—1) 
X(C(y—1)?— (@—1)*]+--+}, 
x—1<1, 


y—-1< 1, 





y>1, 


P,(x,y)= 1<1 
ns ) 


(16/11). x(x'6/8y-16/3— 1), x>1, y>1, 


and 
(16/3) (a—1)[1 — (88/27) (~—1)?+---], 
ro-| 


x—1<1, (k) 


(16/3)x, x>1. 

It is easy to verify that for b\>=0, B=1, formula (55) 
for P(x) yields in the cases x—1<1 and x>1 the same 
limiting values as those in (k). However, we obtained 
here the expression for Paya203e4 not only for n= but 
also for the case when n>f. 
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A driving current induces in the vacuum a response current, but the response must not precede its cause. 
This application of the principle of causality enables one to derive the Pauli-Rose result for first- 
order vacuum polarization from the most elementary calculation in quantum electrodynamics: the 
absorption of a single photon (with —kgk*>4km?) by a negative-energy electron. This calculation is also 


given. 





INTRODUCTION AND SUMMARY 


N appreciable part of the Lamb-Retherford shift 

arises from the polarization of the vacuum 
(Fig. 1) by the nuclear charge. The first-order part of 
the polarization can be expressed in the following terms: 
a driving charge-current, 


jo(2)= . jo(Be**dh, (1) 


induces in the vacuum a driven charge-current, 


Ip. induced (x) = fir induced (k)e'**d*k. (2) 


Invariance arguments connect the two quantities by a 
polarization coefficient (Fig. 2), 


Jo. induced (k)/ jo, driving (R) oo h(k?) = hy oe the, 
h(—k)=h*(k), 


that can depend only on the quantity ?=k,k*=—Y. 
Of interest for the Lamb shift is the inductive part, /, 
of this response coefficient, which can be read from the 
results of Pauli and Rose,' obtained by subtraction 
methods. 

One can avoid direct use of subtraction theory to 
find h, if one will calculate the absorptive part, 42, and 
apply the principle of causality,’ 


- vhy(v)dv 
lim 
2% —0* Ho (?+1)[¥- (Q,+72,)? } 
+ho. (4) 


Here the constant Ao is fixed by the renormalization 
requirement, 4;(Q,)=0 for 2,=0. The causality re- 
quirement states that the vacuum should not respond 
before the driving current starts. 

The absorptive part of the polarization comes out of 
an extremely simple calculation, remarkable both be- 





2 
hy(Q,) =-(1 +2?) 


* National Science Foundation Predoctoral Fellow. 

{ Presently at the Lorentz Institute for Theoretical Physics, 
University of Leiden, Leiden, Netherlands. 

1 W. Pauli and M. E. Rose, Phys. Rev. 49, 462 (1936). 

2J. S. Toll, thesis, Princeton, 1952 (unpublished). We write 
2=0,4 19. 


cause it encounters the radiative perturbation at the 
most elementary possible level, and because the direct 
calculation seems not to have been made before. The 
process amounts to absorption of a single photon by a 
negative energy electron—but a photon that does not 
satisfy the relation k®=0. In physical terms, one 
envisages two uniform distributions of charge of the 
same magnitude and opposite sign, one at rest, the 
other oscillating back and forth in the z direction with 
the same phase everywhere in space, and with a fre- 
quency cQ. The charge is zero. The current flows in a 
single direction, is independent of position, but depends 
upon time. Under the influence of this oscillatory 
current, electrons make transitions from negative to 
positive energy states at an easily calculable rate. The 
absorption gives rise to an energy dissipation described 
by the coefficient 


ho= (€/2hc)SC*(C?— 38°), (5) 


where C=coshO=2/2kn, S=sinhé, and kn=mc/h. 
From this result and the dispersion formula there 
follows immediately the Pauli-Rose result for the 
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Fic. 1. Cases of vacuum polarization which have been analyzed 
so far with any completeness, except for vacuum polarization in a 
strong Coulomb field, for which see E. Wichmann and N. M. 
Kroll, Phys. Rev. 96, 232 (1954). Third-order effects: R. Karplus 
and M. Neuman, Phys. Rev. 80, 380 (1950). Low-frequency, 
strong field: W. Heisenberg and H. Euler, Z. Physik 98, 714 (1936). 
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Fic. 2. Polarization of the vacuum as a function of frequency. 
Inductive part of the polarization coefficient, 4:; absorptive part, 
he. The dimensionless variable y has the value 1 at the threshold 
for the production of real pairs and more generally has the value 


y= (ke—kP—k?—k3*) /4hm? = —kak* Akg? = —h*/4hy? =O /4key?. 


Here the driving current is proportional to exp(ikax%), and 
kmn=mc/h. 


inductive response, 


@ \{5 4 1 4\3 2 

Ter) gies, | Rey Geely aw f Peed) Ff eae 
Calo Ge)-sl3) (3) 
|+4/a%) +1 | 


i 
|(1+4/x2)t—1| 


where 2°=k’/k,”, with its well-known consequences 
for the Lamb shift. 
DETAILS 


A single photon cannot produce a pair, according to 
the laws of conservation of momentum and energy. 
Hence it is easy to see why this simplest of all radiative 
absorption processes receives no attention. However, 
the situation is different when a free electromagnetic 
wave is replaced by a forced electromagnetic distur- 
bance of the form (1). Then the quantum energy and 
quantum momentum associated with the wave will 
suffice to raise an electron from a negative energy state 
to a positive energy state, provided that the condition 
is satisfied, 


(ke—ke—ke—ke= —kak*) 
=—B>4k,? (=4m?2/h2). (7) 


Such a wave appears simplest in a frame of reference 
moving with the velocity v=c(k1,ko,k3)/k*. There the 
strength of the wave depends not at all upon position, 
and oscillates in time with the frequency cQ=c(— kk*)}. 
There the electron is seen to jump from a negative 
energy state to a positive energy state without change 
of momentum; or the two components of the pair divide 
the available energy equally. Only the direction of the 
line of separation of negaton and positon and their 
polarizations remain free. 
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Switching to the preferred Lorentz frame, and 
recalling that the current 


jm (x) =J me**+ comp. conj. (8) 
has zero divergence, 


0j*/dx*=0, or J*k,=0, (9) 


we conclude that the driving disturbance is a pure 
current, J‘=0, which can be taken to oscillate in the 
z direction : 

jr=9, 
except for (10) 
Js=2J3 coskgx'. 


The vector potential—in Lorentz gauge—satisfies the 
wave equation 


A ,/0x*0x.= —44j,/c, 
with the solution 


A,= (4nJ p/cB)e**+¢.€. (11) 


for the driving potential. This potential produces the 
perturbation 


—eA=— (4reJ/ch’)e'**+-c.c. (12) 


in the Lagrangian of the electron. Here V is an abbrevi- 
ation for the “Feynman slash” spin matrix Vay 
associated with any four-vector V ». 

The driven electron starts in the initial state 


(x|t)= (Rm/ | b*| )¥upe"*. (13) 
Here 6‘ is negative and close to —$k‘. The electron 
ends in the final state 


(| f)= (Rm/a*) tt ae'*, (14) 


where a‘ is positive and close to }k*. Here both state 
functions are normalized to one electron per unit 
volume. The spinors “_ and “ have the normalization 


the *tUg=A'/km; tha'tta=1; 


up*up=|b*|/km; Ustun=—1; 
> polarization uut= (Rm— tk) /2Rm. 


Here the Pauli conjugate of a spinor s has been desig- 
nated as st=s*iy‘. 

In the absence of the perturbation, the state function 
at a new time would be given in terms of the initial 
state function at the original time by the integral 
S (x2\ te; ty | x1)d8xx(a1 |i), where |t2;t:| is the normal 
free-electron propagator. The perturbation changes this 
propagator to first order by the amount 


(15) 


(2x2 te; ty |a)= a (ie/he) (ea ts| x3) 


X A(x3)d4x3(x9| ts; ty| x). (16) 
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As a consequence there is a certain probability ampli- 
tude, ¢, for the transition from the initial state to the 
final state: 


i= f | to; t1| 7) 


=fo %2)d?x95(x2| to; ty | %1)d°x;(x| 7). (17) 


Direct integration gives the result 
G7i= — (ie/NC*)Rm (a*)~*( | b*| )~¥(4ar/k?) (20)! 


X (tat Juy)b1(a'—b") - - +5, (a4+ | b4| —k4). (18) 
The integration was allowed to run over the limited 
region Ax'= L', ---, Ax*=* where the perturbation is 
considered to act. Consequently the functions 6, are 
not the accurate Dirac 6 functions. They satisfy the 
usual normalization requirement, 


+00 
f 6,(a'—')da'=1, 


—o 


(19) 


but they have finite spreads, so that they satisfy also 
conditions of the form 


f 5:2(a!—b')da!= L!/2m, (20) 


conditions which may be written symbolically in the 
form 
(21) 


The probability for creation of a pair per unit of 
interaction volume and per unit of interaction time in 
the specified state is therefore 


| ersl?/(LALL8L4/c) 
= (€?/R?c*) (Rm? /a*| b*| ) (4a /k?)? (29) (tat Supt *ua) 
X5z(a'—b)-- +5, (a+ |b4| 4). (22) 


522(a'—b}) “=” (L1/2n)8,(a'—B). 


We sum over spin polarizations of the initial and final 
electron states, encountering the quantity 


Tr( Y uattatI > upustJ*) 


pol,a pol,b 
= (1/4k»?) Tr(Rm—ia: y+iaty’) (Jy) 
X (km—ia: y—iaty’) (J*+ y) 
= (2/km®)[ (a*)?(J- J*)— (J-a) (J*-a) ]. 


Let @ denote the angle between the direction of the 
driving current and the direction of emission of the 
negative electron. Then the emission probability plainly 
varies as 1— (v’/c*) cos’@, being greatest at right angles 
to the current. 

We multiply the probability (22) of transition 


(23) 
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between specified states by the number of positive 
energy states (normalized as in (15) to one electron 


per unit volume), 
da'da*da*/ (2r)’= | a| atdatdQ,/ (2m)*, (24) 


and by a similar expression for the number of negative 
energy states and integrate. The integration over }! 
gives nothing except when 6' is close to a'; similarly 
for the other space components of the wave vector b. 
Thus the three space 6 functions in (22) integrate at 
once. In addition, equality of the momenta of a and b 
implies the energy equality |5*|=a*. Hence the fourth 
6 function becomes 


5(2a*— k*) = 46[ a*§— 34]. 
We obtain for the total transition rate the result, 


(number of pairs per cm* sec) 
= (46/482) (al /a)(H)* f [(@9I-) 


— (J-a)(J*-a) |dQ, 
= (4/hc)(e/he) (J I*/ckn?)SC-*(C?— S*/3). 


Each act of pair creation extracts from the driving 
field the energy k*hc=2a‘thc=2hcknC. The rate of 
dissipation of energy to the vacuum is therefore 
(ergs lost per cm’ sec) 

= 2m (e?/hc) (J: I*/ckm)SC*(C?—4S*), (25) 


a quantity that we have now to express in terms of the 
dissipative part of the vacuum polarization coefficient, 
2. 
The driving field has the value 
Eadriving =— oA/ Oa4 = (— 4riJ, ch')e**+-c.c, 


The time average rate of dissipation of energy is 


(26) 


(ergs lost per cm? sec) 
= (Earivingjinducea) 
=([(—4aiJ/cke**+c.c. [—hJe**+c.c.}) (27) 
= (8aJ + J*/ck*)he. 


Comparing (27) and (25), we find for the dissipation 
coefficient the expression of Eq. (5). It is difficult to 
imagine a more elementary instance of the absorptive 
properties of the vacuum. 

In passing from the dissipation coefficient, h2, to the 
induction coefficient, 4, the essential point is the 
demand that the complex function 4;+ih2 have no 
poles when extended into the upper half of the complex 
k* or @ plane. The reason for the demand may be 
recalled. (a) A driving current (1) that is zero before 
x4=0 is described by a Fourier transform 7,(k*) that 
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has no poles in the upper half of the complex plane: 
then the path of integration in (1) is deformable—for 
negative «*—to a line arbitrarily far above the real axis, 
where the integrand is arbitrarily small. (b) The integral 
(2) for the induced current will likewise vanish if the 
complex coefficient 4(k*) likewise has no poles in the 
upper half-plane. As a consequence of demanding this 
property for 4, we know that the value of / at a point 
k* just above the real axis is given by the Cauchy 
integral, 


h(k*) = (1/2mi) f h(2)(aA—k)-Adet, (28) 


where the path of integration is a closed loop that goes 
around the point # in the positive sense and remains 
above the real axis. Thinking of the upper part of the 
loop as a semicircle, we want to expand this semicircle 
to an infinite radius and want then to have a zero 
contribution from this region of the complex plane that 
has no physical interest. But 4 does not fall off fast 
enough to allow the contribution on that semicircle to 
be neglected. Consequently we replace h in the discus- 
sion by h/[1+ (k)*]. Of course the “1” in this formula 
could be replaced by any dimensionally correct number, 
but this detail is irrelevant, for the value of the constant 
will drop out in the end. Having made this change in 
(28), we take the real part on both sides of the equation, 
with the result (4). The arbitrary constant comes from 
the value of the complex function h at the pole k*=7. 
It is obvious that such a constant can always be added 
to the polarization coefficient without disturbing the 
causal] relation between driving and induced currents. 

The value of the adjustable constant comes from 
another requirement: that the polarization vanish at 
low frequencies. A nonzero polarization at low fre- 
quencies would disturb all laboratory measurements of 
charge by a common factor and would falsely suggest 
the possibility of distinguishing observationally at low 
frequencies between the “real charge” and the “induced 
charge.” To recognize the impossibility of making this 
distinction, we demand that the constant hp be so 
adjusted as to make / vanish at low frequencies. Thus 
we find 


hy(Q) = (4/n) (2/c) bn? f (14.0?) (4hy2C2+1) 


X (4hnPC?—Y) 73S? (1— S°/3C*) de 


— (same integral calculated for Q2=0) 


= (é/ate) f x*(1—22/3) 
: X (22—144hp2/O)1dx, 


(29) 
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an integral which leads directly to the Pauli-Rose 
formula (6). 

At low frequencies, (29) and (6) reduce to the well- 
known Uehling? value, 


hy= (€/15ahc) (2? / Rm?) = — (€/15ahc) (k?/Rm?). 
In consequence, as will be recalled, a point charge, 


jJariving*(”) /c= Zed (x!)5 (x*)6 (x4) 


(30) 


= (Ze/8n*) f exp(ikx)d*k, (31) 
induces a charge 


Jinduced*(x)/c= — (Ze/8x*) f hy exp(ikx)d*k, 
which in turn produces a potential 
Ainduced'(2) = — (Ze/8x*) f (4orh,/B2) exp (ikx)d®k. 


The atomic electron, interacting with this potential, 
experiences an energy shift 


AE = (— eA induced! (x)) 
= Ze |p (0) |?(4ahi/k*).—0 


=—(4Ze/15hcket)|Y(0)|, (32) 
a well-known part of the Lamb-Retherford displace- 
ment. 

The causality-principle analysis of vacuum polar- 
ization has three features: It shows in a very convincing 
way that all questions of principle about the inductive 
response of the vacuum to weak fields are concentrated 
in a single constant; it gives a physical reason for 
renormalizing this constant to zero; and it conceals 
the fact that straightforward calculation via relativistic 
electron theory yields for this constant an infinite 
value. Note added in proof——We have just learned in 
the course of interesting discussions with Dr. S. Zienau 
that he has applied the dispersion formula to the prob- 
lem of vacuum polarization in unpublished lectures at 
Liverpool in 1953. See also J. Toll and J. A. Wheeler, 
Phys. Rev. 81, 654 and 655 (1951) for other applica- 
tions of causality to the problem of vacuum polariza- 
tion; and M. Gell-Mann, Proceedings of the Sixth 
Rochester Conference on High Energy Nuclear Phys- 
ics, 1956, for the question of whether all of quantum 
electrodynamics can be transliterated into the language 
of dispersion theory. 

3R. Serber, Phys. Rev. 48, 49 (1935) and E. A. Uehling, Phys. 
Rev. 48, 55 (1935). 
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In this paper we clarify a number of questions connected with the Lagrangian formulation of canonical 
transformations and commutator brackets. We make a distinction between “regular” and “singular” 
theories, the latter having such a structure that the Euler equations cannot be solved uniquely with respect 
to the accelerations. For “regular” theories we show that the introduction of the Poisson bracket by Peierls, 
which is based on a variation of the Lagrangian, and the infinitesimal canonical transformations introduced 
by Bergmann and Schiller lead to equivalent results. For “singular” theories we show first that constants 
of the motion do not necessarily generate invariant transformations and that, generally speaking, the 
relationship between transformations and generators is not unique in either direction. Then we show that by 
restricting ourselves to invariant transformations and their generators we can define commutators between 
constants of the motion unambiguously. The resulting bracket expressions vanish whenever at least one of 
the commuted constants of the motion vanishes (is a secondary constraint). It turns out that these commu- 
tator brackets in the Lagrangian formalism are equivalent not to Poisson brackets but to (generalized) Dirac 


brackets. A possible quantization procedure is sketched in the concluding section. 





1. INTRODUCTION 


T is well known that the quantum theoretical re- 
formulation of classical theories frequently meets 
with difficulties that arise out of ambiguities in the 
proper order of noncommuting factors as well as out of 
the cumbersome transformation properties of canonical 
momentum components in theories that are to be 
relativistically invariant or gauge invariant. A number 
of authors have dealt with the possibility of circum- 
venting at least some of these difficulties by basing the 
quantization procedure on the Lagrangian rather than 
the Hamiltonian version of a classical (i.e., nonquantum) 
theory.'~* Some of these proposals apply only to linear 
or quasi-linear theories or to theories in which the 
velocities (i.e., the time derivatives of the configuration 
variables) can be expressed as unique functions of the 
canonical variables. We consider that such restrictions 
are likely to exclude from consideration just those 
theories in which the Hamiltonian quantization schemes 
present serious difficulties. In this paper we shall develop 
those aspects of classical Lagrangian theories that 
appear likely to represent the points of departure for 
subsequent quantization. 

In what follows, we shall first prove (Sec. 2) the 
equivalence of Peierls’s definition of canonical trans- 
formations and their generators* and ours,‘ within the 
realm in which the Peierls formalism applies. Next, 
(Sec. 3) we shall show that in a certain sense zero gener- 
ators may-give rise to transformations that change the 
form of the Lagrangian. Finally (Sec. 4), by restricting 
ourselves to invariant transformations (i.e., transfor- 


*This work was supported by the Office of Naval Research 
and by the National Science Foundation. Reproduction in whole 
or in part is permitted for any purpose of the United States 
Government. 

1R. P. Feynman, Revs. Modern Phys. 20, 367 (1948). 

2 J. Schwinger, Phys. Rev. 82, 914 (1951). 

3R. E. Peierls, Proc. Roy. Soc. (London) A214, 143 (1952). 

4P. G. Bergmann and R. Schiller, Phys. Rev. 89, 4 (1953). 
Referred to as BS. 


mations that leave the form of the Lagrangian un- 
changed) we shall discover commutation brackets 
(“Dirac brackets” rather than Poisson brackets) that 
are uniquely determined by the generators of the two 
commuting infinitesimal transformations. In all that 
follows we shall rely heavily on the notation and results 
of our earlier paper.‘ 


2. LAGRANGIAN THEORIES BY PEIERLS AND BY 
BERGMANN AND SCHILLER 


We begin with a brief resume of the two theories, 
assuming, for the sake of simplicity, a finite number of 
degrees of freedom. We shall also, with Peierls, consider 
in this section only such Lagrangians in which the 
original differential equations of motion can be solved 
with respect to the accelerations. We shall call such 
Lagrangians “regular,” others “singular.” 

Peierls’ approach involves the consideration of small 
changes in the Lagrangian. If we add to a given 
Lagrangian L(qx,qx,¢) an infinitesimal change, 


6L(q,4,t)= B(q, 4,4), 


then the solutions of the modified Euler-Lagrange equa- 
tions will differ from the original solutions q;(/) by 
infinitesimal functions of the time, 5g,(¢), which in turn 
will bring about a corresponding change in any dy- 
namical variable A that may be given to us as a specified 
function of the coordinates q;, the velocities g,, and the 
time /, 


(2.1) 


6A= 0*Abgi.+0* Adégi, 


2.2) 
d*=0/dqx, O*=0/dGx. \ 


These variations will be unique with suitable initial 
conditions. Of these, Peierls considers, in particular, 
variations that result if we require that for ‘= — © the 
6g are to vanish: 


Dq.(—2)=0, DA(—~)=0, (2.3) 
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and variations that vanish for =-+: 
dqi(~)=0, GA(o)=0. (2.4) 


We can now introduce the difference (DA—(A), which 
depends linearly on the choice of B(¢) at all times. With 
its help we define an expression Tp[_A(/),B(t’)], as 
follows: 


DA()—-dA()=— f 


t! =—2 


x 


T p(A(d),B(t’))dt’. (2.5) 


This definition is unique provided it is agreed that 
Tp( , ) is linear in B and independent of B(t’). Then 
T p( , ) is simply the Poisson bracket. 

Bergmann and Schiller consider the change brought 
about in the form of a Lagrangian by an infinitesimal 
transformation of the coordinates. The change in the 
coordinate values of a point in configuration space, 
5qx(), is permitted to depend not only on the coordi- 
nates themselves but also on the velocities ¢;, provided 
the Lagrangian in terms of the new coordinates is still a 
function of the coordinates and their first time deriva- 
tives only, i.e., independent of all higher derivatives. To 
achieve this purpose it is permissible to add to the 
Lagrangian an exact time derivative, Q(q,p,t). If one 
introduces the “generator” C, defined as 


C= 0" -Lig.—Q, (2.6) 


it is found that the possible variations of the coordinates 
are connected with the generator by the conditions 


d*-8! Ligu=L*"5qi= 0" C. (2.7) 


As for the Lagrangian, we must distinguish between its 
change in value for a given point in configuration space 
and for a given set of velocities, 


5L=Q, (2.8) 
and its change of form, i.e., its change as a function of 
its arguments, 


i L=6L—d*Lig.—d* Ligy. (2.9) 


The latter turns out to be 


s’L=—C—L*iq:, 
where 


d 
Lt=9*L——(9* 1). (2.10) 
t 


For the details, see BS. Equations (2.7) and (2.10) 
together establish a connection between the change in 
the form of the Lagrangian and an infinitesimal coordi- 
nate transformation causing the change. 

Peierls produces a change in the actual trajectories by 
adding a term to the Lagrangian; Bergmann and 
Schiller produce a change in the form of the Lagrangian 
and in the form of the trajectories through a coordinate 
transformation. Formally the two approaches must be 
equivalent, in that in any event the trajectories remain 
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solutions of the Euler-Lagrange equations, which in 
turn are determined uniquely by the given form of 
Lagrangian. We shall now demonstrate this equivalence 
by actual computation. Though Peierls’ change of A, 
Eq. (2.5), is determined by the additions to the 
Lagrangian throughout the range of the independent 
variable ¢, whereas in the BS approach the change is the 
result of the simultaneous coordinate transformation, 
the definitions of the Poisson bracket will be the same. 
In the BS theory, the variable A, given as a fixed 
function of its arguments (8’A = 0), will change its value 

as follows: 
5A =0*Adq,+0* Adgi. (2.11) 


We shall now calculate that expression on the assump- 
tion that the equations of motion, L*=0, are satisfied. 
Without this assumption the concept of Poisson bracket 
for two variables at different times [see Eq. (2.5) ] 
would be meaningless. 

In order to substitute into the expression (2.11) the 
value of 5g; as given by Eq. (2.7), we shall introduce, in 
addition to the matrix L*'[ = 0*-d'-L, see Eq. (2.7) ], its 
reciprocal matrix, H,;°(= 0°H/dp*dp'= 0,014), so that 


5q.= Hx10"'C=0C/dp'=8,C. (2.12) 


In this manner we obtain the expression 


: d npr 
6A= a4aic+ard| —(0'C) ~Lig (2.13) 
t 


We shall now rewrite part of this expression in such a 
form that the independent variables qx, g, are replaced 
by qx, p*. For this purpose, we must rewrite the first 
term on the right-hand side by means of the formula 


(8*A)g= (0*A),+0*d"-L0,A, (2.14) 


in which the parentheses around the partial derivatives 
are to be understood as in thermodynamic equations. 
We obtain 


5A =(0*A),0.C 
d 7 
+ ard] atotzaic+—(0'C)—inL"] (2.15) 
t 


Next we use the equality 


d dC 
—(a'¢)=a"(—)-ac, 
dt di 


as well as Eq. (2.14) for 0'C. The result is: 
§A=(A,C)+0,A[0.C(0*0" L—*-a'L—L*) 
+0'(dC/dt)]. (2.17) 


The first term on the right represents an ordinary 
Poisson bracket; the remainder can be simplified but 


(2.16) 


5 Hy. exists because of the assumed “regularity” of the 
Lagrangian. 
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does not vanish. We shall substitute in the very last 
term from Eq. (2.10). We have: 


d" (dC/dt)=— 9" [L*d,C+8'L] 


=—0'(L*)0,C—9'('L), (2.18) 


inasmuch as the undifferentiated L* vanish by assump- 
tion. Aside from the last term, 0;C is then a joint factor, 
and we may bring Eq. (2.17) into the form 


5A =(A,C)+0,C0,A (0*8"L—9*-a'L—L*! 
—d'L*)—8,Ad"(8'L). (2.19) 


The explicit calculation of é'-L* shows that the paren- 
thesis in the second term on the right vanishes identi- 
cally. We have, thus, 


5A=(A,C)—0,A0"(8'L) 
= (A,C)—90,A8'p". 


The last term might appear disconcerting, because it is 
well known that in the Hamiltonian formalism the 
infinitesimal change in A (considered to be a fixed 
function of the canonical variables) merely equals the 
Poisson bracket. However, we have performed our 
calculation on the assumption that A was a fixed 
function of the q, and the g,. It is, of course, entirely 
possible to express the velocities as functions of the 
momentum coordinates, or vice versa, but this algebraic 
relationship changes under any transformation that 
changes the form of the Lagrangian (or Hamiltonian). 
The last term on the right is a “transport term” which 
precisely expresses this change in relationship. 

In order to obtain a relationship similar to that of 
Peierls, Eq. (2.5), we shall now endeavor to replace the 
simultaneous generator C by the changes in the 
Lagrangian, 6’L, at all times. Assuming that at f= — 
the generator C vanishes, and furthermore that the 
equations of motion are satisfied throughout (in other 
words, that our path of integration is a trajectory), we 
see from Eq. (2.10) that 


co=-f 


If we are to substitute this integral into Eq. (6.20), we 
must first agree that we shall define the Poisson bracket 
of two variables at different times in such a manner that 
it will continue to satisfy the principle of linear super- 
position for either of its two factors, that the Poisson 
bracket with a numeric (such as a function of ¢ only) 
vanish, and that if either factor contains higher than 
first time derivatives, these are to be substituted from 
the equations of motion. The last requirement is neces- 
sary to assure that the Poisson bracket of an equation of 
motion vanish. We have, with these specifications, 


DA (t)=—9,A (é)0" [8’L (1) ] 


(2.20) 


t 
iL (t')dt'. (2.21) 


=~ 


we f (A(0),8/L(¢))dt’. (2.22) 
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If instead we consider a situation in which C vanishes in 
the infinite future, we obtain a similar expression for 
A(t). Combining them, we find 


DA()—dA()=— f “Cl (i),8'L(v’))dt’, (2.23) 


which is identical with Eq. (2.5). 

For the foregoing discussion it is important that the 
Lagrangian of the theory is “regular” in the sense that 
the determinant of the matrix L*! be nonzero. If it is, 
then the velocities are unique functions of the canonical 
coordinates, and the Euler-Lagrange equations can be 
solved for the accelerations. These assumptions have 
been used explicitly or implicitly in the discussion of 
both the Peierls and the BS theory. If the Lagrangian is 
“singular,” the Peierls construction requires major 
modifications: trajectories may not be determined 
uniquely by initial conditions. But as a singular 
Lagrangian may be rendered regular by the addition of 
an arbitrarily small term, we face a situation somewhat 
similar to the perturbation theory of degenerate levels 
in quantum mechanics. In the BS theory, Eqs. (2.7) and 
(2.10) remain valid, without modification. In the follow- 
ing sections we shall not assume regularity but will use 
those relationships that are independent of regularity. 


3. TRANSFORMATIONS GENERATED 
BY CONSTRAINTS 


In theories with “regular” Lagrangians there is a one- 
to-one relationship between the generators and the 
canonical transformations in the Hamiltonian formalism, 
and the generators are unrestricted functions of the 
canonical variables. Correspondingly, in the Lagrangian 
formalism the generators are unrestricted functions of 
the g, and gx, and they determine the 6g, uniquely; the 
transformations according to Eq. (2.7) determine the 
generators only up to an arbitrary function of the g,. In 
the canonical formalism a generator C(q,,¢) produces a 
transformation of the p, only; in the Lagrangian 
formalism such a transformation amounts to a redefini- 
tion of the momenta in terms of the velocities. 

With a “singular” Lagrangian, the relationship be- 
tween generators and transformations is considerably 
more involved. In particular, a vanishing generator may 
generate nontrivial transformations; in the Lagrangian 
formalism transformations may even be associated with 
a generator that vanishes identically, i.e., not merely 
modulo the equations of motion or the constraints. This 
section will be devoted to the exhibition of such trans- 
formations. We shall show later that the lack of a firm 
relationship between generator and transformation will 
be remedied if we restrict ourselves to invariant trans- 
formations, i.e., transformations that leave the form of 
the Lagrangian unchanged. In a “regular” theory an 
invariant transformation will be generated by any 
constant of the motion (which is permitted to be 
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explicitly time-dependent), and only constants of the 
motion will generate invariant transformations. In a 
“singular” theory, the generators of invariant trans- 
formations will still be constants of the motion, but the 
reverse no longer holds: Vanishing generators will surely 
be constants of the motion, but they may be associated 
with noninvariant transformations. 

In what follows, we shall classify constraints in the 
Hamiltonian formalism as primary and secondary con- 
straints.* A primary constraint represents an algebraic 
relationship in a “singular” theory satisfied by the 
canonical variables as a direct result of the defining 
equations of the momentum variables; secondary con- 
straints will be the result of the requirement that the 
primary constraints remain zero in the course of time. 
They are the Poisson brackets (or possibly iterated 
Poisson brackets) of the primary constraints with the 
Hamiltonian. We shall also distinguish between first- 
class and second-class constraints.’ First-class constraints 
have vanishing Poisson brackets with all other con- 
straints (modulo the constraints), whereas second-class 
constraints do not. As shown below, first-class con- 
straints indicate the existence of a group of invariant 
transformations that depend on arbitrary functions of 
the time (of all four coordinates in the case of field 
theories), whereas second-class constraints do not. 

In a Lagrangian formalism, all primary constraints, 
first-class or second-class, vanish identically, whereas 
secondary constraints go over into combinations of 
equations of motion that are free of second time deriva- 
tives. As pointed out by Dirac,’ higher-order constraints 
may be obtained in some theories by differentiating 
secondary constraints with respect to time and by 
eliminating the accelerations with the help of the 
equations of motion. However, in most theories nor- 
mally considered, this iterated procedure leads to no new 
relations. 

We shall begin by considering transformations gener- 
ated (by means of Poisson brackets) by arbitrary 
combinations of constraints in the Hamiltonian formal- 
ism. In a “singular” theory, the Lagrangian determines 
the Hamiltonian only modulo an arbitrary linear combi- 
nation of primary first-class constraints.* Accordingly 
an invariant transformation is one that changes the 
Hamiltonian at most by such a combination. 

If a quantity F under an infinitesimal canonical 
transformation changes its value at a given point of 
phase space by the amount 4F (which will depend on its 
transformation law), then its change as a function of the 
canonical coordinates, 5’’F, will be given by the ex- 
pression 


8"F=5F— d*Fbq.— 0,.Fbp*= éF— (F,C). (3.1) 

6 J. L. Anderson and P. G. Bergmann, Phys. Rev. 83, 1018 
(1951). 

7P. A. M. Dirac, Can. J. Math. 2, 129 (1950); 3, 1 (1951). 

8 P. G. Bergmann and J. H. M. Brunings, Revs. Modern Phys. 
21, 480 (1949). 
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The transformation law for the Hamiltonian under a 


canonical transformation generated by C is that 5H 
equal (dC/dt); hence. 


(3.2) 


ac 
6” H=—+ (C,H) =p.C p* 
at 


is the condition for an invariant transformation, where 
the symbol Cp stands for first-class primary constraints. 
Pa are arbitrary coefficients. It was shown previously 
that if there exists a group of invariant transformations 
with arbitrary functions, then these invariant trans- 
formations are generated by suitable constraints.* The 
converse statement is: If a theory contains first-class 
primary and secondary constraints, then there exist 
linear combinations generating invariant transforma- 
tions. To simplify the manipulations, we shall assume 
that the second-order Poisson bracket of a primary 
first-class constraint with the Hamiltonian, (H,(H,Cp)), 
produces no further secondary constraints ; this assump- 
tion is not crucial for the result. With this assumption 
we have, for any Cs=(Cp,H), 


(Cs*,H)=x»°C s°+us°C p?. (3.3) 


Now we examine the change in the Hamiltonian 
generated by a combination of constraints: 
C=y7Lp*+B0 s*. 
We find, in accordance with the first half of Eq. (3.2), 
8"H=7Cr*+ BC s*t+ycC s* 
+Ba(ks°C s*+woCp®) 
= (YotBaws*)Cr?+ (BstyetBare)C 8°, 


if the coefficients y, and 8, are free of dynamical 
variables. The transformation generated by C will be 
invariant if and only if 


vot BotBaks*=0. 


In that case, the functions p, introduced in Eq. (3.2) 
come out to be 


(3.4) 


(3.5) 


(3.6) 


pPo= VYotB wo’. (3.7) 


It should be noted that the generators (3.4) and (3.6) in 
general do not form a group: Each invariant transforma- 
tion changes the form of the Hamiltonian in accordance 
with Eqs. (3.7) and (3.2). Once the form of the Hamil- 
tonian has been changed, the relationship between 
primary and secondary constraints as well as the form 
of the Poisson bracket of the secondary constraints 
with the Hamiltonian (3.3) is modified. Accordingly, the 
precise form of the conditions (3.6) depends on the 
values of the coefficients p,, which are changed by each 
invariant transformation. The group character can be 
established only if the form of the invariant generators 
is permitted to depend explicitly on the pa. The details 
are of no importance for what follows and hence are 
omitted. 
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At any rate, all combinations of constraints not 
obeying the conditions (3.6) will generate noninvariant 
transformations, even though they are manifestly con- 
stants of the motion. 

We shall now derive analogous results in the 
Lagrangian formalism. In configuration space, the pri- 
mary constraints are identically zero and the secondary 
constraints are those linear combinations of the Euler 
equations that are free of second derivatives. Because of 
the assumed irregularity of the theory, the matrix L‘? is 
singular and possesses null vectors #;(a)(@=1--:n—r,r 
is the rank of L‘’) such that L"’wj;4)=0. If we multiply 
the Euler equations by «;.), we see that the acceleration 
terms drop out, and we are left with just the secondary 
constraints Cs(a)=L‘via). By introducing a set of 
vectors v;‘4) (A =1---r), which are linearly independent 
of the #4) and of each other, we can construct linear 
combinations of field equations that do contain accelera- 
tions, L'v,““’. To study invariant transformations gener- 
ated by the secondary constraints, we choose for the 
generator 

C=B°L‘u.a)=BC sa), (3.8) 
and try to find solutions of Eq. (2.7) that satisfy Eq. 
(2.10). It must be remembered that to any solution of 
Eq. (2.7) we can add a linear combination of null 
vectors of L‘/. It is this addition of null vectors to 5g, 
that takes the place of the primary constraints in the 
Hamiltonian formalism. Substituting Eq. (3.8) into 
Eq. (2.7), we get 


L*i§q;=B*07C g(a). 


(3.9) 


We can obtain the most general solution of Eq. (3.9) by 
adding to a particular solution an arbitrary linear 
combination of the solutions of the homogeneous equa- 
tion. We shall choose that particular solution which is a 
linear combination of the »,;‘4). The most general solu- 
tion will then have the form: 


6g:=B°M gar: + Ui), 


where the coefficients M,a are determined, but the y* 
are arbitrary. We now substitute Eqs. (3.10) and (3.8) 
into (2.10) and obtain 


(3.10) 


B°M aaL ty A 4yeL “Ua(a) 
p d 
+6°L eur tB% (L ‘uiay) =O. (3.11) 


The assumption in the canonical formalism of no 
tertiary constraints is equivalent to the statement that 
the time derivatives of those Euler equations that are 
free of accelerations are equal to a linear combination of 
field equations, 


C sa) = Waal 0 +hy Luin. (3.12) 


We have decomposed the Euler equations into two 
_parts, one free of accelerations, the other containing 
accelerations, by means of the (n—r) null vectors « and 


the r vectors v. Now Eq. (3.11) can be written 


BOM aslo +7°L ‘Ua t+ BYL‘Uica) 

+BwosL'oY+B°R aL ‘u is) =0. 
Since this equation must be satisfied identically, the 
coefficients of the second time derivatives must vanish. 
These derivatives appear only in the term L‘v,“4”. The 
coefficients of the remaining terms must also vanish. 
Hence 


(3.13) 


v*+ B°+8>k,*=0. (3.14) 


It can now be seen that among the infinitely many solu- 
tions of Eq. (3.9) only one generates an invariant 
transformation. 

Thereby we have demonstrated the contention ad- 
vanced at the beginning of this section. In general, there 
is an infinity of transformations 6g, belonging to any one 
generator C. Two transformations belonging to the 
same generator (“the same” modulo the equations of 
motion) may differ from each other, both by an invariant 
transformation generated by secondary constraints and 
by an arbitrary (not invariant) combination of null 
vectors. In the next section, we shall find that by 
restricting ourselves to invariant transformations we 
may nevertheless define uniquely a commutator bracket 
between constants of the motion. 


4. DIRAC BRACKET 


We have found that in the Lagrangian formalism and 
in the presence of a ‘“‘singular” Lagrangian, the relation- 
ship between infinitesimal transformations and gener- 
ators is so tenuous that neither determines the other 
uniquely. Moreover, the generating functions them- 
selves are not completely arbitrary functions of the qx 
and gq; but are restricted by the requirement implied by 
Eq. (2.7): 


O* Cukay=0, (4.1) 


where the w#,;,) are the null vectors of L*'. It is, there- 
fore, not at all obvious that the commutators between 
infinitesimal canonical transformations should give rise 
to a commutator algebra among the generating dy- 
namical variables that will provide a promising point of 
departure for the construction of commutation relations 
of quantum-theoretical observables. In this section we 
shall find that there exists a transformation group with 
the desired properties and that the resulting commutator 
brackets are equivalent to the generalized Dirac 
brackets.” 

We shall begin with the canonical transformations in 
configuration space.‘ Let us consider two infinitesimal 
transformations 6,9, and 59x, generated by the gener- 
ators C,; and C2, respectively, and their commutator. 
Immediately we are confronted by the following diffi- 
culty: Eq. (2.7), which relates the generator and the 
transformation quantities, depends explicitly on the 
form of the Lagrangian or, at any rate, on the matrix 


%P. G. Bergmann and I. Goldberg, Phys. Rev. 98, 531 (1955), 
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L*', which comprises the second derivatives of the 
Lagrangian with respect to the velocities. Inasmuch as 
the first of the two transformations will in general 
change the form of the Lagrangian and, by implication, 
the form of L*', we should have to make a decision as to 
whether in attempting to fix the “identity” of a given 
transformation we wish to consider the generator C or 
the transformation quantities 6g, as fixed functions of 
their arguments gz, gx. If we fix the generators, the 
following difficulty arises: In the case of a “singular” 
Lagrangian, the generators must satisfy Eq. (4.1). Thus 
if L*', and with it the #x;4), change form after the first 
transformation, the second generator may no longer 
satisfy (4.1). If, instead, we propose to fix the 5g, as 
functions of their arguments, we may violate the 
integrability conditions implied by (2.7): 


3*(L*™5qn)—9*(L™5 qm) =0. (4.2) 


We conclude that it is impossible to define a group either 
on the basis of fixed (but arbitrary) transformation 
quantities 5g, or on the basis of fixed (arbitrary) 
generators C(g:,4,¢). We can construct a group if we 
allow both the generators and the transformation 
quantities to depend explicitly on the form of the 
Lagrangian; the generator of the commutator trans- 
formation may then be found as follows: 
The commutator transformation may be written as 


qn= 52 (519%) — 51 (5eqx), (4.3) 
where 


52(51qx) = 9"(519n) 50g +0" (5194) 52G1+6:' (Sige), (4.4) 


where 62’(5:9x) is the change in 54g, due to its depend- 
ence on the form of the Lagrangian. We must now find 
the generator C which corresponds to the transformation 
(4.3) according to Eq. (2.7). We see that we must 
calculate expressions of the form 


L*', (5191) = 52(8* C1) — 521" 'b1qi, (4.5) 


where we have made use of (2.7). The first term on the 
right-hand side of (4.5) may be written as 


52(8*-C,) = d*:(5sC1)—9'C10*: (52g) 
—8'C,d*:(5og1), (4.6) 
where 


C1 = 8'Cyb0q1 + 8"'Cy52g14+-80'C). (4.7) 


The term 42’C; arises because of the explicit dependence 
of C; on the form of the Lagrangian. Similarly, the 
second term on the right-hand side of (4.5) may be 
rewritten by using 


5aL* = O* (5ap')— "9! LA*: (Sqm) 


—L'"d**(52Gm), (4.8) 


where p! is short for d'-L and 5p! is given by 
5op'= 8" 9" Lb aga t+L™b2gm+9" (52'L). 


(4.9) 


We eliminate 0'C, from the second term on the right- 
hand side of (4.6) by using the following equation, 
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obtained by differentiating Eq. (2.10): 
d*-('L) = (0*" L—d'd* L)5q, 
—d"C—L*'}g,—L'd*-(5q:). (4.10) 


In this manner, after antisymmetrizing (4.5) with 
respect to 1 and 2, we finally obtain for the commutator 
the expression 


L*"8q)= 8 (52C\— 5:C2— 52p'5191+- 1p '50q1) 
+L"(951gmd*-52q1— 9" b2qmd*'5iqi). (4.11) 


We thus see that, modulo the equations of motion, the 
generator of the commutator is 


C= 52C1—5:C2— 52p'5igi+-bip'daqu. (4.12) 


This transformation group is much larger than the 
usual group of generators in the Hamiltonian formalism, 
because of the great freedom in the choice of the 
dependence of the generators on the form of the 
Lagrangian. A similar and equally large transformation 
group may be constructed in the Hamiltonian formalism 
if we permit the generators to be functions of the 
canonical variables and also to depend in some manner 
on the form of the Hamiltonian. In phase space, of 
course, there is no need for these more general trans- 
formations, since the canonical transformation equa- 
tions do not involve the Hamiltonian; whereas in the 
Lagrangian formalism these transformations arise natu- 
rally owing to the form of the transformation Eq. 
(2.7). 

We note from Eqs. (4.7) and (4.12) that the generator 
of the commutator transformation contains the ex- 
pressions 6;'C2 and 62'C, explicitly. The implied depend- 
ence of the generators on the form of the Lagrangian is 
almost arbitrary, restricted only, in the case of “‘singu- 
lar” Lagrangians, by Eq. (4.1). Since this group which 
we have constructed has very little structural similarity 
with the group of canonical (or Dirac bracket) trans- 
formations usually introduced in phase space, its Lie 
algebra can hardly be considered a suitable starting 
point for quantization. 

However, this large group contains a subgroup that 
has the right size. We need not consider the dependence 
of the generators on the explicit form of the Lagrangian 
if we restrict ourselves to transformations that leave the 
form of the Lagrangian unchanged, i.e., to invariant 
transformations. In this case the generators may be 
considered as fixed functions of the gx, gx, and ¢, and the 
resulting infinitesimal transformations will still form a 
group. We may then define commutator brackets be- 
tween the constants of motion that occur as generators 
within this group. For “regular” Lagrangians, to any 
dynamical variable, including the g, and the ¢;, one can 
find a constant of the motion that assumes the value of 
that dynamical variable at some fixed time %. For 
“singular” Lagrangians, the same holds at least for all 
those dynamical variables which possess a meaning that 
is invariant under the “gauge” transformations of the 
theory (e.g., the gauge transformations in electro- 
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magnetic theory or the coordinate transformations in 
general relativity). 

The commutator in the invariant subgroup is con- 
structed in the same way as in the large group, and again 
the generator is given by (4.12), where now, however, 
the quantities 5,C2, 5:Ci, 5:p*, and 6,p* do not depend 
on the form of the Lagrangian. That is, instead of the 
set of Eqs. (4.7), (4.9), and (4.12), we have 


C=6:C:—5:C2— bap "big t+ dip*iage, —(4.13a) 


where 

5.C,= 8'Cy5oqi td" Crbeq1 (4.13b) 
and 

5op'= "9! Lboqgm+L'™b2Gm. (4.13c) 


Let us introduce the notation {C,C2} for the commu- 
tator (4.13). 

For the bracket (4.13) to be useful, it must be a 
unique function of the two commuting generators C; 
and C. This property is not trivial but must be demon- 
strated, because the generators do not determine the 
infinitesimal transformations uniquely. In particular we 
must be able to show that the bracket of two generators 
is not changed if we add to one of them an expression 
that vanishes modulo the equations of motion, e.g., a 
secondary constraint. Our method of proof is based on 
the fact that the bracket (4.13) is not only a commu- 
tator but also represents the transformation law for the 
dynamical variable C, under any transformation gener- 
ated by C2. In other words, though in general more than 
one transformation is connected with the same generator 
C2, the transformation law for C, (assumed to be the 
generator of invariant transformations, though not 
necessarily only of invariant transformations) is the 
same under all the invariant transformations generated 
by C2. Once we have proven this assertion, the unique- 
ness of the bracket (4.13) follows as a matter of course. 

Let us consider a Lagrangian, L(q;,g;), and let us 
assume that there are p constraints. We shall label the 
constants of the motion C, but use italic subscripts (C4) 
to denote constraints. We denote by 6,C, the change 
produced in C, by the transformation generated by C. 

We first form 6,C,: 

5,C,= 81C,5,9;+ 87°C, ing; 
nacas 81C,5yqj;+Li*5,q25n4;- 
The last term has been rewritten with the aid of Eq. 
(2.7). Using Eq. (4.10) for L*46,g;, we obtain 
§,C,= 8C,5,q;— 8C5,q; 
+40" L(5,qu5,q5—5,qubrgs)={CrCr}, (4.15) 
the bracket defined by Eq. (4.13). This relationship 
holds only modulo the equations of motion since Eq. 
(4.10) is only valid under this restriction. However, this 
remark does not render Eq. (4.15) useless; the commu- 
tator (4.13) itself is defined only modulo the equations 


of motion. 
Equations (4.14) and (4.15) prove that the bracket 
(4.13) represents the transformation law of the gener- 


(4.14) 
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ator of invariant transformations. We now consider the 
manner in which the constraints are affected by trans- 
formations generated by constants of the motion. 
Constraints occur in a theory by virtue of the form of 
the Lagrangian, the primary constraints due to its 
dependence on the g;, and the secondary constraints as a 
consequence of the equations of motion. Therefore, 
since the transformations affect neither the dependence 
of L on the g; nor the form of the equations of motion, 
they do not change the form of the constraints. 
Then: 
5,C,=0, 


catia (4.16) 


The second of these expressions holds modulo the field 
equations, and demonstrates that the transformations 
generated by the constraints form an invariant subgroup. 
Thus we find that the commutators (4.13) possess all 
the properties of the generalized Dirac brackets,’:* and 
we may use them to define commutators for the true 
observables of a quantum theory. 


5. CONCLUSION 


According to our results, the Lagrangian formalism 
of a theory based on a Hamiltonian principle contains 
within itself the possibility for constructing a commu- 
tator algebra that is equivalent to the one usually based 
on the Hamiltonian formalism. True, we must restrict 
ourselves to invariant transformations and, by implica- 
tion, to the commutators between constants of the 
motion. However, this restriction is implicit also in 
conventional theories considering commutators between 
observables at different times. 

Wherever a theory will permit the construction of a 
Hamiltonian formalism, Lagrangian quantization ap- 
pears to offer no possibilities that are not also open 
within the Hamiltonian quantization. It is conceivable, 
though, that Lagrangian quantization offers an ap- 
proach to some types of theories, such as nonlocal 
theories, for which a Hamiltonian formulation is not 
known or appears artificial. 

As for quantization itself, the Lagrangian formulation 
of commutators also appears to offer a new possibility. 
In the past, the action principle seemed to embody a 
dynamical law primarily through the variational princi- 
ple; the transfer of the variational principle to a q- 
number action is, however, beset with serious difficulties, 
which in our opinion have not yet been fully resolved. 
Through the consideration of invariant transformations, 
on the other hand, we may construct a complete set of 
constants of the motion; such a set is equivalent to the 
differential equations of motion. It appears not un- 
reasonable that the formulation of the dynamical laws 
through a complete set of constants of the motion is 
more nearly germane to quantum theory than the 
formulation through the Euler-Lagrange equations. We 
propose to follow up this conjecture in subsequent 


papers. 
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Born Approximation in a Three-Body Scattering Problem 
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A one-dimensional three-body scattering problem is constructed and solved exactly. The scattering ampli- 
tudes of the exact solution are compared with those obtained by the application of the Born approximation to 
the problem. The latter procedure is formulated in two distinct ways, using a symmetric or asymmetric 
perturbation term. The results indicate that the method using symmetric perturbation is superior to that 
employing asymmetric perturbation, although it is more difficult mathematically. An approximation method 
is developed which yields results as accurate as those obtained from the symmetric perturbation and which 
is on the same mathematical plane of difficulty as the asymmetric perturbation scheme. Moreover, the 
procedure is applicable to actual physical problems and is particularly useful for the calculation of exchange 


scattering. 





1. INTRODUCTION 


HE application of the Born approximation to the 

analysis of many-body scattering phenomena 

gives rise to several problems.’ Those which concern us 

here are the calculation of exchange scattering and the 

relative merits of choosing the perturbation in a sym- 
metric or asymmetric form. 

To gain some insight into these difficulties, we have 
constructed a one-dimensional three-body scattering 
problem which can be solved exactly. Such problems 
have recently appeared in the literature.2 They have 
solutions which display all the physical characteristics, 
i.e., elastic, inelastic, and exchange scattering, of actual 
physical scattering problems. Thus, a comparison can be 
made between the scattering amplitudes for elastic 
scattering (direct and exchange) calculated by the Born 
approximation and the exact amplitudes. One of our 
results can be formulated in terms which make it 
applicable to real physical problems. The approximation 
method so obtained is particularly useful for the calcu- 
lation of exchange scattering. 

The following sections will include: (1) the formula- 
tion and solution of a class of one-dimensional three- 
body scattering problems—only elastic (direct and ex- 
change) scattering will be treated in detail; (2) the 
application of the Born approximation procedure to the 
above problem with the perturbation taken in a sym- 
metric form; (3) the same problem as in the preceding 
section but with the perturbation in an asymmetric 
form; and (4) the development of an approximation 
procedure suggested by the above material and a dis- 
cussion of its applicability to actual physical problems. 


2. EXACT SOLUTION 


The Schrédinger equation for the one-dimensional 
three-body scattering problem is 


*Formerly at the Institute of Mathematical Sciences, New 
York University, New York, where most of this work was done. 

1 Bates, Fundaminsky, , and Massey, Trans. Roy. Soc. 
(London) A243, 93 (1950). 

2K. Wildermuth, Acta Physica Austriaca 7, 3, 299 (1953). 


2Bé (x1) —2B6 (x2) 
Ox? 


+ V (%1,%2)— Epp (%1,%2)=0. (1) 


This equation represents a system composed of a par- 
ticle 1, the incident particle, coming from the left with 
momentum Ky and the struck “atom.” The latter 
consists of a “nucleus” of infinite mass and a bound 
particle which is labeled with the subscript 2 and is 
identical to particle 1. The masses, m and mz of particles 
1 and 2, respectively, have been set equal to 3. The 
choice of units is such that #=1. The interaction of 
either particle with the nucleus is described by the 
potential function —2B6(x), in which B isa real positive 
constant and 6(«) is Dirac’s delta function. The inter- 
action between the identical particles is, for the present, 
denoted by V(«1,x%2) and its specific form will be 
described below. The total energy of the system is given 
by £. Finally, the time dependent part of the wave 
function is assumed to be exp(—iEt/h). 

Equation (1) is considered in momentum space. This 
representation is obtained by setting 


W(x2) = (1/2) J J ‘ f (Risks) 


Xexp(ikixitikex2)dkidke. 
Then (1) becomes 


B 
(ki?+ko?— E) f (ki,k2) -— 


us 


B 1 
ki,k2)dk -— ky,k2)dk2+— 
x f fests ~ fs dibe+— 


x f (lesa | V | hy’bs’)dey/dey’ f(ky',b!) =0, 
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where the interaction kernel 


(Rike| V | kiko’) = f V (x1,%2) exp{i(ki’— ki) a1 
+i(ke! — ke) xo} dx dxo. (4) 


Henceforth, as in Eqs. (3) and (4), a single integral 
sign will be used in the place of multiple ones. The 
multiplicity of integrations to be performed will be 
indicated by the number of variables of integration. The 
range of integration will always extend from —© to 
+ for all variables. Any deviation from this conven- 
tion will be explicitly indicated. 

To complete the mathematical description of the 
problem the interaction kernel of Eq. (4) was chosen to 
be 


(kike| V | ki'ke’) =2ATi 
(ky?-+ 7?) (ky?-+-7?) 


es (5) 
(R2+T?)(kx?+T?))> 


where A and 7 are real positive constants. This inter- 
action kernel is obviously Hermitian and symmetric in 
the interchange of particles 1 and 2. In coordinate space, 
the interaction V (x,%2) is given by an integral operator 
which has for its kernel the expression 


A [K (21,22) .K (a1',2’) se K(- 1, x2)K(—2x1', x2’) 
AK (22,01) K (2x2! a1’) — K(—22, 21) K(—22', x1’) ], 
where 
K (21,2) =5(x2)n(—21) exp(Tx1) 
and 
0 («<0 
n(x) = , 
1 (x>0) 
This explicit representation of the interaction exhibits 
its short-range character. 

Simpler forms for (5) can be chosen as we will see 
below, but such obvious choices as a product of Dirac 
delta functions or the delta function 6(%:—x2) for 
V (1,2) are not satisfactory. The first leads to divergent 
integrals? and the second does not give an equation 
which is readily solved.* 

Much of the work that follows is developed for an 
interaction kernel of which (5) is a special case. How- 
ever, where the results of specific calculations are men- 
tioned, they were obtained with the use of (5). 

The unperturbed equation obtained from (3) by 
setting (Rik2| V | ki’ko’) =0 is separable. For this reason, 
it is relatively simple to obtain the Green’s function 
associated with it. In terms of this Green’s function, 
G(kike; ki'ke’), the solution of (3) can be represented by 


8K. Wildermuth, Z. Physik 127 ,92 (1949). 
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the integral equation 


f(Ri,k2) = fo(Ri,k2) — (1/42*) 


x fo(bats ky’ ka’) dky'dko’ 


4 (ky'ke’ | V | hy’ hea!’)dhy""dhe”” f(y" ,Re’’), (6) 


where fo(:,k2) is the solution of the unperturbed wave 
equation which describes the initial state of the system 
and the Green’s function is the one which describes 
outgoing waves in coordinate space. 

If the interaction between particles 1 and 2 can be 
written 


(Rike| V | ky'ke’) => g1(hi,ko) hy (Ry ke’), (7) 
l=1 


where g; and h; are arbitrary functions of k; and ke, then 
(6) yields the exact solution of the problem. For, 
substituting (7) into (6), we obtain 


f (Ryko) = fo(kike) +> CiJi(h1, ke), (8) 
l-1 
where 


J1(R1,R2) =(— 1/41”) 


x [Gls hy’ ko’ )dky'dko' gi(ky' Ro’) (9) 


C= J eGekaddbade f(b) (10) 


These constants are determined by substituting Eq. (8) 
into (10) and solving the resulting linear inhomogeneous 
equations. Thus (8), coupled with (9) and (10), is the 
exact solution. 


3. SYMMETRIC PERTURBATION—FIRST BORN 
APPROXIMATION AND EXPANSION 


Equation (6) is the starting point in the Born 
procedure. Since thepinteraction between the identical 
particles 1 and 2, e.84, (5), is taken as the perturbation, 
we have designatéd i it by the term, “symmetric.” The 
first Born approximation to the wave function is ob- 
tained by replacing f(:,k2) with fo(k1,k2) in (6). It is 
evident from the way in which the exact solution was 
found that the effect of this replacement is merely the 
determination of different values, C,> for the exact C). 
Thus, the functional dependence of the Born result on 
k, and kz is precisely that of the exact solution. In 
particular, the Boin result contains exchange-scattered 
amplitudes. This remark, though it applies only to the 
specific problems that were formulated above, is im- 
portant for what follows. 
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TABLE I. Symmetric perturbation—symmetric solution.* 
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TABLE IT. Symmetric perturbation—antisymmetric solution.* 














Born 
Exact Radius approximation 
Qe Ps QcB 


Exact Born 
solution Radius approximation 
ea Pa OB 





0.853805 1.06744 1.47820 
1.05210 0.903667 2.27123 
1.10402 0.925606 2.32585 
1.10477 0.930891 2.31255 
1.10476 0.935332 2.30006 
1.10473 0.935894 2.29841 
0.936347 2.29703 
0.936573 2.29633 
0.937026 2.29500 
0.937594 2.29326 
0.942112 2.27868 
0.947773 2.25885 
0.990463 2.06239 
1.03888 1.84770 
1.47143 0.651187 
1.91763 0.289203 
6.01935 0.013138 


0.001053 20.0416 0.001033 


0.948379 1.75739 0.922751 

0.786795 1.78538 0.730850 

0.678528 1.82632 0.630407 

0.667623 1.83194 0.621099 

0.659256 1.83644 0.614017 

0.658233 1.83700 0.613154 

0.657397 1.83757 0.612465 

0.657011 1.83766 0.612121 

0.656205 1.83810 0.611440 

0.655196 1.83866 0.610589 

0.647282 1.84295 0.603945 

0.637722 1.84820 0.596012 

0.576029 1.87063 0.543805 

; 0.520376 1.92261 0.504394 

5. 0.259111 2.28234 0.290243 
10. 0.147364 2.67852 0.174831 
100. 0.012500 6.46166 0.0127781 

1000. 0.001016 20.2075 0.00103251 














*s=total energy E in units of the bound state energy B*; Qe elastic’ 


scattering cross section for symmetrical wave function; Q.2 =elastic scat- 
tering cross section for first Born approximation to symmetrical wave 
function; p»=|A/4r| =radius of convergence of Born expansion for sym- 
metric wave function. 


The Born expansion,‘ the series that results by 
iteration of the procedure given above, can be shown to 
converge to the exact solution. The proof is to be found 
in Appendix I. Here again we note that each term in the 
expansion contains exchange scattered waves. 

For purposes of reference, the first Born approxima- 
tion to the direct and exchange scattered amplitudes of 
the exact wave function is given: 

, ' B Ko | Ck, D Ko 
(; Kyo—-Bi BULKe?+T? T(T+B) Ky—Bi 


T?—-B 
«(1 |: (11) 
K?+T? 
Here 1/=(2ATi/4r*), Ko?=B°+E, where Ko is the 
momentum of the incident particle, NV = (2/7)'B?, 
Nr Ko [ 7°—B 
(us 1] (12) 
BT(T+B) Ko—BilK?-+T? 
(13) 


Nr Ko 
p-—(——.). 
B\K?+?T? 








The plus in the ambiguous + sign in these equations is 
associated with the symmetric solution and the minus 
with the antisymmetric solution. Equation (11) differs 
from the exact value only in the values for the constants 
C and D. No purpose is served in giving their exact 
values. 

Tables I and II contain the computed values of the 
exact elastic scattering cross sections and those obtained 
from the first Born approximation. Each table contains 


‘R. Jost and A. Pais, Phys. Rev. 82, 840 (1951). 


*s=total energy E in units of the bound state energy B?; Qea =elastic 
scattering cross section for antisymmetric wave function; 0.8 =elastic scat- 
tering cross section for first Born approximation to antisymmetric wave 
function; pa =|A/4xr| =radius of convergence of Born expansion for anti- 
symmetric wave function. 


the radius of convergence p of the Born expansion for 
each type of solution. This quantity represents that 
value of the interaction parameter (4/4) within which 
(0<|A/4r| <p) the series converges. The values tabu- 
lated are for T=2B and (A/4r)=1. It is to be noted 
that where (A/4r)=1 falls within the radius of con- 
vergence, the first Born approximation gives good 
results. 


4. ASYMMETRIC PERTURBATION 
The Schrédinger Eq. (3) may be written 


(ky?-+- hs? — EB) f (Rake) — (B/) f f(ksks)dky 


=(B/z) f (sks) — (1/4x2) 


x f (kiko| V| Ri’ke’)dky'dkes! f(ky'ks’). (14) 


This arrangement is analogous to the one used in actual 
physical problems.’ The perturbation terms on the 
right-hand side of (14) consist of the interaction be- 
tween the incident particle and the center of force in 
addition to the interaction between the incident and 
bound particles. Hence the designation of “asymmetric” 
perturbation. 

As in the previous section we may now proceed to 
apply the Born approximation and obtain the Born 
expansion. It has been conjectured® that such a program 
would not yield exchange-scattered waves. The results 
of the present problem indicate that such is the case. 
The procedure is straightforward and has been carried 


5S. Borowitz and B. Friedman, Phys. Rev. 89, 441 (1953). 
* W. Kohn (private communication). 
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out elsewhere.’ This result is in contrast with that 
obtained for the symmetric perturbation. 

A procedure used to circumvent the above difficulty is 
discussed quite thoroughly by Mott and Massey.® Its 
principal feature is the expansion of the wave function 
in terms of two separate and distinct complete sets of 
eigenfunctions, one which spans the &; space and the 
other the ky space. Thus 


f(g) = fabs) (2/ks)+ ff fllagKs)AK (K/h), (15) 
or 


= gi(ke)(1/ki)+ f go(ko,K1)dKi(Ki/ki). (16) 


The functions (2/k2) and (K2/k2) are the complete set of 
eigenfunctions which span kz space. The first is a bound 
state—there is only one’7—and the second represents the 
continuum states with K, representing the momentum 
of these states. Explicitly, these functions are 
(2/k2) =N/ (ko? +B’), (17) 

where 
N=(2/r)!Bi, E=—2B, 


and 





B {K;| 1 
(Ko/k2) =8(ke— Ke) +— : 
Tv |K.|—Bik2—K?? 


(E>0). (18) 
These eigenfunctions form a complete orthonormal set, 
as can be easily verified. 

The functions (1/k:) and (Ki/ki) which appear in 
(16) are the symmetric counterparts of (2/k2) and 
(K2/ke). This is a consequence of the symmetry of the 
problem and the fact that particles 1 and 2 are identical. 
The functions /:(&:) and f2(k:,K2) are the “Fourier” 
expansion coefficients to be determined. A similar state- 
ment about gi(k2) and g2(K1,k2) can be made. In par- 
ticular, we are concerned with the calculation of f1(k:) 
and g.(ke), for these represent the amplitudes of the 
elastically scattered waves. We find that 


ky) =6(ki—K 2/k2)* 
fulh) =H K+ f /k) 


X dkow(kike; ki'ko’)dky'dko! f(y’ ko’) (19) 
and 


1 
1(Re) = 1/k,)* 
eulh = f /e 


Xdkyw (Riko; ky ke’) dky'dhe! f (ky Re’), (20) 


7S. L. Schwebel, thesis, New York University, 1954 (un- 
published). 

8N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Clarendon Press, Oxford, 1949), second edition. 
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where 
w(kike; kx'ke’) = (B/1)5(ko— he’) 
— (1/49*) (Rike| V | Ri’ke’), 
(kik; Ri'ke’) =w(Rok1; ke’h1’). 


(21) 
(22) 


and 


The functions (21) and (22) are the asymmetric per- 
turbations which result when the Schrédinger equation 
is cast in the form given by (14). 

Equations (19) and (20) are exact. To obtain an 
approximate solution, the exact wave function in these 
equations is replaced by the solution of the unperturbed 
system, i.e., the first Born approximation. When this is 
done, the amplitude of the elastically scattered wave is 
given by 


rif. if 
Tv K?+B 
ky 1 T(T+B) 
x| ( +1) 
K@+T? T(T+B)\ Ke+T? 


Ky 1 T(T+B) 
~ ( +1)]|. (23) 
Ke+T? T(T+B)\ Ke+T? 


This result, when compared with (11), obtained from a 
consideration of the symmetric perturbation is, except 
for the term N?/(K,?+ B’), as accurate as (11) up to the 
first order in B. The method which yielded (23) seems 
preferable to that giving (11) since it is far less complex 
mathematically and appears to lead to equally reliable 
results. However, N?/(K,?+B*) is a spurious term and 
the appearance of such terms in the procedure we are 
considering is well known.® They imply the existence of 
exchange scattering even when the interaction between 
incident and bound particles vanishes. This is physically 
inadmissible. 

If we assume that the interaction between incident 
and bound particles vanishes, we can show that the 
spurious terms approach zero as the number of iterations 
increases. Thus, the above procedure is theoretically 
sound but certainly unsatisfactory as an approximation 
procedure. 

If we examine Eq. (19) and replace f(:,k2) which 
appears in the integrand on the right-hand side_with 
Eq. (15), we find that 








B 1 
fi(ki) =6(ki— Ko) +— 
TT kY—Ke 


1 1 
x 1 k, dk, —— ———— 2 ko * 
fa : ras dita 


1 


X dko(kiko| V | hy’ ko’) dky'dke! f(ky' Re’). (24) 


The first two terms in the right have the form of (Ko/k:) 
of (18) which represents a continuum eigenfunction. 
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This suggests that we use as a trial function 
(Ko/k:)(2/k2). This function represents the product of 
a continuum eigenfunction of particle 1 and the bound 
state of particle 2. When this is done, we find that 


1 
sth —— f (1/ks) “dle (ske| V | y'by’) 


4a kh? -—Ke? 


X dky'dke' (Ko/ky')(2/ks’). (25) 
The exchange-scattered amplitude that this equation 
yields clearly vanishes with the interaction between 
incident and bound particles. 

This result can be taken over directly to actual 
physical problems, and it is a simple matter to verify 
that such a trial function does not lead to spurious terms 
in the calculation of exchange scattering (see Appendix 
II). Furthermore, this trial function represents a more 
detailed and accurate picture of the initial state than 
does the usual Born trial function. 

A detailed calculation using the trial function 
(Ko/k1)(2/k2) gives the following for the elastic scat- 
tering coefficient : 


B_ Ko Nr\? 
LEG 
x Ko—Bi B 


ky 1 Ko 





T?— 2 
x (+ 
K@+T? T(T+B) Ko—Bi\Ke?+T* 





Ko 1 — 
Ké@+T? T(T+B)\ Ke+T? 


wh 


Comparison of this result with our previous calculations 
indicates not only an improved approximation but one 
which does not contain spurious terms. 


5. ALTERED INITIAL STATE PROCEDURE 


The trial function previously considered may be 
incorporated into a procedure developed by Borowitz 
and Friedman.’ In its altered form, this method retains 
the mathematical advantages of the asymmetric pertur- 
bation formulation. It does not yield spurious terms in 
the calculation of exchange scattering and it can be 
iterated to obtain higher order approximations. We will 
apply it to the problem considered here. However, what 
follows is applicable to actual physical problems. 

We assume that the wave function can be expressed as 


Jf (hi,k2) = fo(hi,R2) +h(h1,ke), (27) 


where fo(%:,k2) is the solution of the unperturbed 
Schrédinger equation obtained from (3) by setting the 
interaction between incident and bound particle equal 
to zero. Then h(k,k2) represents the outgoing flux of 
incident and/or formerly bound particles. In addition, 
h(k:,k2) must vanish with the interaction between the 
identical particles. Substituting (27) into (3), we obtain 


SCHWEBEL 


an inhomogeneous equation for h(k1,k2). This equation 
is handled in the manner described for the asymmetric 
perturbation. 

The calculations lead to equations which are an- 
alogous to (19) and (20): 


In(ks) (2/kes)* 
wese mre ood | sted 


X dko(Riko| V | ki’ko’)dky'dho' fo( kr’ ko’) 


1 
+ f (2/ks)* 
kv—Ke 


x dkow (Rike ; ky’ ke’) dky'dko'h (R1’ ke’), 


1 
1(hs) = -—_——_—— | (1/h)* 
Sar a fave) 


X dk; (kike| V | x'bo’)dky'dhe! fo( ky’ ,ke’) 
i + 
rere ea 
X dkiv(kiko; ki'ks’)dky'dka'h(ky’ ke’). 


(28) 


(29) 


These equations differ from (19) and (20) in several 
important respects. First, both of these equations con- 
tain an inhomogeneous term which not only vanishes 
with the interaction between the identical particles but 
also represents outgoing waves. Thus (28) and (29), 
when inserted in (15) and (16), determine in a system- 
atic way a trial function for /(k1,k2) (the inhomogeneous 
term) which satisfies the boundary conditions. Secondly, 
we have placed no restriction on the form of fo(k1,k2) 
in (27). Therefore, this procedure can treat equally 
well initial states, whether symmetric or not. In a 
certain sense, we have achieved a simpler treatment in 
that, since symmetric or antisymmetric solutions are to 
be considered, only one of the Eqs. (28) or (29) has to 
be evaluated. 

To solve the asymmetric problem in the first Born 
approximation, 4(k,,k2) is set equal to zero on the right- 
hand side of (28). This yields the same results as those 
obtained by using the new trial function of the preceding 
section. However, we now have a systematic method by 
which this trial function can be improved and the latter 
has become an integral part of a procedure of general 
scope. 

We have carried out a partial evaluation of the second 
integral on the right-hand side of (28) and found the first 
Born results given by Eq. (11) for the symmetric 
perturbation. These results are much better than those 
obtained from the usual first Born approximation in the 
asymmetric perturbation calculation, i.e., Eq. (23), or 
from the use of the new trial function suggested there, 
i.e., Eq. (26). 

There is a further conclusion which can be drawn 





BORN APPROXIMATION 
from the details of the above calculation but which is 
also true in actual problems. The usual formulation in 
terms of the asymmetric perturbation treats two of the 
potential terms on different levels. Thus, the interaction 
of one of the particles with the source of the field, with 
the nucleus for example, is considered a significant part 
of the Hamiltonian, whereas the equivalent term for the 
second particle is considered as a perturbation. This is 
unreasonable on physical grounds. The altered initial- 
state procedure minimizes this difference in treatment 
by using as an initial state a function obtained by 
including both interactions with the center of force in 
its computation. Furthermore, as Eqs. (28) and (29) 
show, the altered procedure leads to integral equations 
having inhomogeneous terms which depend on the 
interaction between the particles. Iteration of such 
equations results in terms having this interaction to the 
same or higher order of magnitude. Thus, the disparity 
in the treatment of the interactions with the nucleus is 
further reduced. This last observation also indicates the 
desirability of iterating at least once when applying this 
method. It also explains the improvement in the results 
noted above when a partial integration of the integral 
term in (28) was effected (see Appendix IT). 


6. SUMMARY 


The solution of a fictitious three-body scattering 
problem has enabled us to study elastic scattering in 
detail. Some results of interest are: 


1. Exchange-scattering contributions are present 
when the Born approximation method is applied to a 
symmetric perturbation formulation of the problem. 

2. When the perturbation is asymmetric, such con- 
tributions are not present even though the Born ex- 
pansion does converge to the exact solution. Mathe- 
matically, this implies that the series does not converge 
uniformly. 


These results are negative in character since they 
were shown to be valid only for the specific problems 
studied. However, a positive result is obtained. An 
approximation method which falls between the sym- 
metric and asymmetric perturbation formulation of the 
Born approximation procedure is developed. This 
method is of general applicability and its value resides in 
the following properties which it displays: 


1. Spurious terms which appear in the calculation of 
exchange scattering by the usual Born approximation 
method are eliminated. 

2. The particular symmetry of the initial state of the 
system does not present any difficulty since all states 
can be handled equally well. 

3. A systematic method of improving the trial func- 
tion is a direct consequence of the method. 

4. The “smallness” of the perturbation function is 
consistently treated. 
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We may further remark that the second property 
named has the feature that the maximum knowledge of 
the initial state of the system can be included a6 initio 
and need not be restricted by the mathematical formula- 
tion of the problem. 
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APPENDIX I. CONVERGENCE OF THE BORN 
EXPANSION—SYMMETRIC PERTURBATION 


Let f\” (ki,k2) represent the mth-order approximation 
obtained from the nth iteration. Thus 


f (Ra,ke) = fo(Ri,ke) 
and 
(A.1) 


ff (Riko) = fo(Riyke) + LD Ca J a(hi,k2). 


a=] 


This equation corresponds to Eq. (8) except that 


C= f ha(Riyks)dkidke fo(ki,k2). 


It is easily shown that 


f (Ri,ke) = folhiko)+ DS JalCa%+ Y Dasa], (A.2) 


a=] B=1 
where 


Ds { h(buks)dbdha] (bts). 


This equation, written in matrix notation, becomes 


f (Rake) = fo(hike) +JU+D)C%, 


where 
J=(Ja), a=1, «+, m, and is a row matrix, 
D= (Daa), a, B=1, 


C= (C,) is a column matrix, 


v¢+ @, 


and J represents the identity matrix. 
In a straightforward manner, we can prove by 
mathematical induction that 


f™ (Rake) = fo(hi,k2) +I U+D+ + -+D"™)C%, 
Let n—~ ; then 
f (Riko) = fol hike) +I I—D)IC®. 


The radius of convergence p is determined by the 
validity of the representation (J—D)"=/+D+D* 
Hives, 


(A.3) 


(A.4) 
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The exact solution given by (8) is 
f (hes,ke) = fo(Rr,k2) +JC, (A.5) 


where in matrix notation C=(C,) is a column matrix. 
From the definition of C. given by (10), we find that 
C=C-+Dc, 
whence 
C=(I-D)"c®, 


This relation establishes the equivalence of (A.4) 
and (A.5). 


(A.6) 


APPENDIX II 


The Schrédinger equation for the collision between an 
electron and hydrogen atom is 


h ¢ ¢€ 
(0h VA —t—— ¥=0. (A.7) 
8x?m T, 2 Tie 


The wave function is expanded into the form 


v-(=+ [)Fsteovaten 


for the calculation of the direct scattering, and into the 
alternative expression 


v= (+f )enteovated 


for the calculation of the exchange scattering. We are 
following the notation and development given in Mott 
and Massey.® 

The y,(r) is an orthonormal set of hydrogen wave 
functions, i.e., the w,, for either particle satisfies the 


equation 
ro 


and appropriate initial conditions. 
Substituting (8) and (9) into (7), we obtain the 
following equations: 


8ax°m 
(V2+k,?)F (11) =— f (E-Series (A.11) 
he 


T1202 Ty 


8am ¢ é 
Pct f (—-— werner, (A.12) 
h 


fis 72 


(A.8) 


(A.9) 


i? 
(—_v+e, ~— (A.10) 


8am 


and 
(V?-+k,2)G(re) 


with 

k,2=89'm(E—E,)/P. 
Substitute Eq. (8) for y in (11). Then this equation 
becomes 


82’°me* 1 


(v+ke+ as) eee F,, 
h? Tr; 
8am 


e 
—Wn*(re)dre. (A.13) 


Ti2 


SCHWEBEL 


A similar procedure followed for Eqs. (9) and (12) 


yields 
me? 1 
Ye, 
r2 


82?m é : 
= f —W n*(r)d71. 


h? Ti2 


8x? 
(estes 
(A.14) 


These equations are exact. For the purpose of formu- 
lating an approximating procedure, these equations can 
be used to give the first order approximations for F,, and 
G,. Thus, if e?/riz is considered small, the solutions of 
the homogeneous equations obtained from (13) and 
(14), by setting their right-hand sides equal to zero, are 
the first order approximations to the exact wave func- 
tion. These solutions must satisfy the initial conditions 
of the problem. It should be noted that for these approxi- 
mate solutions, expansions (8) and (9) are identical. 
This is expected because with e?/rj2 set equal to zero, 
Eqs. (13) and (14) yield the exact functions which 
combined with associated expansions (8) and (9), re- 
spectively, give the solution of (7) under the same 
condition. 

Thus, let us write the solution of (7) as follows: 


¥=got 9, (A.15) 


where ¢o is the solution of the equation 
h? ? 
{_——(W84 v2) +B+—+— |oo=0. (A.16) 
8ar?m 1, Te 
We find that @ must ein the equation 


h e re re 
(A.17) 


* watvetEte +——— }6=—¢o. 
82°m 1 2 Tie T12 
The parameter A has been inserted for purposes of 
exposition. Its value in (17) is one. 

Rewriting (17), we obtain 


hr e 
[wee vs) tet 
8a2m 


he? e he 
=—he— (—-=)e. (A.18) 


T12 "3... Fg 
This equation can be represented by an_ integral 


equation : 


o= Ne [Gren To —bo(n sto')dry'dro! 


ry2! 


—¢ [G(nn; rT’) 


ee. 
x(—-—)otninnarvare, (A.19) 
ry’ Ti! ‘ 
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where the Green’s function, G(rre; m'ra’) is obtained 
for the operator on the left-hand side of Eq. (18) under 
the condition that it represents outgoing waves. 

If \ is set equal to zero, (19) reduces to a homogeneous 
integral equation which has the solution zero under the 
given initial conditions. For from (15), if the interaction 
vanishes, so must the function ¢. This property has the 
further consequence that exchange terms cannot appear 
when the interaction between the electrons is not taken 
into account. 

The inhomogeneous term in (19) vanishes with the 
interaction between incident and bound electrons. 
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Therefore, this equation is in a suitable form for carrying 
out an iterative procedure. 

Using the parameter \ to indicate orders of magni- 
tude, the desirability of carrying out a partial integra- 
tion of the second integral in (19) becomes apparent. In 
this way, the contribution of the 1/r; term, of the same 
order of magnitude as the inhomogeneous term, can be 
obtained. 

In the course of the derivation of Eq. (19), we have 
verified most of the statements listed in the summary 
of the text. The others are consequences which readily 
follow from our definitions and equations. 
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Reduction of Relativistic Wave Equations and the ‘‘Contact Interaction” 


Francis N. GLOVER* AND ZENO V. CHRAPLYVY 
Saint Louis University, Saint Louis, Missouri 


(Received April 11, 1956) 


A new formulation of the large-component reduction method for one- and two-particle relativistic wave 
equations is presented and compared with the reduction procedure by the method of successive canonical 


transformations. Sufficient conditions are given for the identity, to the order (1/c) 


2, of the energy spectra 


obtained by the two methods. The “contact interaction” term resulting from the latter procedure is shown 
to arise in the former as well, contrary to a statement by Wu and Tauber. 


INTRODUCTION 


O reduce the number of components of a rela- 
tivistic wave equation, two methods are in 
general use: one method is based on the fact that some 
of the components of Y are larger than others’ ; and the 
other applies successive canonical transformations (also 
known as the Foldy-Wouthuysen method).? The latter 
has some distinct advantages. Moreover, as Becker* has 
shown, it is the method to which one is led when one 
attempts consistently to meet the basic requirements 
that the reduced wave equation have (to within an 
approximation) an energy spectrum identical with that 
of the full equation. Since in the past the older large- 
component method has enjoyed wide use, the question 
may be raised whether its application does not in some 
way impair the results. This question has become of 
interest recently, as Wu and Tauber have stated‘ that 
it was impossible to obtain the so-called ‘contact 
interaction” term in a two-particle problem by means of 
the large-component method. This is our motivation 
for presenting in this note some considerations, hitherto 

unpublished,® on the two methods. 

* Now at Woodstock College, Woodstock, Maryland. 


1See, for example, W. Pauli, Die Allgemeinen Prinzipien der 
Wellenmechanik (Edwards Brothers, Inc., Ann Arbor, 1950), 


2 
a 21. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 
3R. Becker, Géttinger Nachr., p. 39 (1945). 
4 Ta-You Wu and G. E. Tauber, Phys. Rev. 100, 1767 (1955), 
5 Technical report issued Aug. 16, 1955, under a U. S. Air 
Force contract (unpublished). 


We first formulate the large-component method in 
a way that will facilitate a comparison with the method 
of successive canonical transformations, both for the 
one-particle and the two-particle case. Then we estab- 
lish sufficient conditions for their equivalence, and 
finally we show that the term in question is obtained 
by either method. 


ONE-PARTICLE CASE 


A one-particle relativistic wave equation of the Dirac 
type may be written as 


0 
HY ={Bme?+ &+ O}V =ih—-V. (1) 
dt 


The even® part & and the odd part © of the Hamiltonian 
can be written as follows: 


&’ 0 0: of 
ee 

0 8" 0” 0 
where &’, &’’, 0’, O”’ are 2X2 matrix operators. We 
shall assume that 0 (and 0’, 0’) is of the order of c, 
and & (with &’, &’”) of order c°. We consider here only 
the case of a time-independent 3. The usual substitution 
W+me )| yp 
v=exp|—| |) 
: y’ 


ih 
6 We follow the terminology and notation of Z. V. Chraplyvy, 
Phys. Rev. 91, 388 (1953) ; 92, 1310 (1953), referred to as I and II. 


(3) 
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where y and y” are two-element columns independent 
of time, changes Eq. (1) into 
(8’—W)y+ oy” =0, 4) 
(8” —2m?— W)y"+ 0"p=0. 


Eliminating the “small” component ¥’ by means of 
successive approximations, valid to (1/c)*, we obtain 
the two-component (reduced) equation 


KRreap = (W+me’)y, (5) 


Hrea=me+ &’+ 
2mc? 


with 


1 (0’ 0"")? 
+ (0 8" 0" — 0’ 0" 8’)— > 
4m?c4 8mic8 


(Sa) 


This is, of course, a 2X2 matrix operator, but with the 
help of the multiplier b, = 3(1+ 8), may be expressed in 
terms of 4X4 matrices: 


2 19) 4 


BO 
rea = bs.4 Bme?+ &+ + [08,0 ]— 
2mc? 4mic4 


Smit | ©) 


which is a form suitable for our purposes of comparison. 

As is known, in the Foldy-Wouthuysen procedure the 
Hamiltonian 3 is converted by successive canonical 
transformations into 3, an even operator, so that in 
the transformed equation 


Kup — We (7) 


the upper components y, are no longer coupled with 
the lower components ¥;. Hence to obtain a reduced 
equation, the third and fourth line of (7) are simply 
omitted, which may be symbolized by the application 
of the b, multiplier: 


KRredVu= bs {Hire} = Ev. (8) 


To the order (1/c)*, the reduced Hamiltonian’ is 


KHrec 
: BO 1 Bo 
=b,{ Bme+ &6+—_+ [C0,6],0]- : 


2mc? &mc4 


f: (9) 


8mic 


It is to be noted that even if © and & are Hermitian, 
the reduced Hamiltonian of (6) is not seen to be 
Hermitian due to its fourth term [08,0]. On the other 
hand, the corresponding term of (9), 4[[0,&],0], is 
Hermitian. This is one of the advantages of the Foldy- 
Wouthuysen method because of which it will be pre- 
ferred in all applied work; the more so as our compari- 
son shows that the amount of computational work is 
about the same in both methods. As the Hamiltonians 
of (6) and (9) differ only in their fourth term, it follows 


7 Given in Eq. (4) of I. Note there a mistake in the sign of the 
fourth term. 
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that if the condition 

[o,8}<O(c) (10) 
is satisfied, then, to the order (1/c)*, the energy spec- 
trum will be identical. Thus for the case of a pre- 
dominantly Coulomb force we have 

O=ca-p+O(0), 

&=k/r+O(1/c), 
and 


[ 0, 8]=khe[div(r*r)+ 2r*r-9 ]+O(c). (11) 


The contributions of the two terms in the square 
brackets just cancel each other so that the condition 
(10) is satisfied, and the two reduction procedures 
yield identical energy spectra to the order (1/c)? for 
this rather important case. 


TWO-PARTICLE CASE 


We write a two-particle wave equation of the Breit 
type as 
RV = {(8'mC+BU myc+ (68)+(60)+(086)+(00)}¥ 


) 
=ih—V. (12) 
at 


The spinor Y consists now of sixteen components, and 
we may in general eliminate twelve of them as signifi- 
cantly smaller than the four components retained. The 
procedure will be similar to that in the one-particle 
case. However, while formerly the two large components 
were adjacent elements in the spinor, here this is not 
the case. Hence we first have to rearrange the sixteen 
equations of (12) so that the four components which 
will eventually turn out to be the large ones come 
together to form a subspinor. We introduce the unitary 
and Hermitian matrix 

(1 

0 

0 


=f 


-moOooodcodod & 





oooocrooco 


ests 


(where each 1 stands for a 2X2 unit matrix) and, with 
its help, we rewrite (12) as 


a 
(MICM—) MWY = ih-MV. (13) 
at 


The effect of SM on the matrix operators appearing 
in (12) is as follows: in an even-even (even-odd, etc.) 
matrix, at least three-fourths of the 256 elements 
must be zero, while the elements different from zero 
are found in 2X2 squares, arranged in a regular, 
chessboard-like pattern, shown in Fig. 2 of II. Applica- 
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tion of the 91-matrix consolidates these 2X2 squares into 4X4 squares. Thus we have 


[ (88) (88)" 
m(é sé) = (88) ’ 


(&8)* 


(068)’ 


C N7-1 (08)” 
mM ( OS) (08)? 


| 
ni 


where 6 is the 4X4 unit matrix. From (13) by means of 
the substitution 


(08) 


meio! = 





v 


W+mc2+miuc ) |p” 
MV = exp | —— <a = 
v 


ih 
y’” 


(15) 


the following set of equations is obtained, each involv- 
ing 4X4 matrices and four-component spinors: 


{(68)’—W}y’+ (80)'p'"+ (08)'y'+ (00)'p"=0, 
{(88)"—W—2mc}y’’ 
+(&0)"p?+ (08)"y'+(00)"y'"=0, 
{(68)'"—W—2mueyy'"+ (60)'"y’ 
+(08)'"p*+(00)/"y" =0, 
{(&8)*—W—2(m+mun)e}y*+ (60) *y” 
+(08)*y’'"+ (00) *y’=0. 


(16) 


By assuming (&0) and (08) (i.e., all their nonzero 
elements) to be of order c, and (&&) and (00) to be 
of order ¢°, we have the following order of magnitude 
relationship between the components 


V = op" =oy">cyp*. 


Thus the four elements of y/’ are clearly the large com- 
ponents. In successive approximations [ valid to (1/c)* ] 
the y’’, y’”’, y® may be eliminated, yielding 


Ky = Ey, (17) 
with 


E=W+mc+muc. 


This is the result of the reduction: y’ consists of four 
components, and correspondingly, ’ is a 4X4 matrix 
operator. However for our present purposes, we prefer 
to replace formally y’ by a column consisting of sixteen 


mM(Oeo)M7= | 


mp! = 


(80)’ 

(80)"| 

(60)'” | , 
(80)* J 


(60)M71= 


(o0)” 


(00)’ 
(00)” (14) 


(oo) 


: 


—6§ ’ 





components, of which twelve are zero, and likewise to 
amplify 3’, by the addition of zero elements, into an 
equivalent 16X16 matrix. This will be done by the 
aid of a 16X16 multiplier b,, (the direct product of b, 
with itself) in the following way: 


y’ = Ib HY, 


KR’ =IMb,,5C*M. 


(18) 


Since (as will be seen below) 3* is even-even, and 
therefore commutes with 6,,, and since (6,,)?=6,, and 
m?=1, we obtain 


b,450*Y = b, Ey, 


an equation equivalent to (17), provided we choose 


(19) 


b,5C* = b,, 4 Blam?+BU myc?+ (&8) (20a) 


B'(08)? BN(So)? BI(O8)* BM(8O)! 


(20b) 


2myc* 2my1C? Smyz'c® 


1 1 
+——[(08)(88),(08)]+—— 


4my;*c4 mi ic 


x[(60)(88),(60)] (20c) 


—[{[(08),(00)},,(80)], (20d) 


4mymyc' 


B'm—B" my 
+—____—-(00)'}. 


2(my?— my;")c? 


(20e) 


For the sake of brevity in this last expression certain 
terms are not shown, which are negligible if 


[(08),(80)]<O(), (21a) 





824 


as is usually the case. The foregoing Hamiltonian, 
although obtained by the large-component method, 
shows much similarity with that obtained according to 
I as the result of the application of successive canonical 
transformations, namely 


Hema Sub Sea (22a, b) 


1 
Fe at 6 08)s( 88) 1 (08) + 


my c 8m c 


X(L(80),(88)],(80)] (22c) 


+--+, (224, e) 


(The dots are used to indicate terms identical in both 
expressions.) A sufficient condition for the identity of 
the energy spectra yielded by the two procedures is 


[(80),(08)]<O(0), (21a) 
[(08)?,(68)]<O(), (21b) 
[(80)*,(88)]<O(0). (21c) 


“CONTACT INTERACTION” TERM 


The “contact interaction” or 6 term, important for 
the calculation of ionization potentials,® arises from the 
expressions (20d) or (22d), that is, it can be obtained 
equally well by the application of either the large- 
component or the successive-transformations method. 
Actually it had been obtained® in I, Eq. (8e), by a 
straightforward calculation, paying due attention to 
expressions which yield the 6 function. 
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APPENDIX 


The following result will be of use in computing the 
energy contribution from (20d) and (22d). 

For A and B arbitrary vectors and y*, y arbitrary 
functions uniformly continuous at and in the vicinity 
of r=0, we have 

8 J. Sucher and H. M. Foley, Phys. Rev. 95, 966 (1954). 

* Unfortunately the numerical factor given ‘there is erroneous, 
as has since been stated. [Phys. Rev. 99, 324 (1955) ]. It should 
be 82/3 rather than 47. 
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fv ta-curl Bx1/") var 
; fu eae )(B-r) AB 
a 


Sr 
+ (Byte) Hvar, (A) 


where the integration may be taken over any region 
where ¥* and y are uniformly continuous. We indicate 
a proof. 

If r includes the singular point r=0, we decompose r 
into a sphere S of vanishing radius centered at the 
singularity, and the remainder 7’. Then as the radius 
of the small sphere S approaches zero, we have in the 
limit (using Gauss’s theorem and the theorem of mean 
value for integrals), 


fv a-cun Bxe/A)Wvdr 
s 


=O) f (BX) XA/A}dr 
*(A-r)(B-r) 
as| 


=v*(0W(0)| (A-B) f ~- 


4a 
=v" 040) 4n(A-B)——(A-B)], 
which may be written as 


f ¥"{ (8/3) (A-B)3() ar. 


By adding an integral which due to symmetry is zero 
we obtain 


[vr a-cun Bxr/A Var 
r 3(A- ne. r) (A-B) 
= fy ; eae r ~| var 


+ f v*{ (Sm/3)(A-B)3(x)ydr. (B) 
Ss 


But (B) holds as well for the singularity-free region 7’, 
since by vector analytical formulas the left-hand inte- 
grand is identical with the first integrand on the right 
while the last integral vanishes. Thus (B) holds for 
the total region, and (A) is verified. 
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Cyclotron Resonance at Infrared 
Frequencies in InSb at Room 
Temperature 


E. Burstein, G. S. Picus, AnD H. A. GEBBIE 


United States Naval Research Laboratory, Washington, D. C. 
(Received June 14, 1956) 


YCLOTRON resonance investigations at micro- 
wave frequencies have thus far been limited to 
a small number of materials—germanium, silicon, 
InSb, and bismuth—and to low temperatures where the 
collision relaxation time, 7, is long compared to the 
period of the electromagnetic radiation (7>1/w,, 
where w,.=eH/m*c). By using higher magnetic fields 
and carrying out measurements at infrared frequencies, 
it should be possible to extend cyclotron resonance 
experiments to higher temperatures and to other 
materials. Toward this end we have been carrying out 
infrared cyclotron resonance experiments on InSb 
at room temperature using magnetic fields up to 
60000 gauss [obtained with the Naval Research 
Laboratory (NRL) 4-in. Bitter magnet] and wave- 
lengths in the region of 25 to 42 microns. The measure- 
ments were carried out with unpolarized radiation. 
The experiments, which included both reflection and 
transmission measurements, were carried out with a 
specimen! of p-type InSb which was intrinsic at room 
temperature and had an electron mobility of approxi- 
mately 6X 10‘ cm?/volt sec. From the mobility and the 
value of 0.013m for the effective mass of electrons 
which Dresselhaus and co-workers’ obtained from 
low-temperature cyclotron resonance measurements at 
microwave frequencies, the 7 at room temperature is 
estimated to be 5X10~ sec. The plasma frequency, 
which in intrinsic InSb is determined predominantly 
by electrons (w,?~4an,e?/m*eo, where n;=2X 10'*/cm’ 
and €9=16), is calculated to be wy 1.75X10" sec", 
corresponding to a wavelength of 108 microns in agree- 
ment with the value indicated by the free-carrier 
reflection data of Yoshinaga and Oetjen.* The conditions 
for a well-defined resonance absorption that w,.7>1 
and that w,>w, are therefore satisfied for electrons for 
wavelengths less than 100 microns.‘ However, since 
InSb exhibits a strong lattice absorption band at 53 
microns, resonance measurements cannot be effectively 
carried out in the region of 42 to 60 microns. 
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Fic. 1. Cyclotron resonance relative transmission curve. 
Relative transmission [ratio of transmission 7(H) in the presence 
of the magnetic field to the transmission 7(0) in the absence of a 
magnetic field] vs magnetic field at a wavelength of 41.1 microns 
for an intrinsic specimen of InSb (approximately 0.02 mm thick) 
at room temperature. 


In Fig. 1, the relative transmission, 7(H)/T(0), 
at a fixed wavelength (41.1 microns) is plotted as a 
function of magnetic field. In Fig. 2, the reflectivity 
at a fixed wavelength (41.1 microns) is plotted as a 
function of magnetic field. The transmission experi- 
ments were carried out on a thin section, approximately 
0.02 mm thick, with H parallel to the face of the 
specimen, while the reflection experiments were carried 
out on a 1-mm thick specimen with H perpendicular 
to the face. According to the simple classical theory of 
cyclotron resonance, the effective absorption constant 
at the resonance peak for H parallel to the face of the 
sample is one-half that for H perpendicular to the face. 
The H-parallel configuration is therefore the desirable 
one in transmission experiments where the specimen 
is too thick. The H-perpendicular configuration is the 
desirable one in the reflection experiments where a 
large absorption constant is wanted. 

The experimental transmission curve is not sym- 
metrical but rather shows a pronounced broadening on 
the high magnetic field side of the minimum. A similar 
effect is also present in the reflection data, as shown by 
comparison of the experimental reflection curve with 
the theoretical one calculated for spherical energy 
surfaces (Fig. 2). From the position of the minimum in 
the transmission curve, one obtains a value of 0.015m 
for the effective mass of electrons, which is somewhat 


825 





LETTERS TO THE EDITOR 








un 
°o 





+ 
(2) 

















InSb No. 126 

-— Wavelength = 41.1 microns 
Temp. = 293 °K | 
|. H perpendicular to sample 


0 20 30 40 50 60 70 
MAGNETIC FIELD (KILOGAUSS) 


% REFLECTION 
re 


te 
°o 





fe) 























Fic. 2. Cylotron resonance reflectivity curve. Reflectivity vs 
magnetic field at a wavelength of 41.1 microns for an intrinsic 
specimen of InSb (0.5 mm thick) at room temperature. The 
reflectivity is that of one surface only since the sample was 
strongly absorbing. The calculated curve is based on m*=0.015m 
and w,.r= 16. 


larger than the value reported by Dresselhaus and his 
co-workers.” As a result of the extensive broadening 
of the resonance curve, the absorption constant at the 
peak is considerably smaller than the value a= 4200/nc 


= 2X10 cm™ which would be expected on the basis 
of spherical energy surfaces, and the minimum 
and maximum in the reflection curve are much less 
pronounced. 

In the present experiments, fw,, the separation 
between the magnetic levels, is quite large, reaching, 
at 60000 gauss, a value of 0.046 ev which is almost 
2kT at room temperature. It is therefore likely that the 
resonance curve at the high fields results from transi- 
tions among the lowest four or five magnetic levels. 
Furthermore, according to Dresselhaus,’ the energy of 
the conduction electrons in InSb is given to third order 
in k by 


E=cok’tolh (kok, +kko+kek2)—9k2k2RZ]. (1) 


At low k values, the energy surface is degenerate and 
spherically symmetric. At higher k values, correspond- 
ing to energies comparable to the band spacing at 
k=0, the degeneracy is split and the energy surface 
becomes warped because of spin-orbit interaction. It is 
therefore not unreasonable to expect that variations 
in the spacing of the magnetic levels will occur which 
will result in an effective broadening. There may also 
be an appreciable asymmetric broadening due to 
k,~0 effects. In addition, as pointed out by Adams,® 
the possibility exists that a strong magnetic field may 
modify the energy surfaces because of interactions 
between bands, particularly in the case of materials 
like InSb which have small band gaps and small 


effective masses. Experiments are now under way to 
determine the relative importance of these effects. 

We wish to acknowledge the active interest and 
encouragement of P. Egli and R. Webber. We are also 
indebted to S. Slawson for preparing the polished thin 
sections used in the experiments, to A. Mister and 
R. Anonson for operating the Bitter magnet; to W. M. 
Cole for assistance in setting up the optical equipment ; 
and to E. N. Adams, H. Brooks, J. Kaplan, N. Sclar, 
and R. Wallis for stimulating discussions. 

Note added in proof.—Subsequently to our experi- 
ments, Zwerdling and co-workers have observed cy- 
clotron resonance in InSb at 10 microns, using pulsed 
magnetic fields up to 20 000 gauss.’ 

We are indebted to S. W. Kurnick of Chicago Midway 
Laboratory for this material. 

? Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955). 

5H. Yoshinaga and R. A. Oetjen, Phys. Rev. 101, 526 (1956). 

‘Tt should be noted that in intrinsic InSb at room temperature, 
the resonance for holes (m,*~0.2m) will occur at frequencies much 
smaller than w, even at the highest fields used in these experiments. 

5G. Dresselhaus, Phys. Rev. 100, 580 (1955). We are indebted 
to F. Herman for pointing this out to us. 

*E. N. Adams, Phys. Rev. 89, 633 (1953). 


7 Zwerdling, Keyes, Foner, Kolm, Lipson, Warschauer, and 
Lax, Bull. Am. Phys. Soc. Ser. II, 1, 299 (1956). 


Magnetic Optical Band Gap Effect in InSb 


E. BursTEIn, G. S. Picus, H. A. GEBBIE, AND F. BLatt* 


United States Naval Research Laboratory, Washington, D. C. 
(Received June 14, 1956) 


SSOCIATED with the small effective mass of 
electrons in InSb,' there is a large diamagnetic 
splitting of the conduction band levels in a magnetic 
field. It therefore seemed reasonable to expect that the 
magnetic field would have an appreciable effect on 
optical transitions between the valence and the conduc- 
tion band. Room temperature transmission measure- 
ments with unpolarized radiation were accordingly 
carried out at the absorption edge of an intrinsic 
specimen of InSb (0.5 mm thick) in magnetic fields up 
to 60000 gauss applied perpendicular to the face of 
the sample. Data obtained for H parallel to the face of 
the sample are essentially the same as for H perpendic- 
ular to the face. As shown by the data in Fig. 1, the 
magnetic field causes an appreciable shift of the 
absorption edge to shorter wavelengths. This shift in 
absorption edge to higher energy is interpreted as an 
increase in the optical band gap.’ 
For free electrons, the energy levels in the presence 
of a magnetic field directed along the z axis are given by* 
E=?'k?/2m+ehH (n+}4)/m*c. (1) 
The energy of the lowest conduction band level in the 
presence of a magnetic field is, on the basis of such a 
model, E.+ehH/2m*c. The corresponding effect of 
the magnetic field on the energy levels in the valence 





LETTERS TO THE EDITOR 


58,600 GAUSS 

42900 * 

28,700 * 
750 " 


% TRANSMISSION 


0.130 0140 860.150 0.160 0.170 


PHOTON ENERGY (EV) 


0.180 0.190 


Fic. 1. Intrinsic absorption edge of InSb (No. 124) for various 
magnetic fields up to 60000 gauss. Sample used was 0.5 mm 
thick and the field was perpendicular to the face. 


band of InSb will be much smaller since the effective 
mass of the holes is approximately 10 times greater than 
that of the electrons. In the absence of other effects 
(see below) the separation between the valence and 
conduction bands of InSb in the presence of a magnetic 
field will be given, as shown in Fig. 2, by 
Eg(H)~E,— E,+ehH /2m*c= Eg(0)+ phe. 
According to this simple model, the increase in the 
optical band gap should be proportional to the magnetic 
field, with a proportionality constant 
y= }eh/m*c=3.85X 107 ev/gauss 
based on a value of 0.015m for the effective mass of 
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Fic. 2. Energy momentum diagram of the conduction band in 
InSb in presence of magnetic field. Magnetic effects in the valence 
band are neglected because the effective mass of holes is about 
ten times larger than that of electrons. 
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Fic. 3. Shift of points of fixed transmission in the intrinsic 
absorption edge of InSb (0.5 mm thick) with magnetic field at 
room temperature. 


electrons obtained from the infrared cyclotron resonance 
measurements at room temperature.’ 

In the absence of a detailed theory of the absorption 
edge spectrum in InSb, it is not possible to obtain a 
precise value for the change in the optical band gap 
from the experimental data. As an expedient, the 
shifts of points of fixed transmission in the absorption 
edge with magnetic field are taken as an estimate of 
the magnitude of the magnetic optical band gap effect. 
This procedure obviously neglects effects due to changes 
in the magnitude of the absorption constant which arise 
from changes in transition probabilities and from 
changes in the density of states. 

Curves of photon energy versus magnetic field for 
various transmittance values are plotted in Fig. 3. It is 
seen that the shift in the optical absorption edge 
increases slowly at low magnetic field and then becomes 
linear with magnetic field for applied fields greater than 
30 000 gauss. The shapes of the various isotransmission 
curves do not differ appreciably from one another, and 
the slopes of the curves in the linear region indicate a 
value of 2.3X 10-7 ev/gauss for y, which is 0.60 times 
the value predicted for the simple model. 

A tentative explanation for the shape of the curve 
of band gap versus magnetic field can be given in terms 
of the variation of the density of states in the conduction 
band as the field is applied. In the absence of a field, 
the density of states is zero at k=0. In the presence of a 
magnetic field, the lowest magnetic energy level (n=0) 
has a finite density of states even for k,=0. Con- 
sequently in the presence of a magnetic field the ab- 
sorption edge very likely involves transitions to 
states of smaller k, than in the absence of a magnetic 
field. The net effect is to yield a smaller shift in the 
absorption edge with magnetic field as measured by 
[Eqg(H)—Eg(0)]/H. The value of y, the slope of the 
Eq versus H curve, should however be relatively 
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unaffected by density-of-states effects at the higher 
magnetic fields. A detailed analysis of these effects is 
complicated by energy level broadening and the fact 
that, for the range of absorption constants involved 
(a 20 cm), the absorption edge probably involves 
nonvertical transitions.® 

The discrepancy between the experimental value for 
y in the linear high-field region and the theoretical 
value for the simple model, may be due to a number of 
other effects: (1) Zeeman splitting of the valence 
band which is believed to be either p-like or d-like in 
character. (2) Second-order interactions between the 
various branches of the valence and conduction bands 
which may produce displacements of the top of the 
valence band and the bottom of the conduction band 
relative to one another® and which may result in a 
modification of the energy surfaces in the presence of a 
magnetic field.” (3) Spin-orbit interaction effects in the 
conduction band which may produce displacements in 
the lower magnetic levels so that they do not occur at 
positions predicted by the simple model.® 

We are indebted to A. Mister and R. Anonson for 
operating the Bitter magnet, to B. W. Henvis for 
assistance in a number of measurements, and to 
E. N. Adams, F. Herman, J. Kaplan, and R. Wallis 
for profitable discussions. We also wish to acknowledge 
the active interest and encouragement of P. Egli and 
R. Webber. 

* Also Physics Department, University of Illinois, Urbana, 
Illinois. 

1 Dresselhauss, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955). 

? Burstein, Picus, and Gebbie, Phys. Rev. 103, 825 (1956). 

5 The existence of a magnetic optical band gap effect has since 
been confirmed by B. Lax and co-workers at the Lincoln Labora- 
tory, Massachusetts Institute of Technology (private communica- 
tion). See B. Lax and K. J. Button, Bull. Am. Phys. Soc. Ser. II, 
1, 299 (1956); Zwerdling, Keyes, Foner, Kolm, Lipson, War- 
schauer, and Lax, Bull. Am. Phys. Soc. Ser. II, 1, 299 (1956). 

*L. Landau, Z. Physik 64, 629 (1930). 

5 Blount, Callaway, Cohen, Dumke, and Philips, Phys. Rev. 
101, 563 (1956). 

6 J. Kaplan (private communication). 


7E. N. Adams, Phys. Rev. 89, 633 (1953). 
8 F, Herman (private communication). 


Structure Sensitivity of Cu Diffusion in Ge 


A. G. TWEET AND C. J. GALLAGHER 


General Electric Research Laboratory, Schenectady, New York 
(Received June 4, 1956) 


E have observed a striking dependence of the 

diffusion of Cu in Ge upon the structural 
perfection of the Ge. Electrical-conductivity and 
radio-tracer (Cu™) studies have been made on Ge 
samples into which Cu was diffused from a Cu(NOs)¢- 
coated surface for 15 minutes at ~710°C in He. The 
distance x4 from the surface at which the Cu concentra- 
tion had dropped to C,/2, where C, is the concentration 
at the solubility limit for 710°C, varied from ~0.004 
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cm in our most structurally perfect samples to >0.20 
cm in samples containing multitudes of small-angle 
grain boundaries. Samples with large numbers of 
dislocations (10‘— 10°/cm?), resulting from deformation 
at elevated temperatures, had x,’s between these 
limits. We have found that a good correlation exists 
between the rapidity of the Cu penetration and etch 
pit densities as brought out with CP4 and Superoxol 
(1 part 49% HF: 1 part 30% H,O2) on (111) planes. 
We have found no such correlation with very tiny 
etch pits brought out on (100) planes by slow etching, 
using a method reported by Ellis.’ 

If one assumes that the Cu transport obeys the usual 
laws of diffusion, then x@~(D#)'. For t=15 min and 
T=710°C, one obtains D~2X10-* cm?/sec for the 
most structurally perfect specimens and D>4x10-> 
cm*/sec for the samples containing the small-angle 
boundaries. These values are to be compared with 
previously reported? results giving D~ 4X 10-5 cm?/sec 
in this temperature range. However, we do not feel 
that it is possible to assign values to the diffusion 
coefficient on this basis. More extensive measurements 
have shown that there are large departures from 
Fick’s second law in this system, and that the mass 
transport of Cu cannot be characterized by a single 
diffusion coefficient at any given temperature. 


1S. G. Ellis, J. Appl. Phys. 26, 1140 (1955). 
2C. S. Fuller et al., Phys. Rev. 93, 1182 (1954). 


Effect of Melting on Positron Lifetime 


H. S. Lanpes, S. BErKo,* Anp A. J. ZUCHELLIT 


Department of Physics, University of Virginia, 
Charlottesville, Virginia 
(Received June 6, 1956) 


OSITRONS annihilating in some liquids and solids 

exhibit a complex two-photon annihilation life- 
time.! Experimental and theoretical evidence seems to 
indicate the following: (1) A certain percentage of 
positrons form bound states (possibly positronium) 
prior to annihilation. (2) The shorter lifetime, 7; 
(2—3X10-" sec), results from free and bound singlet 
state annihilation, while the longer, r2(1—4X10- sec), 
is a reflection of either (a) conversion from bound 
triplet to bound singlet states and subsequent 2y 
annihilation? or (b) a pick-off process in which a 
positron in the triplet bound state annihilates with an 
overlapping antiparallel atomic electron. Because of 
the low cross section of the spin flipping processes, 
the pick-off annihilation should be predominant. 

The rate of triplet decay via 72 is apparently order- 
disorder-dependent, as indicated by the observed 
difference in 7, between crystalline and fused quartz.! 
To further examine this dependence, we have measured 
72 in the molecular crystal naphthalene, as a function of 
temperatures extending across the melting point of 
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Fic. 1. Representative set of delay curves at various tempera- 
tures. The 29°C curve shows the analysis of the component 
lifetime curves. The melting point is at 80.2 degrees. 











80.2°C. No attempt has been made to form single 
crystals, polycrystalline naphthalene being used. The 
annihilation lifetimes were measured with a Bell and 
Graham type fast-coincidence circuit, Na* being the 
positron source. The percentage of positrons annihilat- 
ing in the source holder was estimated to be less than 
6%. This estimate was obtained by analysis of curves 
taken below the melting point with Na” deposited 
directly on naphthalene. Three different samples were 
run, samples II and III with improved temperature 
regulation (better than +0.1°C); lifetime delay curves 
were taken at varying temperatures. Figure 1 shows a 
set of four representative delay curves, the first of these 
(29°C) being plotted with its analysis into the two 
lifetime curves (obtained by the usual folding tech- 
nique). Figure 2 shows the curve of 72 vs temperature. 
The points are plotted with errors computed from the 
least squares fitting of 72 for the individual runs; the 
larger point-to-point deviations are due to electronics 
and possibly differences in crystallinity of the naph- 
thalene from sample to sample. 
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From these curves we see that below the melting 
point about 9% of positrons annihilate via a r2 com- 
ponent, r2=1.14X10~° sec, with re starting to rise a 
few degrees below melting and reaching the value of 
T2= 2.68X10-* sec at and above the melting point. 
The percentage of positrons annihilating with 71, 
increases sharply from 9% to 29%, the change occurring 
within 0.2°C of the melting point. The short lifetime, 
71, was of the order of (3—4)X10-" sec forall curves 
analyzed. 

From these measurements we draw the following 
conclusions : 


(a) The capture cross section of positrons into bound 
states has a sharp increase above melting. Besides the 
energetics of the capture process (similar to “Ore gap’ 
in gases), there could exist other selection rules (con- 
servation of momentum) that are relaxed upon destruc- 
tion of long-range order during melting. 

(b) Whatever the processes giving rise to triplet 
decay via r2, the cross sections of these processes are en- 
hanced in the ordered crystalline state. Since the change 
in 72 is less sudden than that in the percentage annihilat- 
ing with 72, perhaps short-range effects are here more 
important. The possibility of Van der Waals binding 
of positronium to the molecules of the crystal‘ could 
play a role. 

We have also observed similar order-disorder effects 
in Teflon of differing crystallinities; a complete report 
on this work will follow shortly. 

We thank Dr. John S. Plaskett of our laboratory for 
discussions relating to the theoretical aspects of this 
problem. 

* Alfred P. Sloan Research Fellow, 1955-1956. 

Tt National Science Foundation Predoctoral Fellow, 1955-1956. 

1R. E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953). 

2 Berko, Stephan, Zuchelli, and Joseph, Phys. Rev. 102, 724 
(1956); V. L. Telegdi, Bull. Am. Phys. Soc. Ser. IT, 1, 168 (1956). 

3A. Ore, University of Bergen Yearbook, Nos. 9, 12 (Bergen, 


Norway, 1949), 
4P. R. Wallace, Phys. Rev. 100, 738 (1955). 


Ground State Energy of Two-Electron 
Atoms 


Ecit A. HYLLERAAS AND JOHN MIDTDAL 
Institute for Theoretical Physics, University of Oslo, Oslo, Norway 
(Received June 6, 1956) 


HE nonrelativistic energies for the ground states 

of ions and atoms: H-, He, Li*, ---, have been 

recalculated by means of an electronic computer 

using 18 and finally 24 terms in the wave functions. | 

Besides terms of the familiar type: e~*/? times 1, s, u, 

s*, ?, u?, su, +++, up to the fifth and sixth degrees, 
4 additional terms: 


Pi=[3(8+F)—w ] logs, P2=(3(8+?)—u* u/s, 
s?/u, and st*/2#, 





LETTERS TO THE EDITOR 
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TABLE III. Energies of various ions. 
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originating from a nonconvergent logarithmic expression 
appearing in the formal solution of the wave equation, 
have been used. The new terms are very effective at an 
early stage of the calculations. It is doubtful, however, 
whether they lead to another limiting value of the 
energy. At the end of the calculations the improvement 
in energy values for which the four new terms are 
responsible, shrinks down to the order of 2-5 cm in 
spectroscopic units. 

In the following we shall use the notation E= —2Z? 
+(5/4)Z+E, for the total energy in Rh-units. In the 
case of Z—+«, the EZ, value has been brought down 
considerably, first from — E.=0.30488 to 0.30526 by 
ordinary terms, and finally in a very high approxima- 
tion, comprising the above-mentioned new terms, to 
0.30531. At the other end, at Z=1, the calculated 
energy of H~ has also been considerably improved, so 
that the value — Z.=0.30512 as given in the excellent 
work of Henrich,' can now be replaced by — E.= 0.30545. 
For Lit, Bet*, ---, O%, ---, there are improvements 
on a somewhat smaller scale. For He the accuracy has al- 
ready been very effectively extended by Chandrasekhar 
and Herzberg.? Nevertheless we have succeeded in 
improving even the value of the He ground state 
energy by about 2 cm“. 

In Table I we demonstrate the contributions from 
various terms to the ground state energy for Z>~, 
giving thereby also some information about the terms 
involved in the (here 22-parameter) wave function. 

Table II gives some historical data concerning the 
improvements in the H~- energy. Finally in Table III 


TABLE II. Energy values for H~. 
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Bethe and 
Hylleraas 1930 
Williamson 1942 
Chandrasekhar* 
Henrich” 1943 
Hylleraas 1954 
Present calc 
Present calc 
Present calc 








* S. Chandrasekhar, Revs. Modern Phys. 16, 301 (1944). 
> See reference 1. 

© Without the logarithmic terms. 

4 Including the logarithmic terms. 
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0.313426 
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0.313766 
0.313894 
0.314003 
0.314459 
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we give the energy values of a series of ions correspond- 
ing to the formula: 
0.01707 0.00068 0.00164 


0.00489 
E,=—0.315311+ _ _ ~ ‘ 
Z FA yy Z* 





This formula is so constructed as to give the directly 
computed energy values for H-, He, and Lit+ with a 
compromise between the computed values for Bet+ 
and O*,. The latter value is almost exactly reproduced. 
The Bet* value comes out 0.000006RA or 0.7 cm 
lower than that really obtained by direct calculation 
using a 24-parameter wave function. 

Fuller details of the calculations will be given 
elsewhere. 

1L. R. Henrich, Astrophys. J. 99, 59 (1943). 


( 955) Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
1955). 


Dielectric Behavior of Lead Titanate 
at Low Temperature 


Jinzo KosBayaAsui, SHIGEHARU OKAMOTO, AND Ryuzo UEDA 
Department of Applied Physics, Waseda University, Tokyo, Japan 
(Received April 13, 1956) 


EAD titanate, PbTiO;, is known to be a BaTiO;- 

type ferroelectric with polar tetragonal symmetry 
from room temperature up to the Curie point, 490°C. 
Further x-ray investigation on the material, however, 
has revealed a low-temperature transition at about 
—100°C as reported previously. The new phase of 
PbTiO; is a superstructure in which the oxygen ions 
in different sublattices are considerably displaced in 
antiparallel directions. Thus the structural evidence 
leads to the possibility of an antiferroelectric state in 
PbTiO; at low temperature. 

Heretofore, investigations of the dielectric properties 
of PbTiO; have not shown an anomaly corresponding 
to the onset of the superstructure at about — 100°C. 
This may possibly be due to the measurements being 
performed on crystals which were cooled too quickly. 
To resolve the ambiguity, a critical re-examination of 
the low-temperature region seemed to be necessary. 
This paper describes our results on the dielectric 
properties of well purified PbTiO; at low temperature. 

As the x-ray observations showed a markedly large 
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Fic. 1. Dielectric constant of PbTiO;. The dots refer to rising 
temperature, the crosses to falling temperature. 


thermal hysteresis in the transition, the present 
dielectric measurements with a weak field were carried 
out in such a way as to take this into account. The 
temperature dependence of ¢ is shown in Fig. 1. The 
cooling and heating rates were 0.3°C/min. The meas- 
ments were performed by using a disk-shaped sample 
0.96 cm in diameter and 0.13 cm thick, the frequency 
used being 1 Mc/sec. Two small but distinct anomalies 
in dielectric constant appear at about —100°C and 
—150°C. The anomaly at —100°C is rather small, 
but corresponds to the structural change discovered by 
x-rays. The anomaly at —150°C seems to suggest 
that a further transition takes place at this lower 
temperature. This transition, however, has not been 
confirmed by x-rays, for it is difficult to cool below 
— 150°C in our x-ray camera. The trend of the tempera- 
ture coefficient of variation of the dielectric constant 
changes gradually in the vicinity of — 60°C. 

Up to the present work it has been difficult to find 
support for antiferroelectricity in PbTiO; in the low- 
temperature region; but the minor changes in e can 
be clearly observed both at —100°C and at —150°C 
and seem similar to those at 470°C and 520°C in 
NaNbO; found by Cross and Nicholson. 

Considering the present result, it would seem 
necessary to make further studies on other ferroelectrics, 
especially on solid solutions with PbTiO;, at low 
temperature. 


1 J. Kobayashi and R. Ueda, Phys. Rev. 99, 1900 (1955). 
? L. F. Cross and B. T. Nicholson, Phil. Mag. 46, 453 (1955). 


Vapor Pressure of the Solution of He’ in He‘ 


S. K. TrrkHA AnD V. S. NANDA 
Department of Physics, University of Delhi, Delhi, India 
(Received June 4, 1956) 


ECENTLY, Daunt and Tseng! have reported the 
difference in vapor pressure between a 4% solution 
of He in liquid He‘ and pure liquid He‘ over a fairly 
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Fic. 1. The vapor pressure difference APmm ug (=P—«°) for 
a 4% solution of He? in He‘, as a function of absolute temperature 
T (°K). Curve I: present model, linear expression for G,. Curve IT: 
present model, quadratic expression for G,. Curve III: perfect 
classical solution theory. Curve IV: de Boer and Gorter’s theory. 
Curve V: Heer and Daunt’s theory.’ Curve VI: Mikura’s theory.‘ 
A: Smoothed experimental results of Sommers.® jj: Experimental 
results of Daunt and Tseng.! 


wide range of temperatures. The experimental results 
are not in good agreement with the predictions of 
previous theories.?~* 

According to a model recently proposed by us,°® 
the expressions for the partial vapor pressures are 


1 
ps=po(1—X1)? exp| —[G,(T,x) —G4(T,xo) 
RT 


+2X 2W—(P— pe) Bu— PX yy |—X L(1-—x) } 
and 


1 
ps= pd Xi exp| —[x( —X1)°W—(P— ps) Bss 
—P(1—Xy)*y]+(1—X1)(1—+) 7, 


where X; and Xy are the concentrations of He* in 
the liquid and the vapor phases respectively, p.° and 
ps° are the vapor pressures of He* and He’ respectively 
in the pure phase; P(=p3+ 4) is the total pressure, 
y=2B3,—B33;— By, the B’s being the second virial 
coefficients; Gq is the Gibbs’ function for pure Het; 
x is the fraction of the total number of atoms of He‘ 
which constitutes the normal fluid; w=W/N is the 
interchange energy, and N is Avogadro’s number. 

Using the experimentally observed’ value of 
(0Txx/dXx1)x_-0 and following the method outlined 
in reference 5, W is found to be 1.976 and 2.406 cal 
mole“ for the linear and quadratic expressions of 
G,, respectively.’ The \ temperature of the solution, 
T,x, calculated by making use of both the expressions 
for G,, is in excellent agreement with the experimental 
results.’ 
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We have calculated the vapor pressure difference 
AP(=P— ¢) for a four percent solution of He’ in 
He* on the basis of our model by making use of the 
linear and quadratic expressions for G,. The results 
thus obtained are compared with various theories? 
and the experimental results.» The vapor imperfection 
corrections have been applied using the second virial 
coefficients computed by Kilpatrick ef al.!° It is evident 
from Fig. 1 that the present model, especially with the 
linear expression for G,, describes the observed behavior 
better than the other theories. 

Our grateful thanks are due to Professor D. S. 
Kothari for his interest in this investigation. 
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Effect of Copper on Ultrasonic 


Attenuation in Germanium* 


L. J. Tevronico, ANDREW GRANATO, AND ROHN TRUELL 
Metals Research Laboratory, 
Brown University, Providence, Rhode Island 
(Received June 14, 1956) 


T has been shown!’ that ultrasonic attenuation in 
germanium can be attributed to the damped forced 
oscillation of dislocation segments. Following this idea, 
an attempt was made to decrease the attenuation by 
diffusing impurities into the specimen to pin down the 
dislocations. 
Application of dislocation theory” leads to the result 
that the attenuation for the lower part of the frequency 
range measured should be given by 


2QAAL‘B f? 
a= (8.7X10-), (1) 
where a is the attenuation in decibels per microsecond, 
Q is an orientation factor, Ao is a constant for a given 
material, A is the dislocation density, L is the effective 
loop length, B is a damping constant, f is the frequency, 
and C is the line tension of the dislocation. Using the 
values [see references (1) and (2) ] QAo=1/20, A=2 
X 10° cm, L=10~* cm, B=10~ g sec'cm™, and C= 1.6 
X10~ dynes, one obtains a=0.3 db/usec for f= 108 
cycles/sec which is a typical measured value for this 


frequency. 
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Fic. 1. Attenuation as a function of copper present. Compres- 
sional wave attenuation. (A) crystal as originally measured; 


(B) after heating at 800°C in vacuum; (C) after diffusion of 
copper into specimen; (D) after reheating in vacuum. 


For very pure specimens, the loop length Z should be 
given by the length of the Frank-Read sources, or the 
network lengths, and as impurities are added, the 
loop length should be descreased by the pinning action 
of the impurities. Since the attenuation is determined 
by the fourth power of the loop length, the attenuation 
should be very sensitive to impurities. 

The attenuation of compressional and _ transverse 
waves was measured in a germanium single crystal for 
waves propagating in the [100] direction. The specimen 
was first heated at 800°C for fourteen hours in vacuum 
to drive out impurities.** The crystal was then (after 
making attenuation measurements) plated with copper 
and heated again to diffuse the copper through the 
germanium. The attenuation results are shown in 
Figs. 1 and 2; they are qualitatively as expected. 
After vacuum heat treatment the attenuation of 
compressional and transverse waves has increased by 
factors of approximately 2} and 4 respectively, and 
after copper is added the attenuation decreased by 
factors of 33 and 9 respectively. 

The added copper can affect the dislocation loop 
lengths in two ways. One way is that of pinning the 
dislocations by individual copper atoms in solution in 
the germanium, and the other is by the formation of 
precipitates along the dislocations. The concentration 
of copper atoms on the dislocations should be larger 
than in solid solution because the copper atoms can by 
their presence reduce the strain at dislocations. It can 
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Fic. 2. Attenuation as a function of copper present. Transverse 
wave attenuation. (A) crystal as originally measured; (B) after 
heating at 800°C in vacuum; (C) after diffusion of copper into 
specimen; (D) after reheating in vacuum. 


be shown, however, that because the solubility of 
copper in germanium is quite low (maximum solubility® 
is about 4X10'* atoms/cc), there is, excluding the 
possibility of precipitation effects, not sufficient copper 
on the dislocations to account for the magnitude of the 
attenuation change observed. It seems that the precipi- 
tation of copper on dislocations is responsible for the 
large observed changes; additional evidence for this 
can be found in resistivity measurements.*® 

Experiments are under way to determine quantita- 
tively the effect of precipitated copper in connection 
with the observed effects. Attenuation changes have 
already been shown to be a sensitive method of indicat- 
ing precipitation effects in internal oxidation in dilute 
copper alloys. It is expected that in this case with 
copper in germanium the attenuation changes will also 
prove to be a sensitive method of studying precipitation 
effects. 

* This work was supported in part by the Solid State Devices 
Section of the U. S. Army Signal Corps. 
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Empirical Determination of Nuclear 
Moments of Inertia and Intrinsic 
Quadrupole Moments 


E. D. KLema AnD R. K. OsBorn 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received May 28, 1956) 


N empirical parameter, k, has been found which 

enables one to calculate the fractional nuclear mass 
or charge which takes part in collective phenomena 
for a given even-even nucleus. This parameter is 
defined as the ratio of the number of particles outside 
of filled major shells (both protons and neutrons) or 
the number of holes, whichever is smaller, to the total 
number of particles in the nucleus. 

If one assumes that the fractional nuclear mass, kM, 
where M is the mass of the nucleus, rotates about an 
axis at right angles to the axis of symmetry, as an 
axially-symmetric rigid rotator with uniform mass 
distribution, the moment of inertia is given by A, 
= kM R,*(y’+a"), where y is the distance along the 
axis of symmetry in units of Ro, a is the distance along 
the axis at right angles to the axis of symmetry, and 
Ro is the undeformed nuclear radius, here taken to be 
1.44 AX 10-8 cm. The energy of such a rigid rotator 
with angular momentum dX is given by E,= (h?/2A,.) 
XA(A+1). The intrinsic quadrupole moment, Qo, is 
defined by /pr?(3 cos*@—1)dr. For the case of an 
axially-symmetric rigid rotator with uniform charge 
distribution, Qo= 2ZR,o?(y’—a*). Under the assumption 
that the deformation is volume-preserving, a*y= 1. 

Thus, using the above relationships together with 
the known number of nucleons in a given nucleus and 
the measured energy of its first-excited 2+ state (when 
it is known to be a member of a pure rotational se- 
quence), one can obtain the intrinsic quadrupole 


TABLE I. Intrinsic quadrupole moments, Qo(E2+), and shape 
factors, y, obtained from the energies of first-excited states; and 
intrinsic quadrupole moments, Qo(B—M)/k, obtained from 
transition data. The moments are given in units of 10-* cm’. 
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moments for a number of even-even nuclei. The values 
so obtained are shown in Table I. Nuclei from Gd'* 
to W'** have been included in the table. It is probably 
true that pure rotational spectra exist for some nuclei 
at either end of the indicated region of A. However, 
there seems to be conflicting evidence in certain cases, 
and it is felt that all the available evidence points to 
pure rotational spectra in the region indicated above. 
The values of k are calculated from the number of 
nucleons in each case. 

The present concept of a fractional mass (or charge) 
participating in nuclear rotations has a natural exten- 
sion to the interpretation of the data on electrodynamic 
transitions between nuclear ground states and rota- 
tional levels. This extension follows as a consequence 
of the assumption that the mass and charge densities 
of nuclear matter are uniform. Hence, if it is assumed 
that only a certain fraction of the mass participates in 
collective motion, then for the sake of consistency it 
should be assumed that only the same fraction of the 
charge participates in the motion. This emphasizes the 
fact that the prescription proposed for the determina- 
tion of the mass fraction in terms of the excess of 
particles or holes outside filled major shells must be 
interpreted as providing an estimate of only the 
magnitude of the fraction and not its character in the 
sense of a dependence upon the particular kind of 
particles outside the major shells in a given case. 

Since both rates for radiative transitions' from and 
cross sections for Coulomb excitation? of nuclear 
rotational levels are proportional to the nuclear 
current, it is seen that the interpretation of the data 
relative to such processes will be explicitly dependent 
on the charge fraction participating in collective 
motion. It has been shown® that for the case of the 
uniformly-charged axially-symmetric rigid rotator con- 
sidered in the present work, the values of Qo determined 
from the measured lifetimes of first-excited 2+ states of 
even-even nuclei in the rare-earth region as given by 
Bohr and Mottelson* must be divided by &. It is 
expected that the same modification would hold in the 
determination of Qo’s from Coulomb-excitation cross- 
section data. 

The intrinsic quadrupole moments obtained from 
transition data are shown in Table I. The values given 
in the second column as Qo(B—M), except those for 
the tungsten isotopes, are those listed on page 18 of 
Bohr and Mottelson’s paper.‘ The values given for 
tungsten have been obtained with separated isotopes 
by McGowan and Stelson.' The numbers listed in the 
table have been obtained from both Coulomb-excitation 
cross-section data and from lifetime data. 

It is of interest to point out that the precision of the 
measurement of the energy levels is of the order of a 
few percent and that of the Coulomb-excitation cross 
sections, considering the uncertainties in making 
absolute intensity measurements and the uncertainties 
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in the values of total conversion coefficients, is of the 
order of 30%. 

The authors wish to express their gratitude to 
Professor L. W. Nordheim for his advice and en- 
couragement. It is a pleasure to acknowledge the 
assistance of Virginia C. Klema, who checked the calcu- 
lations given above. 
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Observation of Nuclear Magnetic 
Resonances via the Electron 
Spin Resonance Line 


G. FEHER 
Bell Telephone Laboratories, Incorporated, 
Murray Hill, New Jersey 
(Received June 15, 1956) 


HE double-frequency resonance method reported 
recently in connection with a nuclear polarization 
scheme! has been extended to observe nuclear transi- 
tions and thereby determine hyperfine interactions 
and nuclear g values. 

The method is illustrated for the simple case J=}, 
J=4, in which the hyperfine structure is resolved. 
The transitions induced by the microwave field of 
frequency v, are indicated by arrows in Fig. 1. The 
amplitude of the signal due to these transitions is 
proportional to the difference in population in levels 
A and A’. If we partially saturate this resonance the 
population difference will be diminished and the signal 
reduced. By inducing the nuclear transitions Avy 
(see Fig. 1), we may either equalize the populations in 
levels A and B (by saturating these transitions) or 
reverse the populations (by an adiabatic fast passage). 
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Fic. 1. Energy levels of a system with J=}$, J=4. Arrows 
indicate transitions which were induced in the phosphorus-doped 
silicon sample. 
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Fic. 2. Electron gr Fea ee 
spin resonance signal ‘ 
in phosphorus-doped 
silicon. Small vertical 
lines on trace rep- 
resent frequency 
markers of the rf 
field which is super- 
imposed on the micro- 
wave field. A similar 
trace was obtained 
at a frequency 11.59 
Mc/sec higher. 





In either case the population difference in levels A and 
A’ has been increased and thereby the electron spin 
resonance signal enhanced. 

The experimental setup and the phosphorus-doped 
silicon sample were similar to the one described earlier’ 
with the exception that 100-cps magnetic field modula- 
tion was used. The magnetic field was adjusted to 
correspond to the resonance condition of the low-field 
line (m;=+4). Figure 2 is the recorder tracing of the 
electron spin resonance signal. It shows clearly the 
enhancement of the signal when the frequency corre- 
sponding to the nuclear transitions is being traversed. 
This enhancement decays with a characteristic time 
depending on the rate at which the levels A, A’ are 
being saturated. This accounts for the observed 
asymmetry of the line. A similar line was observed at a 
frequency 11.59+-0.02 Mc/sec higher corresponding to 
nuclear transitions between levels A’ and B’ (see Fig. 1). 
From this frequency difference, one may easily calculate 
gr for phosphorus [see reference 1, Eq. (2) ]. The value 
obtained is gr=2.265+0.004 which agrees with the 
accepted value® of 2.2632+0.0004. 

Since this method yields a value of g; without having 
to know the wave function of the electron associated 
with the paramagnetic center, it may be used either to 
determine an unknown nuclear g; or as an analytical 
tool to identify impurities. 

The method is also applicable to uses in which the 
hyperfine interaction a(I-J) is small in comparison to 
the electron line width and therefore no structure can 
be observed in a single-frequency spin resonance 
experiment. Such a case is, for example, lithium-doped 
silicon, in which Honig and Kip‘ first observed an 
unresolved electron spin resonance line. By performing 
the same experiment as in the phosphorus-doped 
silicon sample described before, we were able to observe 
an enhancement of the electron spin resonance line 
at the frequencies of 4.89 Mc/sec and 5.74 Mc/sec 
with an external magnetic field of 3217 oersteds. Since 
for this case a(I-J)<gruoH, we expect the two fre- 
quencies v;,2 to occur at 


hv, ~gruoH +4a. 
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This yields for the hyperfine interaction constant 
a=0.85+0.01 Mc/sec as compared with the theoretical] 
estimate of Kohn and Luttinger’ of 0.5 Mc/sec. We 
also obtained lines arising from the interaction of the 
electron with the Si® nuclei. They are presently being 
analyzed in more detail and may prove to be a conven- 
ient way of getting the electron wave functions at 
different lattice points. 

Another system to which the double-resonance 
method has been applied is F centers in KCl. An 
unresolved line was first observed by Hutchison® and 
investigated in greater detail by Kip et al.7 We were 
able to resolve different sets of ines which presumably 
arise from the interaction of the electron with the 
potassium and chlorine nuclei. A more detailed analysis 
is being prepared for publication. 

I would like to thank Dr. P. W. Anderson, Dr. 
D. Pines, and Dr. W. Kohn for many helpful discus- 
sions, Dr. W. L. Brown and Mr. W. Augustyniak for 
bombarding the KCl with electrons, and Mr. E. A. 
Gere for his assistance in performing the experiments. 
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Gamma-Ray Branching Ratio of the 
3.95-Mev Level in N** 


H. E. Gove, A. E. LirHertanp, E. ALmovIstT, 
AND D. A. BROMLEY 


Chalk River Laboratory, Atomic Energy of Canada Limited, 
Chalk River, Ontario, Canada 
(Received June 15, 1956) 


N the course of a study of He’-induced reactions on 
C”! the gamma-ray branching ratio of the 3.95-Mev 
level in N' has been measured. The results of this 





LETTERS 





T T 


c? (Hep) n““ 
Ene = 1.55 Mev 
90° 


Pp. 








RELATIVE INTENSITY 








] 


2 3 4 
RELATIVE PULSE HEIGHT 








Fic. 1. Proton spectrum. 


measurement are reported here because of their 
relevance to current calculations on the anomalously 
long C' beta-decay lifetime.2* An attempt to measure 
this branching ratio was made by Hird et al.‘ employing 
the reaction C"*(p,y)N™. No evidence was obtained for 
a 3.95-Mev gamma ray and an upper limit of 5% 
compared to the 1.64-Mev transition was estimated. 

In the present experiment, He* particles accelerated 
in the Chalk River electrostatic generator to an energy 
of 1.55-Mev bombarded thin carben targets. Protons 
from the C”(He*,p)N™ reaction were detected at an 
angle of 270° to the beam axis with a CsI(T]) crystal 
and Dumont 6292 photomultiplier. The gamma rays 
emitted both directly and in coincidence with a selected 
proton group were measured in a 5-in. diameter by 
4-in. long NaI(T1) crystal and a Dumont 6364 photo- 
multiplier. This gamma-ray detector could be rotated 
from 0° to 90° to the beam axis in the plane containing 
this axis and the proton detector. 

The proton spectrum is shown in Fig. 1 where the 
proton groups Po, P:, and P, leave N“ in its ground, 
2.31-Mev, and 3.95-Mev state, respectively. Figure 2 
shows the direct spectrum of gamma rays and the 
spectrum in coincidence with the proton group feeding 
the 3.95-Mev level observed at 90°. A similar pair of 
spectra were taken with the gamma counter at 0° to 
the beam axis. The 4.91-Mev gamma ray seen in the 
direct spectrum results from a proton group leaving N™ 
in an excited state of this energy. This proton group 
was of too low an energy to traverse a foil covering the 
CsI crystal (installed to prevent elastically scattered 
He’ particles from being counted) and hence is not 
observed in Fig. 1. 

The coincidence spectra show the gamma-ray 
cascade of energies 1.64 and 2.31 Mev and a weak 
cross-over transition of 3.95 Mev. In addition there is a 
small contribution due to random coincidences from the 
4.91-Mev gamma ray observed in the direct spectrum. 
The relative areas at the two angles under the total 
absorption peaks of the 1.64- and 2.31-Mev gamma rays 
showed that the 2.31-Mev gamma-ray distribution was 
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spherically symmetric while that of the 1.64-Mev 
gamma ray had a 10% positive P:(cos@,) term. This 
is consistent with the assignments of 0+ and 1+ 
respectively to the levels in N“ at 2.31 and 3.95 Mev. 
To obtain the relative intensity of the 3.95- and 
1.64-Mev gamma rays, the former had to be corrected 
for the tail of the 4.91-Mev chance coincidence 
spectrum and for contributions due to the simul- 
taneous entry into the crystal of a 1.64- and a 2.31-Mev 
gamma ray. Such a summation spectrum, however, 
would not show a total absorption and single-escape 
peak of comparable intensity since the single-escape 
peak is quite small in the spectrum of 1.64- and 2.31- 
Mev gamma rays. The contribution to the observed 
spectrum due to summation can be calculated since 
the absolute efficiency of the gamma-ray spectrometer 
for 1.64- and 2.31-Mev gamma rays is measured 
directly in such a coincidence spectrum. The correction 
at both 0° and 90° amounted to about 15%. The 
contribution due to chance coincidences from the 
4.91-Mev gamma ray was subtracted by fitting a 
curve as shown in Fig. 2 to the points beyond the 
3.95-Mev peak having the same shape as observed in 
the direct spectrum. 

While this measurement at two angles completely 
defines the angular distributions in the plane (since the 
total angular momenta of states involved in N™ are 
either 0 or 1), it does not account for possible azimuthal 





T U T 


"\231" 


w 

« 

o 
w 


2 14 
C “(He®p7) N 
DIRECT GAMMA 

SPECTRUM 


@p-90° @,-0° 


nm 


COUNTS PER CHANNEL 





GAMMA SPECTRUM 
IN COINCIDENCE WITH P, 














COUNTS PER CHANNEL ® 


CHANNEL NUMBER 


Fic. 2. Direct gamma-ray spectrum and gamma-ray spectrum 
in coincidence with the proton group leading to the 3.95-Mev 
level in N*. 
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variations. The apparatus did not permit either counter 
to be moved azimuthally about the beam axis and it has 
been arbitrarily assumed that such a correlation is 
azimuthally isotropic. An experiment to check this 
point will be undertaken. The ratio of 3.95-Mev 
cross-over transitions to 1.64-Mev transitions, corrected 
as described, was 4.30.8%. 

Since both transitions can be M1, the 3.95-Mev 
transition would be 14 times as intense as that for the 
1.64 Mev if the energy-cubed law alone governed. 
Recently Elliott? has proposed an explanation for the 
long beta lifetime of C™ which requires that the 
branching ratio of the 3.95-Mev level in N* be ~1% 
by cross-over transitions which he finds would be 
predominantly £2. He remarks that any collective 
motion, which he did not consider, would enhance the 
E2 transition and so increase the branching ratio. 
The problem of C and N“ has also been considered by 
Visscher and Ferrell,’ who predict a branching ratio of 
3.9% without any requirement of collective motion. 

1D. A. Bromley et al. (to be published). 

2 J. P. Elliott, Atomic Energy Research Establishment Report 
T.P.P.-6, Harwell, November, 1955 [Phil. Mag. (to be published) ]. 

3W. M. Visscher and R. A. Ferrell, Phys. Rev. 99, 649(A) 


(1955), and private communication. 
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Regularities in the Level Schemes of 
Heavy Even-Even Nuclei 


G. SCHARFF-GOLDHABER 


Brookhaven National Laboratory,* Upton, New York 
(Received June 13, 1956) 


T has been pointed out recently! that at A~150 an 
abrupt transition takes place in the nature of the 
level schemes of even-even nuclei and that this transi- 
tion is solely governed by the number of neutrons in 
the nucleus. For V <88 we find that the energy of the 
first excited state Z,>300 kev and that E,/E,~2.2, 
where F; is the energy of the second excited state with 
even spin and parity. From the study of decay schemes 
one finds that this state has in most cases the character 
2+, somewhat less frequently 4+, and rarely 0+. 
This type of level scheme and the observed transition 
probabilities and multipole mixtures have been inter- 
preted in terms of the Bohr-Mottelson model in the 
region of weak to moderate coupling! and also in terms 
of a Bohr-Mottelson strong coupling model with 
“‘y-unstable potential.’’”? We shall call here this pattern 
the “‘near-harmonic pattern,” in contrast to the well- 
known rotational pattern, which occurs for N >90 
and is characterized by the spin sequence 0+-, 2+, 4+, 
+++, #,<125 kev, and E2/E, approaching 3.33 with 
increasing neutron number. An explanation for the 
dramatic increase in nuclear deformation between 
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Fic. 1. Energy £; of first excited states of nuclei with Z>82 
and N2126, plotted against Z. For Z<88, the addition of 2 
protons produces a greater change in FE, than the addition of 
2 neutrons (except when the neutron number is magic). 


N=88 and N=90 has been suggested by Mottelson 
and Nilsson.’ 

Since it is known that another rotational region exists 
among the heavy nuclei,‘ it seemed interesting to find 
out whether it, too, is preceded by a near-harmonic 
region. In Fig. 1 the energies of the first excited states 
of even-even nuclei with Z>82 and N>126 are 
plotted against the number of protons in the nucleus, 
showing a rapid decrease with increasing Z. It is seen 
that in this region EZ, depends more strongly on the 
proton number than on the neutron number, as indicated 
by the isobar pairs Po#*—-Em”*® and Em”— Ra”? 
The question arises whether, if a near-harmonic region 
exists here, the transition to the rotational region is 
also governed by the number of protons, and if so, which 
are the critical proton numbers. It is known that several 
of the Ra isotopes possess a fairly well-developed 
rotational pattern. Ra”, the radium isotope which 
has the smallest number of neutrons and which is 
furthest removed from the pure rotational nuclei, has 
a second excited even spin state of character 4+, and 
an energy ratio E2/E,=2.75.° This ratio falls consider- 
ably above the range of E2/E; ratios observed for the 
near-harmonic pattern; hence we conclude that the 
rotational pattern starts at Z<88. Since no higher 
excited state had been established beyond the first 2+ 
state for any of the Em isotopes, it seemed desirable 
to find at least one second excited state. 

Harbottle, McKeown, and Scharff-Goldhaber’ have 
now studied the y rays following the a emission from 
Ra** and have established that besides the well-known 
2+ state at 188 kev there exists in Em a second 
excited state at 448 kev. They confirmed the existence 
of a weak y transition of 260 kev previously observed 
by Stephens® in coincidence with Ra®* a rays and 
found that it coincided with the 188-kev y transition. 
No 448-kev y rays were observed, the upper limit 
being ~ 1/20 of the intensity of the 260-kev transition. 
The character of the 448-kev state was not directly 
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determined but there is good reason to believe that it is 
2+ or 4+, or possibly 0+. The ratio E./E,= 2.38, 
which is fairly close to the average 2.2 for the near- 
harmonic pattern. This result proves that the transition 
is indeed mainly governed by the proton number, since 
ssEm?”* with its near-harmonic pattern contains more 
neutrons than gsRa*”’ with its almost rotational pattern. 

Figure 2 presents in graphical form the conclusion 
which may be drawn from the knowledge of the level 
scheme of Em’. The left-hand side of the figure 
shows the ratio E,/E, as a function of the number of 
protons, and the right-hand side shows this ratio as a 
function of the energy of the first 2+ state, A). For 
comparison, the values for the corresponding transition 
in the rare earth region are given. Here E2/£; is plotted 
as function of the neutron number WN at the left. We 
see that while in this region the transition takes place 
between the neutron numbers 88 and 90, it occurs for 
the heavy elements between the proton numbers 86 and 
88. The closeness of these pairs of numbers seem signifi- 
cant. However, while the proton number seems to be 
irrelevant in the lower A region, in the heavy element 
transition region an increase in the number of neutrons 
produces a slight increase in nuclear deformation which 
makes the transition less abrupt. 

A thorough study of the level schemes of the Em 
isotopes, in particular a definite assignment of the 
character of the second excited state and, where this is 
found to be 2+, of the degree of M1 admixture in 
the 2+—2+ transition, as well as of the ratio 


(2+-0+)/(2+-2+) 


of the reduced E2 transition probabilities from the 
second excited state, seems desirable. It will also be 
interesting to see whether other properties depending 
on the degree of nuclear distortion, e.g., quadrupole 
moments, isotope shifts, and £2 transition probabilities, 
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Fic. 2. Left side: the curve at the left, representing the ratio 
E,/E, plotted against Z (scale at bottom), shows an abrupt rise 
between Z=86 and Z=88, while the curve at the right, showing 
the same ratio plotted against N (rare earth region, scale on top) 
rises steeply between N=88 and N=90. Right side: E/E, 
plotted against E,. Solid curve: heavy elements; Dashed curve: 
rare earth region. 


parallel the findings derived from the level schemes of 
the heavy even-even nuclei. 

We wish to thank Dr. J. Weneser for valuable 
discussions. 
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